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Abstract: We report onnumerical simulations designed to understand how the
solar system evolved througha winnowing of planetesimals acereted from the early
solar nebula. '1'his sorting process is driven |.)y the energy and angular monientum
and continues to the present day. Wce reconsider the existence and importance of sta-
ble niches in the Jupit er/Saturn zone using greatly improved numerical techniques
based on high-order optimized multi-step integration schemes coupled to roundofl
crror minimizing methods. We repeat the investigations of Weibelet al. (1990)
with one undred thousand massless particles: nearly 103 time more particles than
our 1990 invest igation. Theincrease inthe numbers of test particles facilitates
robust stat isticalinference and comparison with analytic results derived from sta-
tistical mechanics and kinetic theory. The primordial planctesimal swarm evolved
in a phasc space divided into regimes by separatrices which define their trajectories
and fate. We observed three stages in the planctesimal dynamics. At the start of
the simulation many planetesimals are quickly climinated by the activity spheres of
Jupiter or Saturn, Nextthere is a gravitational relaxation phase where the surviv-
ing particles arc exponentially eliminated by random gravitational encounters with
Jupiter or Satwrn. Finally, the only lol]~,-lived particles in the simulation were ini-
tially locat ed at cithier a Lagrange point or in an orbit commensurable with Jupiter
or Saturn. By comparing the simulation with earlier investigations, we verified the
role that Hamiltonian chaosmay have playedin previous studies. We conclude that
niches for planctesi mal material are rarcand only extremely high accuracy long
siimulations with many ])ar'tides will be able to capture even the qualitative nature
of carly solar system planctesit nal evolution.

1. INTROIDOUCTION

The solar system is a paradigm for dynamical complexity that is reluctant to
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reveal the sccrets behindits origin and evolution. Planectesimals formed from the
solar nebula thatacceretedto form the planets underwent a winnowing according to
their ¢ nergy, angular momenta, and phase angles. *J'his sorting process continues to
the present day because there still exist planetesimals with marginally chaotic orbits.
The dynamical phase space describing the early solar system, as well as today’s, is
divided into regimes by scparatrices which define the planctesimals’ trajectories and
fate. The solar systemn we see today is the product of this dynamical complexity.

The remaining planctesinmals hold clues to its origin and evolution.

Observable planetesimals are absent from most candidate niches in the outer
solarsystCl . Giorgini et al. (1 996) have compiled a database for all solar sys-
tem bodies for which the orbits are well-deter nined. The solutions for the orbital
clement S for t his database come from three sources: the Minor Planet Circulars,
published by the IAU Minor Planet Center at. the Harvard-Smithsonian Center for
Astrophysics (Marsden, 1996), the Lowell Observatory Database of Asteroid Or-
bits (Bowell. 1996) and the Jet Propulsion laboratory Solar System Dynamics
Group (Donald K. Yeomans, supervisor). Of the bodies from the JP’I. database,
only 165 have scinimajor axes which place them inthe Jupiter/Saturll zone, and of
themore than 100" asteroids inthislist, al but one are 1rojan asteroids- situated
at the leading and tailing Lagrange points of Jupiter. The lone exception is 944
Hidalgo, which crosses both the orbits of Jupiter and Saturn. Additionally, there
arc also obscrved approximately 25 comets whose semimajor axes lic between those
of Jupiter and Saturn, and al but one cross Jupiter’s or Saturn’s orbits, or both.
This one exception, P/Schwassmann -Wachmann 1, has a semimajor axis of 6.041
AU and an cceentricity of 0.045. 1t is not easy to extrapolate from this one observ-
able Jupiter/Saturn zone object to include smaller objects that would be visible
had they bceeninthe relatively nearby asteroid Mt. Nevertheless, the observation

of only one possibly long-lived Jupiter/Saturn object, in contrast with the order
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of 1 (),000 asteroidsbetween Mars and Jupiter, provides a compelling observational
case for asswing that the Jupiter/Saturn zone is highly depleted.

Does the apparent absence of such bodies indicate the Pr esence of primordial
processes at a time when the formation Of the plancts was not yet complete, or are
wc sceing evidenice for an evolutionary process- where early solar system bodies on
the edge of chaos (Newman ot al., 1995), exposed to qualitative bifurcations in their
dyiiaiics, were reinoved from all regions in the outer solar system?

This paper and its sequel deseribe @ massive simulation effort designed to un-
ravel some of these questions. 1 3uilding upon earlier work by many investigators.
we scek to explore t he nature of various niches situated throughout the outer solar
systeni. In this paper. we ret urn to the region between Jupiter and Saturn, allowing
for traject ories with significant inclination. to better understand the fate of material
sit uated in this regime. In the sequel, we will explore the regions between Sat urn
and Uranus. as weell as Uranus and Nept unc.

