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ABSTRACT A probabilistic methodology for evaluating failure risk, assessing service life, and
establishing design parameters for structures subject to fatigue failure has been developed. In
this methodology, engineering analysis is combined with experience from tests and service to
quanti& failure risk. The methodology is particularly valuable when information on which to
base design analysis or failure prediction is sparse, uncertain, or approximate and is expensive
or difficult to acquire. Sensitivity analyses conducted as a part of the probabilistic methodology
can be used to evaluate alternative measures to control risk, such as design changes, testing, or
inspections, thereby enabling limited program resources to be allocated more effectively. The
probabilistic methodology and an example application to fatigue crack growth in a heat exchanger tube are presented.
.

INTRODUCTION
Risk management during the design, development, and service of structural systems can be
improved by using a risk assessment approach
that can incorporate information quantitatively from both experience and analytical
modeling. In the probabilistic failure risk assessment approach presented here, experience and analytical modeling are used in a
statistical structure in which uncertainties
about failure prediction are quantitatively
treated. Such probabilistic analysis can be
performed with the information available at
any time during the design, development, verification, or service of structural systems to
obtain a quantitative estimate of failure risk
that is warranted by what is known about a
failure mode. This probabilistic method is applicable to failure modes which can be described by analytical models of the failure
phenomena, even when such models are uncertain or approximate.
13y conducting risk sensitivity analyses probabilistically for selected failure modes,
sources of unacceptable failure risk can be
identified and corrective action can be delineated. Design revision, additional characterization of loads and environments, improvement

of analytical model acurracy, and improved
characterization of materials behavior are
among the options for controlling risk that can
be quantitatively evaluated by probabilistic
sensitivity analyses, enabling limited financial
resources to be allocated more effectively to
control failure risk. Test and analysis programs
focussed on acquiring information about the
most important risk drivers can be defined.
Probabilistic failure risk assessment can be
employed in the design and development process to avoid the compounding of desigti conservatism and margins that unnecessarily
increase cost or weight when conventional design approaches are used. Probabilistic analysis is of particular value in the design and
development of systems or components when
uncertainties exist about important governing
parameters or when design conservatism and
redundancy used in the past must be reduced
to meet more stringent cost, weight, or performance requirements.
A general aproach to probabilistic Failure
risk assessment and an application of the approach to fatigue crack growth in a heat exchanger tube are presented in the following.

PROBABILISTIC FAILURE RISK
ASSESSMENT
Information from experience can be combined
with information from analytical modeling to
estimate failure risk quantitatively using the
approach shown in Figure 1: This approach is
applied individually to those failure modes
identified for analysis. Probabilistic failure
modeling is based on available knowledge of
the failure phenomenon and of such governing
parameters as loads and material properties,
and it provides the prior failure risk distribution of Figures 1 and 2. This prior distribution
can be modified to reflect available success/failure data in a Bayesian statistical analysis, as discussed by Martz, et. al. (1982) and
Moore, et. al. (June, 1992). The probabilistic
failure risk assessment approach shown in Figures 1 and 2 is discussed in detail by Moorefl
(Dec., 1992; Nov., 1992; June, 1992; and 1990).
Experience can include physical parameter
information in addition to success/failure data.
Information about physical parameters can be
derived from measurements taken during tests
or service, from analyses to bound or characterize parameter values, from applicable experience with similar systems, or from laboratory
tests. Measurements of physical parameters
used in analytical modeling, e.g., temperatures
and loads, can be an important information
source in failure risk assessment. Physical parameter information is incorporated into
probabilistic failure modeling and is reflected
in the prior failure risk distribution.
Success/failure data can be acquired from
testing or service experience. The failure risk
distribution resulting from the combination of
the prior distribution and the success/failure
data is the description of failure risk which is
warranted by the information available. As
additional information regarding governing
physical parameters becomes available it can
be incorporated into analytical modeling to
obtain a revised prior failure risk distribution.
Additional information in the form of success/failure data can be processed by the
Bayesian statistical algorithm to update the
prior failure risk distribution using the procedure given by Moore, et. al. (June, 1992 and
1990).
The analysis procedures used in probabilistic failure modeling, shown in Figure 2, are
directly derived from deterministic methods
for analyses of failure modes which express