We have developed integration methods more precise than any previously ap-
plied to this problem. Themethods used are ezact up to double precision computer
accuracy and the sole source of error is due to the cumulative effect of roundofl.
Our nuinerical technique can beregarded as a refinement, of existing methods that
had been widely used by dynamicists for decades- see §3. In particular, our con-
tribution to the met hodology has made the accuracy formerly available only on
special-purpose computers [i.e. the 1)igital Orrery exploited by Sussman and Wis-
dom (1988)], accessibletoanyone with access to modern workstations. urther, we
have performed the computations to minimize the accrued roundofl’ so that such
error will notunnccessarily contaminate the outcome of our investigation. Wc have
performed our investigations over a period of 10% years, a period extending well
1 cyond the early dynamical evolution of the solar system. Nevertheless, wec have

validated our integration schemes by showing that longitude errors inthe major
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plancts grow no faster than the time ¢%/2 and the uncertainty in their positions
after one billion years is less than 1 0, 1o preserve the essential physics of solar
system origin, our invest igations have been fully threc-dimensional and incorporate
the full gravitational effect, of all of the Jovian plancts: Jupiter, Saturn Uranus and
Neptune. T'he eflect of the terrestrial planets on the depletion of outer solar system
niches is negligible due to their small mass and high orbital frequencics- apart from
their time-averaged influence  thercfore we incorporated their masses into that of
the Sun. Relativistic and non-gravitat jonal ¢ flects are also ignored.

1 hus, the first major difference between the present investigations and that of
its predecessors resides in its vastly improved accuracy. This, of course, had the
price of increased cornputat ional time, but we were able to exploit the availability of
1(1 high-performance 1 Iewlett-Packard workstations in the exccutionof this project
(50 workstations were used in the sequel). Our methodology is also, to use the term
commnonly employed by computer scientists, “cmbarassingly paralel” and directly
computable onthe new generation of massively parallel comj,uters.

These highly accurate simulations can be used as a benchmark against which
we test other approximate integration schemes. Our integration scheme, since it is
exact to machine precision, is a posteriori symplectic, using the definition of Feng
(1987,1995). Significantly, we have found qualitative differences between our results
and those obt ained by other investigators who employed less accurate symplectic
integrators. It is noteworthy, in the nmuinerical analysis and symplectic methods
literature, that others have confirmed the problems of using symplectic methods-
especially those employing large step sizes- in nearly-chaotic environments. Scc
Sanz-Serna and Calvo (1 994) for a review.

More recently, [essnick (nee Haberkorn, 1996), inher dissertation, has shown
that symplectic methods can cause planctesimals traveling in the neighborhood of

scparatrices, which distinguish qualitatively difterent dynamical regimes, to undergo
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non-physical bifurcations in their behavior. 1 .essnick also showed that symplectic
methods applied 1 o Hamiltonian systeins can make integrable problems- such as the
two-center problem and the Stark cffect problemn-  appear chaotic. We will present
in a future paper the results of a detailed practical investigation into the differences
between symplectic and multistep int egrators (Grazier et a. 1 996; Haberkorn et a.
19:)6).

A nother major diflference bhetween this work and that of its predecessors is the
role of statistics and t he application of kinetic theory. IMarlier work by ourselves,
and many other groups, considered hundreds of particles in limited surveys of these
niches, and provided important insights into these processes. However, {firm con-
clusions cannot be drawn from these initial efforts due to the “statistics of sinall
numbers” (Newman et al.. 1989, 1992, 1994). An essential feature to be remembered
from siimple randomwalk arguments is, for situations composed of N “events,” that
the prevailing imcertainty is of order N*/2(Chandrasckhar, 1943). Accordingly. the
relative uncertainty is of order N /2 whichrenders surveys with Only hundreds Of
events to be inadequate for precise statistical inference. (Mel-cmr, there could
exist narrow niches of stability that would be missed by coarse survey s.)

We have eimployvediore than 100,(K)O test particlesin the present survey of the
Jupiter/Saturn zone and. in this paper’s sequel, 10,000 each in the Saturn/Uranus
and Uranus/Neptune zones. As a conscquence, we are in a position for the first
time to draw statist ically reliable conclusions from our investigations. While these
statistical results oflered no fundamental surprises, they did show some order-of-
magnitude quantita tive difference with earlier work, for example in the particle
depletion rate found in these niches.

F owever. as we will shortly show, our dramatically improved statistics allow
11sto show one aspect of 1 Jamiltonian chaos never before observed in solar sys-

tem i westigat ions, the possible imprint. of a “fractal” geometry (formally known
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as " fractal basin boundaries,” sce for example Ott, 1993) in the ultimate fates of
the test part icles. Giventhereliability of our statistics, we felt it important that
we develop astatistical mechanical or kinetic theory which would provide an ab
natio confirmation of our results. Here, we build on the theory developed by Chan-
drasekhar (1 943) instellar dynamics, Spitzer (1 962) inplasma physics, and Stewart
and Wetherill (1 988) in solar system dynamics, incorporating the geometry of these

solar system niches. This, too, we have done providing further confirmation of our

nonlincar dynamical results.

2. 1’REVIOUSWORK

In 1973 Lecar and Franklin (hereafter referred to as | ,1°73) examined the region
from 572 AU to9.10 AU for 6,000 years using a model which integrated initially cir-
cular particle orbits, but immodeled Jupiter and Saturn analytically. They concluded,
had this region initially been populated with planctesimals, that it would quickly be
depopulated  on a timescale of a few thousand years: with the possible exception
of two bandsat6.&8 AU and 7.5 AU. In the same year Fverhart (1973), although
primarily interested inTrojan and horseshoe orbits, used a similar model and found
two potential long-life bands centered at 7.00 AU and 7.58 AU. While acknowledg-
ing that a far more extensive survey was required to gain insight on lifetimes, he felt
it probable that 1no orbitsin either of these bands were absolutely stable. Franklin
et a. (hereafter referred t 0 as F1.,S89) extended their work from 15 yin-s earlier,
and examined the lifetitnes of particles with initially aligned apsidal lines and semi-
major axes between 7.0 and 7.5 AU- the long-life bands from 1.}F73 and Fverhart
(1 973). They found that bodics with higher eccentricities, approximating those of
their neighboring perturbers, had somewhat 1onger Jifetimes than particles on more
circular orbits. I'1,S89 concluded that it, was unlikely that low-inclination bodies
survived more than 1 [)'years betweenthe two planets, but, noted that bodies on

inclined orbits may survive somewhat longer. Duncanet a. (herecafter referred to as
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1 )QT89) developed a t wo-planet mapping that approximated the restricted three-
body problem.and examinedthe zones between each of the outer planets for up to
the lifctime 01”7 the solar system (4.5 Gy). In their model, plancts were con fined to
circular, coplanar orbits; test particles had small ecccentricitics, but were similarly
coplanar. Particle orbits were treated as Keplerian, except at conjunctions where
they were given ill] mpulsive pertuwrbation and new orbital elem ents cal culat ed.
Between Jupit or and Saturn, D Q189 found that all orbits became planct-crossing
within 107 years: inost were planct-crossing within | (F’ years. Finally, they noted
that the “stable”™ bimnds at 6.8 and 7.5 AU from 1173 were probably unstable for

durations greater than 10° years.

Fanploving a three-dimensional model in which the Sun, Jupiter, and Saturn
interacted fullv. Weibel et al. (1990)- hercafter referred to as WKN90- integrated
the trajectories ol .25 test particles, using a sixth order Aarseth (1972) and Ah-
mad and Cohen (1¢73) scheme. Confining their integration to low-inclination, low
cceentricity orbits fu the range from 5.7 to 8.8 AU, they found that all but three
particles became planet-cr ossers within 10° years (inost within 101). WKN90 noted
that the longer- lived orbit s tended Lo flank commensurabilitics. They also concluded
that a truly thorough scarch for stable orbits in this region required a simulation
with much targer ranges in cecentricity and inclinations. Using the same mode]
as LI'73, Soper etal. (1<){ )0) used the dynamics of the Jupiter/Saturn zone as a
backdrop to test how errors in mnnerical accuracy can effect stable orbits. They
also looked to find criteria, short of long integrations, to identify orbits which are
potential planct-crossers. Using a fourtll-order symplectic mapping, developed by
Candy and Rozmus (1990), Gladman and Duncan (1990)- hereafter referred to as
GDY0 integrated the trajectories of 900" particles between 6.76 and 8.06 AU. In
the Gladman and Duncan survey, the Sun, Jupiter, and Saturn were mutually-

interacting. Theirs was the first study which used close-approach as a criteria for
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removing a particle from the simulation. as opposed to merely planct orbit cross-
ing, as in previous surveys (furthermore they removed any particle leaving the solar
system ) the introduction of a close approach criterion did not significantly affedct
their depletion time scale. a result paralleling F1LS89. T hey were aso the first to ex-
amine the role of non-negligible inclinations ondepletion times of particles between
Jupiter and Saturn. Both the inclined and invariable plane populations were, they
obscrved, depleted on 105 year tilnc-scales. IMinally, Holman and Wisdom (1 993)-
hereafter 1 TWO3 used their symplectic mapping technique (Wisdom and Holman,
1991) to survey the invariable plane for stable orbits inthe range from 5 to 50 AU.
The Sun. and for the first time a] of the Jovian plancts, were fully-interacting in
three dimensions. All test particles were oninitially circular orbits. Consistent
wit hprevious studies, the majority of their test particles between Jupiter and Sat-
urn were eliminatedon 1 03-to 1 (F-year tine scales (al were removed by 106 years).
Of these various inv estigations, the ones most relevant to the present investigation
by virtue of t heir naderlying physical deseription are WKN90 and GD90 we will
focus on t he latter inour detailed comparisons. An overview and comparison of
previous shimulation efforts is given in Table 1.

We now provide a brief d eseription Of the computational methods employed (a
detailed and mathematically rigorous developmer - of the methods will appear else-
where), and then go on to provide our results, including compjarisons with existing
work. Inow disctssionn. we will introduce relevant. statistical mechanical deriva-
tions and comparisons with our numerical results. hnportantly, we will returnto
the theme of planetesimal dynamics on the edge of chaos and make recommenda-

tions germane to future investigations in this field.
3. METITOD

The integration method we employ was first developed by Stormer (1 907) to

integrat ¢ t hetrajectories of charged particles in a magnetic field (in particular the
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Aurora Borealis). arud has a well-established pedigree among planetary astronomers.
A closcly-related methodology was used by Cowell to determine the orbit of Lysithea
(the cighth moon of Jupiter), but its more well-known application was by Cowell
and Crommelin (1 $10) to predict the return of comet ’/Halley. As is best put
by Bate, Mucller, and White (1971), “This method has been ‘rediscovered’ many
times in many fornes...” since then (Numerov 1924, 1927; Manning and Millman,
1938). This class of methods went into a dormant state, but saw a resurgence in
the mid- 1960’s throngh the carly 1990’s, becoming the standard integration method
for celestial mechanies. The Cowell method was used for long-termsolar system
integrations by Cohen ot al. (1965, 1973), but this class of methods reached its
highest expression under Applegate et al, (1986) and then Wisdomn and Sussma n
(1 988) using the quadiruple-precision, parallel-processing Digital Orrery. Both con-
currently and subscouontly, many other astronomical- and planctary dynamicists
have employed this methodology.