failure parameters, such as burst pressure or
fatigue life, as a function of governing parameters or drivers. For fatigue failure modes, the
drivers include dimensions, loads, materials
behavior, model accuracy, and environmental
parameters such as local temperatures. The
accuracy of the models and procedures used in
probabilistic failure modeling should be probabilistically described and treated as a driver.
Probabilistic descriptions of model accuracy
are based on experience in using the models
and, when available, on tests conducted specifically to evaluate their accuracy.
A driver for which uncertainty is to be considered must be characterized by a probability
distribution over the range of values it can
assume. That distribution expresses uncertainty regarding specific driver values within
the range of possible values. A driver probability distribution must represent both intrinsic variability of the driver and uncertain
knowledge or limited information on which to
base the driver characterization.
Stochastic drivers are characterized by
using the information that exists at the time of
analysis. If driver information is sparse, the
probabilistic characterization of such a driver
must reflect that sparseness. If extensive experimental measurements have been performed for a driver, its nominal value and
characterization of its variability can be inferred directly from empirical data. However,
if little or no directly applicable empirical data
is available, analysis to characterize a driver or
experience with similar or related systems
must be used, Driver distributions must meet
the criterion of not overstating the available
information.
Some general guidelines for characterizing
stochastic drivers have emerged from case
studies conducted to date as given in Moore,
et. al. (Nov., 1992 and June, 1992). For drivers
which have physical bounds, such as controlled
dimensions or loads with physical upper limits,
the Beta distribution parameterized with location, shape, and scale parameters has been
successfully used. If only bounds are known, a
Uniform distribution is appropriate. For a
driver whose variation can be thought of as
due to the combined influence of a large number of small independent effects, the Normal
distribution can be used. Past experience in
characterizing a particular driver such as a
material property may suggest the usc of a
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particular distribution, for example, Weibull,
Normal, or Lognorrnal.
A hyperparametric structure for driver distributions has been found useful in describing
available information about a driver. For example, to characterize inner wall temperature
uncertainty for the heat exchanger tube, information from engineering analysis was used to
establish upper and lower bounds for the mean
temperature. In order to capture the fact that
the mean value of temperature was not known
with certainty, the mean value was represented by a Uniform distribution between the
upper and lower bounds. This Uniform distribution is the hyperdistribution associated with
the mean temperature uncertainty, and its parameters are the associated hyperparameters.
r
L
Monte Carlo simulation has been used as
the principal computational method in probabilistic failure modeling because it is a general
method that can be used with failure models
of any complexity. Continually increasing
computer power due to improving hardware
and software is steadily expanding the practical application of Monte Carlo simulation. Efficient Monte Carlo techniques can be used to
reduce the number of simulation trials when
computational time is an issue. Certain analysis methods such as finite-element structural
models, may be too computationally intensive
for practical use in Monte Carlo simulation.
However, the output of these models can be
represented as response surfaces over the
range of variation of significant parameters.
Response surface methods are discussed by
Cornell (1990) and Khuri and Cornell (1987).
The uncertainties of response surface representation must be treated as drivers if significant.
Alternative computational methods, for example, FORM/SORM, Madsen, et. al. (1986),
and MVFO/AMVFO, Wu (1987), may fail to
give accurate results for problems in which
si~nificantly nonlinear models are employed
aid driver ~ncertainty is large. Corn utational
( methods are discussed further b Moore et al
1990) an~Sutharshana, et. al. e
(1 91))
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PROBABILISTIC CRACK GROWTFI
MODELING
In the crack growth analysis presented here,
the life of a structure with initial flaws which

is subjected to cyclic loading is computed probabilistically. The crack growth model used in
this analysis can consider loads due to vibration, temperature gradient, and pressure. A
Monte Carlo simulation procedure, shown in
Figure 3, was used to calculate a life distribution.
A deterministic crack growth failure model
is embedded within the simulation structure.
The failure model expresses crack growth life
as a function of drivers which may be either
deterministic or stochastic. The drivers consist
of geometry, loads, environmental paran~eters, material properties, and accuracy factors
which account for uncertainties in the crack
growth analysis.
The generalized Forman model, NASA/JSC
(1986), was chosen as the basis for the stochastic crack growth rate model. The Forman
equation is
E=. C(I –R)m AN [AK – AKn-/ ]P
dN
[(1 –R)KC –AK ]q

(1)