The mnerical iethod used in our simulations is a roundofl-mjinimized trunca-
tion-controlled 13th order modified Stormer integrator (Newman et al., 199 0, 1993,
1995, 1996: Bell et al.. 1994: Goldstein, 1996). The algorithm was expressed in
backward - difference. siummed-formin order to reduce roundofl’ accumulation (Hairer
et al., 1991). We employed 4 time step of =~ 4.24 days which was sufliciently simall
to guarantee that the computat ion of any particle trajectory with eccentricity < 0.5
would be ezact to double precision computer accuracy. Sincethe integration was
exact to machine precision, it car be regarded as a posteriort symplectic in the
sense of Feng (1987.1995).

Following procedures routinely employed by computer scientists to minimize
the accumulation of roundofl crror (eg. Higham, 1993, 1996) we developed a proce-
dure which we call “significarice-ordered computation”: where al arithmetic opera-

tions are grouped according to the magnitude of the floating point numbers involved,
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so tha least-significant bit information would not be unnecessarily lost. ‘his arith-
nmetic ordering procedure was employed both in the finite difference computations

as wel as in the caleulation of the gravit ational potential and forces.

Henriei (1962) has developed a general theory for the accumulation of error
during numerical integrations, distinguishing between systematic and random er-
rors. The latter case. which is optimal in terms of minimizing roundofl ervor growth,
occurs only when all systematic sources of roundofl and truncation error are elimi-
nated. At that point. we can expect the error in normally conserved quantitics such
as the total system energy) to vary as 11/2. Meanwhile, the error in the correspond-
ing “angle” type variables will vary as the integral over time of the former. Hence,
the best achievable longitude error growth will vary as t3/2. Goldstein (1996) pro-
vides a rigorous proof of these scaling laws. Significantly, Quinlan (1994) did not
achicve this degree of aceuracy owing to his use of a large stepsize and the pres-
ence of systematic truncation error (Quinian, 1995). Previous investigations, which
showed encergy error lnear in time, and longitude error quadratic in time, exhibit
the hallimark of systematic error growth.

To test t he accuracy of our integration method, we performed two diflerent
kinds of tests. IMirst, we performed a limited survey- so that statistics would be
avail able of t wo-hody Kepler problem integ rations for 1 () million orbits for orbits
with cccentricity 0.5 (a problem containing a very wide distribution of timne scales
comparcd tomore nearly-circular planctary orbits). This test survey was performed
using 16 independent runs so that average and root mean squared (RMS) propertics
of the integrators could be established. Over 16 runs the RMS longitude error after
10 million orbits was 1.4 x 107 % radians (Fig. 1) and RMS relative cnergy error
1.() x 10-"1 (Fig. 2). These tests showed that the error inthe energy grew as 11/2
and the error int he longitude as t3/2, where tis the elapsed time. In other words,

the accumulated error was as would be expected in the absence of systematic error
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in the integration scheme.

Farther tests of the metod were based upon integrations of the outer solar
syster, adding themass of the terrestrial planets to that of the Sun. For 16 diflerent
sets of initial conditions generated from the 11245 ephemeris (Standish, 1994), we
integrated the trajectories of the Jovian plancts for a time interval equivalent to
2™ Jupiter orbits, where o is an integer between O and 20. At the end of each
integration. we use the positions and velocities of the Sun and planets as starting
conditions tointegrate buckwards intime. This forewards/b ackwards integration
represents and excellent test of the integrator’s performancein a nonlinear regime.

Fig. 3 shows tle¢ relative RMS encrgy error for the entire system. We can sce
that the encrgy crror grows as (%%, very nearly £* ** | again indicating the absence
of systcmatic error zrowth. Fig. 4 shows the RMS ang ular position errors for both
Jupiter and Saturn. Giventhe initial position for a planet 73, and its final position

s, we define t he angular position error A as:

A:mm(hfﬁg
fh’”"f’

If our computations had no truncation or roundofl error, we would expect that these
forcwards/ backwa rds integrations would yield 73=7F. Thus, A is a useful measure
of the accun wilated error present in these calculations.

We make t] 1e distinction between angular position error and true anomaly error
since, as we have defined it, the angular position error is referenced to an inertial
reference frame, whercas true anomaly error is reference to the perihelion of each
planct’s orbit. a quantity which is not fixed. Wc also make the distinction between
angular position crror and longitude error since the mncasurement. of longitude would
involve projecting the angular position error onto the XY plane, (though for low-
inclination objects such as Jupiter and Saturn the two are very nearly identical). For

the 2-D Keplor Problem in the XY plance as above, longitude error, true anomaly
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error, and angular posit ion error are identical

Inthe N-1Hody tests deseribed in 1ig. 4, we sce that for both Jupiter and Saturn
the angular position error grows at a rate less than t3/2, and after 22! Jupiter orbits
(ncarly 25 million years), t he errors for both plancts are on the order of 2 x 105
radians. Thesc tests manifested a quantitatively similar behavior in the growth of
the longitude error obtained in the two-dimensional Kepler problem. A dctailed
description of t hisintegrator is in Goldstein (1 996) and Newinan et a. (1 996).

The modilied S1 6rmer integrator is a multi-step micthod (Henrici, 1962; Hairer
et al., 1991 ) and is not self-starting.  To start the integration, we used a fourth
order Runge-Kutt amethod combined with Richardson extrapolation (Richardson
and Gaunt 1927 Kincaid and Chenecy 1991 ) for the initialization. Initialization was
performed in ext ended (quadruple) precision to eliminate all sources of truncation
and roundofl crror ro double precision machine accu racy. By successively halving
time steps and invoking Richardson extrapolation, we achieve convergence in our
numerical represent at ion of the initial positions to within b x 10 17 AU (=~ 7.5
microns! ), well helow t he threshold of physical perturbations in a rea solar systemn
Caused by 50)111' (' (‘s such as comets and asteroids, solar wind, solar mass loss, an d
relativistic eflects. Our point is simply that we have a particularly effective solution
to the initialization problen.

The code for i hese calculations was developed in the C language and per-
formed on clusters of Hewlett-Packard workstations. Though initial planctary po-
sitions werce identically preserved across platforms, each machine had a unique Set
of particles select ed from the dist ribution described below.  “J*his configuration of
fast workstationsallowedus to simulate a very large number of particles in a rela-
tively short period of time (totalrun time was approxi mat el y three months for the
Jupiter/Saturn zone).

Our code frequently outputs restart files in the eventuality that, should the
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simulation be haltec for ally reason, it can be resumed with a minimal 10ss of
computer 10sP111”(®%. Isarly in the numerical evolution of the system, while most
particles were present. output files were produced every simulated 10% years. A's
the system evolved and the number of survivors decimated, the output interval was
increased to every 109 simulated years.

In order to compare the rounding and other properties of different worksta-
tions, one of the resiart files, taken immediately after the Runge-Kutta/Richardson
initialization. was simultancously integrated on a Sun SPARC station, a Silicon
Graphics station. and a DEC Alpha station. All workstations generated the same
final results for a 2,000 test particle run after a 12 million year integration. Although
all of the computations presented here were performed on the same Hewlett-Packard
workstations. it was reassuring to note that these test runs performed on different
workstations, but using the saane Holil arithmetic standards, obtained the same re-
sults. It should be mentioned that, although we had a major allocation of resources
on a massively parallel CRAY 13D supercomputer, much of the software on this
new computer was at the titne untested.

One hundred thousand test particles were placed in elliptical and inclined orbits
about the Sun. Their trajectories were integrated for up to 1 billion years, or until
they were removed ﬁmn the simulation (as described below). The test particles were
treated as ma ssless, and were subject, to the gravitational influences of the Jovian
plancts as well as the Sun. The sun and plancts were mutually-int eracting. Ini-
tial planctary positions and velocitics were generated using J1°1 ephemeris DY 245
(Standish, 19{14), andcachof the test particle orbital elements were randomly se-
lected according to t hiefollowing prescription. T'he Wt-particle semimajor axes were
Gaussian distributed such that the average semimajor axis was equal to the aver-
age of Jupiter'sand Satwn’s,and that, the 30 points (i.e. till’cc times the standard

deviation) of the distribution were coincident with Jupiter’s and Saturn’s semi -
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jor axes. Since t heregion of int crest was primarily the zone between Jupiter and
Saturn,noinitial particle semimajor axes were allowed inside 4.703 AU (Jupiter’s
semimajor axisminus 0.5 AU), outside 10.039 AU (Saturn’s sernimajor axis plus 0.5
AU), or within cither of those plancts ” activity spheres (Danby, 1988, p. 267). The
initial inclinations were similarly Gaussian distributed with an average of 0° and
standard deviation of 100. Fecentri cities were randomly chosen from 0 to 1 from an
exponential distribution with an e-folding constant of 0.1. This means that particles
with cccentricitios of 0.1oceny with al/e lower frequency as those with eccentrici-
tics of 0.0. and =so on. Theinitial phase angles, longitudes of nodes, and longitudes
of perihelia were randomly selected from a uniform  distribution] between O and 27.
Random number generation was performed using, procedures (RAN2, EXPDEV, and
GASDEN) fromPressetal. (] 988). Input/output was done in heliocentric coordi-
nates while the integrations were performed in a barycentric frame for all bodies,
including the Sun. The latter provided us with anadditional accuracy check on the
center of mass” position and  velocity.

in t his simulation. atest particle was considered tobe eliminated if it met one
of threc criteria. Particles were removed from consideration if they underwent a
close-encount er and passed within the activity sphere of a planet. Here, we used

the modified definition of activity radius froin Holman and Wisdomn (1 993), namely

where m, is the mass of a given planct, and agp its initial semimajor axis. 1l
contrast, it is noteworthy that G190 employed a sphere of influence with an~ 30%
larger radius. A particle was considered ejected from the solar system, and thus
removed from the simulation, if (1) ithad positive energy relative to the Suu and
all of the plancts, (2) it had heliocentric radius greater than 50.0 AU, and (3) the

projection of its velocity against a radial line from the Sun was positive, i.e. was
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on an outbound trajectory withr . v > (0. We included the third ¢jection criterion
because we recognized the possibility, albeit small, that an incoming particle on a
hyperbolic (unbound) orbit could, through planctary interactions, lose energy and
subscquently 1)0(°0121¢ rebound (Fverhart, 1 968). Finally, if a particle came within 1
AU of theSun.weealenlated its perihelion distance. If this was less than Rgun, then
the particle was climinated from the simulation. It Should benoted that, throughout
the entire 100.000 particle simulation, no such “sun-grazers” (l.evison and Duncan,
1 994) werc detected, despite the additional mass of the inner planets being added
to thatof the Sun.