in which da/dN is the crack growth rate, AK is
the stress intensity factor range, AK TH is the
threshold ktress intensity factor range, Kc is the
critical stress intensity factor, R is the stress
ratio, and C, n, m, p, and q are the model
parameters. The generalized Forman equation captures the crack growth behavior in all
of the growth rate regimes, and it can be extended to a stochastic crack growth rate
model.
-7
Fatigue crack growth rate data above 10
–3
in./cycle and below 10 in./cycle do not exhibit a large amount of life variation. This can
be seen by examining the extensive data sets of
Virkler, et. al. (1979) and Ghonem, et. al.
(1987) in which, for the same initial crack size,
the ratio between the shortest and longest life
is typically much less than two. This variation
in the mid-rate region is small compared to the
life variation that mayoccurdue to uncertainty
in other parameters such as AKTEI, stresses,
initial crack geometxy, etc. Many empirical
da/dNvs. AKplots found in the literature seem
to suggest that crack growth rate data scatter
is large, but the apparently large scatter is an
artifact of data gathering and data reduction.
By comparing the low variability in lives to the
much higher scatter in growth rates derived for
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the same data in Virkler, et. al. (1979) and
Ghonem, et. al (1987) it may be” seen that
localized growth rate scatter is not significant.
The generalized Forman model can be easily
employed to model variability of crack growth
rate in the mid-rate region by stochastically
varying C in Equation 2, although for the reasons outlined above it was deemed unnecessary.
In contrast to the crack growth in the midrate region, uncertainty in the high- and lowgrowth rate regions can be significant due to
both intrinsic growth rate variability and lack
of information in these regions. This uncertainty may be represented in terms of the values of A KTH and K C which are asymptotes to
the crack growth rate curve at its lower and
upper ends, respectively. Uncertainty about
these asymptotes is readily captured by using
two stochastic scale parameters AKTH and iKC.
aKTH modifies the nominal value of the lower
asynlptoteAKn+ and ~KC shifts the upper asymptote (1 - R) KC. Thus, the stochastic crack
growth rate equation is given by
da
dN

—=

C(l –R)m AK n [AK – AK~H AKTH ]P (2)
[ (l-R)AKC Kc - AK ]q

The uncertainty in aKTH and aKc maybe characterized by probability distributions, or they
may be treated parametrically as was done in
the analyses presented here. Figure 4 shows
the effect of perturbing AKTH and ~Kc in the
growth rate Equation 2.
As shown in Figure 3, the mean crack growth
rate equation, which is an input to the crack
growth model, is typically determined by performing a regression on crack growth data.
The parameters C, m, n, p, and q are estimated
by a least squares fit of the growth rate Equation 1. If there is uncertainty due to sparseness
of data, or if the material test conditions do not
closely represent the component operating environment, some of the other equation parameters may also be modeled stochastically. For
example, if crack growth rate data were to be
only available for a single stress ratio R, the
uncertainty in m could be captured by describing m stochastically, based on values observed
for similar materials.

CRACK GROWTH CALCULATIONS
The procedure used for calculating crack
growth is shown in Figure 5. In the heat exchanger tube, vibration loads are primarily responsible for crack growth which can result in
structural failure. The vibration environment
was represented by power spectral density
(PSD) envelopes.
The analyses of loads and stresses for the
heat exchanger tube and the crack growth calculations are described in detail by Moore, et.
al. (June, 1992 and Dec., 1992) and summarized by Sutharshana, et. al. (1991). A stress
history due to dynamic load sources was synthesized from the PSD envelopes. The stress
cycles were obtained by performing a cycle
count on the synthesized stress time history
using the rainflow cycle counting methocl.
The load interaction in growth calculations
was accounted for using the generalized
-Willenborg r e t a r d a t i o n ‘model, Gallager
‘
L
-----+fp
(1974).
\
Sin~e the traditional cycle-by-cycle crack =
growth life calculation is computationally intensive, an extremely fast yet accurate blockby-block a~proach first introduced by Brussat
(1974) was used. In the block approach, a
block growth rate, da/dB, is calculated at distinct crack lengths, starting from the initial
crack length ai to the final length a f, by summing the crack growth rates, da/dN, from
Equation 2 that correspond to AKeff and Refl
for each stress level in the load block, as follows:
da
m=

’ 0 0 d —a.
x( dN )li ‘ i
i=l\

(3)

in which ni is the number of cycles at the ith
stress level. The life is computed by numerically integrating the inverted rate per block
between the initial and final crack length. The
life in seconds is

L = Agro T

s

a,

(4)

da
a

ai

in which Agro is the uncertainty in the growth
calculation and T is the length of a load block
in seconds. This calculation is performed as a

summation over unequally divided Nc~~ crack
lengths, as follows:
(5)