This concludes our deseription of the numerical methods employed in this in-
vestigation. A more det ailed and comprehensive description will be found else-
where. We now direct our attent ion to the results of these investigations of the
Jupiter/Saturn zone.

4. RESUITS

As is often the case when exploring a new problem (or an old one using refined
tools), the initial phase of our data analysis was exploratory- to try to identify the
different periods of evolution and the relevant physics. The physical ingredient. that
we believe must be central to this problemis kinetic theory, as appropriate to sclf-
gravitating systeims. but other processes could conceivably be important. In Fig. 5,
we plot the munber of surviving planctesimals as a function of time and observe that
there are three basic evolution ary periods in this problem. First, there is a transient
phase associated with the start of the simulation where many planctesimals arce
quickly ecliminatedby cither the activity spheres of Jupiter and Saturn, or by virtue
of being on very cceentric, even planet-crossing, orbits from the beginning. Second,
there is a gravitational relaxation phase where the surviving particles undergo a
random walk in momentuin space, being scat tered successively by gravitational

encounters from the plancts until they are eliminated after interacting with an
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activity sphere. (I we had displayed the results in log-linear fashion, we would
sce an essent ially ¢ xponential decay during this phase where the e-folding time
evolves upward as thic winnowing proceeds. ) Findly, there is a phase characterized
by long-lived particles that rveside either in the neighborhood of stable Lagrangian
points or.albcitless oft en. in candidate stable niches (ncar commensurab ilities),
or, in clongat cd orbits with very long periods. We have obtained estimates of the
e-folding t ime scales appropri ate using a nonlinear exponential fit to the different,
time ranges. During the first phase, extending from the time origin to 3 x 10% yr,
the e-folding time was observed to be~ 6.8 x 10* y]’. During the gravitational
relaxation phase. from 10° to 5 x 105 yr, the e-folding time was observed to be
~ 2.0 x 107 vr. Finally. during t e “1 agrangianniche” phase, from 107yr 011, the!

e-folding t ime has 1 .ccome ¢ xtremely long , Of order 2 X 108 yr

Inkig. @, we D) ovideanillustration that describes how this situation unfolds.
We show a Gaussian. signifying the planctesimal swarm’s initial distribution in
semi-major axis. tlanked by the activity spheres of Jupiter and Saturn. With the
initiation of the simulation,many of the planctesimals will have trajectories that
quickly bring them into the path swept up by the activity spheres of Jupiter and
Saturn. Previously, 1'1.889 had noted that there was a 2% to 6% diflerence between
the t iime aparticle’s orbit becamme plancet crossing and entry into a close approach. It
is appropriate t{) describet hisinitiation phase as a collision of “hard spheres” with
the point planct e shim al particles. This aspect of kinetic theory was first developed
by Chapman and Inskog and is clearly described in the text by Chapman and
Cowling (197(1): the collision frequency v varies as noAv whercn is the number
density of colliders (i.c. Jupiter and Saturn), o is the “collision cross section” of
the collider, namely 7% where IR is the radius ~ 0.34 AU of the two activity

sphercs, and Av is amcasure of the velocity diflerence between planetesimal and

planct. The munber density is estimated from the volume appropriate to our initial
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planctesimal distribation (sce above) and has the form of a torus extending between
the orbits of Jupiter and Saturn, and subtending an angle normal to the invariable
plane with respect to the sun of = 20°. We took the corresponding volume to be
~ 516 AU”. Since the circular velocity v o o™ Y2, we estimated the diflerential
velocity Av according to the velocity difference between a planet at the center of
an activity sphere and a planctesimal at its periphery, hence Av ~ (Aa/2a)v. Tor
Jupiter, we obtained Av = 2.3 x 100 % AU/Dy (with a slightly smaller value for
Saturn). Putting these quantities together yields an approximate time scale, i.e.
the reciprocal of v, of 8.2 x 10% yr, in close agreement with our fit to the data shown
in Jdig. 5.

The important point illustrated by Fig. 6 relates to the gravitationally-domi-
nated phase of evotion when planctesimals undergo a form of random walk in
momentum space. 1ndergoing intermittent gravitational boosts as they wend their
way among the Jovian planets. There is a time scale associated with this process
which deseribes the Tength of time required for a particle to undergo a major de-
flection by a planct. The process of gravitational relaxation was first developed by
Chandrasckhar (1943) and was elaborated upon in a major way for general Coulomb
interactions by Spitzer (1962). For more up-to-date treatinents including significam
improvements in the treatinent of gravitational interactions in a planctesimal swarm
in the context of solar systemn dynaniics, sce Stewart and Kaula (1980) and Stewart
and Wetherill (1988).

Figure G reminds us that Av is greatest at the center of the Gaussian distribu-
tion and diminishes as the particle draws near to a Jovian planet. We can emiploy
the Virial Theorem to relate Av to the cflective interaction distance r between a
planctesimal and a planet of mass M, namely GM/r =~ Av?. Accordingly, we re-
place the “hard sphere”™ cross section o introduced above by the velocity dependent

. . 9 2 ., . .
version oa, according to wr? s~ (GM/Av?)”. Then, the appropriate time scale
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T varies as Ao® /71 (G A ) * This expression shows us that gravitational collision
times arc simallest, when Awv is smallest. Hence, planetesimals which closely flank
the activity spheres arcamong the first. to be deflected into the path of these spheres
of influcnce. Planctesimal material closer to the center of the Gaussian distribution
in Fig. 6 require much more time to complete their random walk into the path of a
moving activity sphere. The time scale appropriate to the minimum relevant Aw s,
in fact. approximately t he same as that we derived for the activity sphere. (That
should be no surprise since the activity sphieres describe a forin of force or virial
balance.) What is more instructive is to estimate the lifetime of those particles
which must undergo t he greatest change in Av. As we will see later, the scattering;
influence of Jupit er on planctesimals drives many necarby pla netesimals out to the
sphere of influence of Satwrn. (A smaller number of particles are shepherded from
Satwrninto t e path ol Jupi tin's activity sphere.) For these longest-livexl particles,
Av is siimply the differential velocity between the orbits of Jupiter and Saturn, or
about 2.6 x 107 % AU/ Dyace we wish to consider gravitational scattering by
cither Jupiter or Saturn. we will employ the geometric mean of their GM values,
Or 1.55 x 10" TAU?/Dy?. Weobtain, therefore, a gravitational relaxation time scale
1.7 x 107 yr.in close agrecinent. with our empirical value of 2.0 x 10° yr. ‘1’bus, a
simple kinetict heory and ideas from the statistical mechanics of particulate Systems
and the Coulomb force pernits us to theoretically derive some of the basic features
of oursimulations! It is important to note that the cvolution of the solar system
on time scales long compared to 1 (F') yr leads to cflects, such as resonance, not

describable by siimple kinetic theory.

One final set of comments is in order regarding the relative rates of planetesi-
mal deflection by the major plancts. Geometric and dynamic intuition would imply
that planctesiimals on highly inclined orbits will be less likely to deviate from their

respective courses than planctesimals traveling in the plane  the odds for mutual
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avoidance become much greater for planctesimals with aighly inclined trajectories:
also, it is more difficult to change the direction of the angular momentum vector
than its magnitude. Another element of geometric intuition emerges when we con-
sider the relative importance of planetesimal deflection by Jupiter or by Saturn.
The relative number of planet esimals swept away by the activity spheres of Jupiter
and Saturn (which have essentially the same radius) should vary as theratio of
the arcas of the two annuli swept out by these two Jovian planets, a ratio of ap-
proximately 1.0:1.9 this presupposes a “symnctric” initial distribution between
them. This is anadditional feature we should look forinour simulation). Lastly,
our discussion of kinetic theory has ignored the roles of Uranus and Neptune, which
have a relatively modest influence on planetesimal evolution. Basically, the outer
Jovian planets can till’ (C (t only those planctesimals whose semimajor axes and/or
ceeentricities have heen pumped up so as to come within their range of influence.
Thus, although Uranus aud Neptune have a small but significant role, clementary
kinetic theory is inadequate to predicting the singular gravitational events that can

propel planctesimals into their spheres of influence.

In previons work. investigators showed plots of the lifetimes of all particles
in their survey. over the seimimajor axis range of interest subdivided into smaller
intervals. This is no longer practical when you have samples which range from 10°
to 10° particles. To display this information we have chosen two formats. Fig.
7 shows the mininmum and maximum lifetimes of particles in our simulation as a
function of their initial semimajor axis rangein 0.1 AU semimajor axis intervals.
Note the features from 5.0t0 5.3 AU, and from 9.3 to 9.6 AU. These correspond
to particles librating in Trojan, “horseshoe”, or “tad pole” orbits with respect to
Jupiter and Sat wr, respectively. Only 65 particles of the original 105 survived the
first 100 million ycars integration. Of these, 57 were in 1tojan orbits, 7 were co-

orbiting with Satwrn. and one was situated at 6.6 AU. All particles which ended the



Jupiter/Salu 4 Nich os Page 20

simulationin Trojan orbits began their lives there, and did not arrive at these niches
as a resu It of dynamical evolution. The same is truc of the Saturn co-orbiters. The
Jupiter and Saturn co-orbiters were removed from the simulation at 100 My, but
the particle at 6.6 AU survived the integration- with its semimajor axis virtually
unchanged for one billion years maintaining its small cccentricity < 0.075) and
inclination (< 0.35°).

The plot of maxinun and minimum lifetimes in Fig. 7 contains only limited
information. The maximum lifetimes often represent the duration the simulation in
contrast wit h the titne spent in the Jupiter/Saturn zone. As anexample, one particle
with aninitial semimajor axis of 7.9 AU achieved a semimajor axis of 109,000
AU (corresponding t o a period of approximately 3.6 x 107 ycars) but nevertheless
remain ed bound to the solar systemn. On its next passage through the solar system,
its orbit was pertinned and it was subscquently classified as cjected. The fact that
this lone particle survived so long in the siinulation before meeting our criteria for
climination IS anot her indication that. the maximum lifetiies can be misleading.
Similarly, ill] minin nun-lifetime particles for cach range were relatively eccentric
and often were on planet -Crossing orbits from the onset of the simulation. I short,

maxbnumand mininnm value statistics canbe misleading,.