The standard stress intensity factor solution
for a semi-elliptic crack in a finite width plate
subject to axial and bending stresses was employed to calculate AK for the heat exchanger
tube. The temperature difference across the
wall of the tube (cold inside and hot outside)
induces significant thermal stresses over the
thickness, whose variation across tube thickness is similar to that of bending stresses. Standard stress intensity factor solutions for
cylinders with radial cracks, subjected to bending stresses over the thickness, are not available. The SIF expressions used in this analysis
are given in NASA/JSC (1986).
Crack growth rate data from Rocketdyne
(1989) were available for the heat exchanger
tube material at stress ratios of R = 0.16, 0.7,
and 0,9. Crack growth data set was employed
to derive the parameters of the stochastic Forman model given above.
DESCRIPTION OF STOCHASTIC
DRIVERS
From among the load, dimension, and environment parameters that appear in the crack
growth analysis for the heat exchanger tube,
nineteen parameters were described probabilistically. Five of these parameters account for analysis model accuracy. These
parameters, i.e., drivers, and their probability
distributions are given in Table 1.
The initial crack shape aspect ratio a/c was
represented by a Uniform distribution with
end points of 0.2 and 1.0. The crack geometry
was then defined by treating initial crack
length, a i, parametrically. Life was simulated
with the value of ai fixed at 0.025 mm, 0.063nm~,
0.13mm, and 0.19mm. The crack shape distribution was based on an assessment of the crack
aspect ratios that could result from the heat
exchanger manufacturing process.
The heat exchanger tube wall thickness is
nominally 0.317 mm, which leads to the concern that “short crack” behavior may be rele-

vant. Short crack growth rate curves have been
observed by Morris, et. al. (1983) not to have
definite thresholds. If a threshold exists, it is a
conservative assumption for the linear segment of the curve in the mid-rate region to be
extrapolated down into the threshold region.
Fixing aKTH = O in the stochastic Forman
equation accomplishes this, as shown in Figure
4. Analyses were performed with values of
IKTH at 0.0,0.1,0.2, etc., to study the impact of
the threshold location. Since growth is in the
low rate region, the driver AKC is not relevant,
and its value was fixed at unity.
The stress intensity factor calculation accuracy factor 2Sif accounts for the error in the
standard stress intensity factor solution and
the uncertainty associated with employing a
finite width plate solution for a crack in a
cylinder. A Uniform distribution was used for
Asjt with a range of 0.9 to 1.1. The growth
calculation accuracy factor Igro accounts for
uncertainties in the block-by-block growth calculation and in transformation of a variable
amplitude stress history to a constant amplitude stress vs. number of cycles table using
rainflow @unting. Evidence in the literature
indicates that factors of two between the calculated crack growth life and tests are appropriate. Since crack propagation is the result of
a number of multiplicative events, the distribution on Agro was specified in log space. A
Uniform distribution was used with the lower
bound set at ln(l/2). In order for the mean
value of Agro to be 1.0, the upper bound was
set at ln(l.75).
RESULTS
Figure 6 presents the left-hand tail of the simulated failure distribution for the heat exchanger tube. The ordinate of these graphs is
the failure probability. The abscissa is the life
in seconds for crack growth through the thickness of the heat exchanger tube. Figure 7
illustrates the effects of the crack growth
threshold and initial crack size on life at a 0.001
failure probability.
The results in Figure 6 are given for an initial
crack size ai = O. 13nlm ~KTH = O. The left
curve labeled “all driver variation” is for a
simulation where all the drivers were allowed

to vary except ai, AKTH, and ~KC. l’he “nonlinal”
value shown on the graph is for an analysis with
all the drivers fixed at nominal values. Measures of the relative importance of individual
drivers are given in the upper left corner in
Figure 6. These were obtained by finding nlarginal effects of driver uncertainties using several sensitivity runs, where one driver was
allowed to vary while the rest were held at
nominal values. The crack shape and the
growth calculation accuracy are the most important drivers with a 90% contribution to
decrease in life. The right-hand curve in Figure 6 shows the shift to the left due to the
variation in the crack shape and growth calculation accuracy.
CONCLUSIONS
For this heat exchanger tube application, the
uncertainty due to incomplete knowledge and
limited information concerning the accurate
characterization of analysis models and physical driver parameters have a much larger impact on failure risk than does any intrinsic
parameter variability. The information available was insufficient to meaningfully characterize initial crack size and threshold stress
intensity factor for “short cracks”. Consequently these important drivers were treated
parametrically in order to show their impact
on crack growth life and to better define information that is needed to reduce failure risk. A
tradeoff between knowledge of initial crack
size and knowledge of short crack threshold
stress intensity factor, conditioned on the uncertainties in other drivers, can be inferred
from the results shown in Figure 7. For a
conservative “short crack” threshold
(AK~~ = O) assumption, inspection techniques
that can detect 0.13mn~ initial cracks with high
reliability are required to achieve a life of
about 3 x 104 seconds at 0.001 failure probability. On the other hand, if more representative crack growth data can be generated that
can reliably establish a nonzero growth threshold (AK~~ > O), then the requirements on the
inspection may be relaxed while achieving the
same life at 0.001 failure probability.
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Table 1. Description of drivers used in the heat exchanger
tube analysis
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