A much morciaformative measure of the expected lifetimes of particles in the
Jupiter/Satwrn zone is shown in Fig. 8. Here we considered the lifetime distribution
in cach semiinajor axis interval and identified the first and third interquartile ranges,
namely the times below which 25% and 76%, respectively, of the planetesimals
had b eencliminatec L (Another measure of statistical variability could have been
procduced by plottinig the mean lifetime with “crror bars” denoting one standard
deviation. ) Again, we see strong features at 5.2 and 5.3 AU corresponding; to Trojan
orbits, but. theanalogous features for Satwrn co- orbiters have sharply decreased in

magnitude. Also note the depressionat 7.3 AU, corresponding to the Saturn 3:2
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mea n ot ion resonance and the Jupiter 3:5 resonarn ce.

A lthough it was one particle out of 100,000, we win-e curious about the condi-
tions under which the particle at 6.6 AU reinained stable and relatively unchanged
throughout the entire 1 0” year integration. We therefore performed a 2,000-particle
targeted scarch of t he region surrounding it.  All distributions of orbital elements
were the same as deseribed carlier. with the exception of semimajor axis which
was uniformly distributed between 6.4 and 6.8 AU. No particle inthis subsequent
scarch survived more than 2.6 million years. We plantoreturnto the question of
the sta bility of this.and nearby, orbits inthe future.

Table 2provides anindication of” the relative significance of various mechanisms
for depleting planctesimals from diflerent semimajor axis ranges. Inecach 0.1 AU in-
terval weindicate howmany particles presently remain, how many were eliminated
by the activity sphicres of Jupiter, Saturn, Uranus, and Neptune, respectively, and
how many were cjec t ed from the solar system. (Importantly, no planetesimals were
eliminated by the “sun grazing” criteria.) Here, direct comparisons with the results
of other rescarchers are difficult because (1) our siimulation was not confined to the
invariable plane as weremost. of the others (with the exception of GD90 who exam-
ined orbits at 107). (2) our siimulation was not limited solely to Keplerian Jovian
planctary orbit §; and (3) the much smaller number Of particles employed in previous
surveys renders sucn counts more susceptible to the “statistics of small nuinbers”
(Newman ot al.. 1992). Iimportantly, we note that we canmake statistically valid in-
ferences about t he significance of various mechanisms, since the relative uncertainty
in 07]1 resultsvariesas O (N’ 1/2).

Uranus and Neptune t ogether climinate about 1/2% of the planetesimals. Sur-
prisingly, no Hlanect esimals are lost by being directly transported into the region

occupicd by teterrestrial plancts. Of our 105 planetesimals, only 48 were ejected

from the sola syst ¢11). HHWO3, however, observed “no non-elliptic orbits were de-
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tected 1erorre closeencounter.” It is entirely possible that this is an outcome of the
relatively smallsainple size which they employed.

Saturn is the planet colliding with most of the lost planctesimals, but usually
it is Jupiter thatpertirbs them into its path, as found by WKN90. We show this
in the hall-tone Fies. 9and 10. Recall that our initial particle distribution is an
annul us centered half way bet ween Jupiter and Saturn and diminishing as a Gaus-
sian away from t he midpoint. Were we to produce from our original distribution of
10° planctesimnals wrey scale representation of the density of points as a function
of position ((with darkerimplying denser), we would obtain a very smooth toroidal
shape with gently varying shading. What, we have chosen to do in Figs. 9 and 10 is
to represent the relative number of planctesimals: varying from O to 1- that were
ultimately removed by the activity spheres of Jupiter and Saturn, respectively.

These two figures share two prominent features. IMirst,they show the subtle
imprintol whatis Fkely a fractal geometry or “fractal basin boundaries”- sec Ott
(1993) in the ultimate fates of the planctesimal swarm. This is an indicator of the
presence o f Hamiltonian chaos in our pl anctesiimal population and makes very clear
how sensitive hehavior near separatrices are to the starting positions (l.e. phase
angles) O thetest particles. Sccond, they show the importance of scattering as a
mechanism in delivering planetesimals from the anmalar neighborho od of one planet
to the sphere of influence of another. Given the intensity of the grey scale in Fig. 9,
we see that Jupiter pravitationally scat ters the bulk of the planctesimal population
into the pat hof Sefwn’s activity sphere. In Fig. 10, we sec that Saturn has a
similar, albeit SI112111{:1, role in propelling planctesimals inward and into the path
of Jupiter’ssphere. (G190 note that “crossing a planet’s orbit will not necessarily
meait that the first close planctary approach will occur with that planct . I'LS89
also noted that anorbit which crosses Saturn’s canvery quickly evolve into onc

that crosses Jupiter’s. T hese figures are ummnistakable evidence of both .) Indeed,
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these two figures demonstrate the complexity contained within the dynamics, and
provides a compelling reason for using only the most accurate integration techniques

available for studying the stability of solar system niches.

We now want to visualize the demographics of the planctesimals which are
climinated as a function of time. To do this, we lot in Fig. 11 over successive 100
Jupiter orbit time intervals the mean and one standard deviation of the semimajor
axis distribution deflected during cachi 100 orbit time window. (Specifically, we show
the mean o 1 standard deviation as a bar in cach interval of tiine. ) We ohserve that
those particles whose semimajor axes reside near the orbits of Jupiter and Saturn
arc amnong the first to be eliminated. The average semimajor axis remains nearly
constantal 7.3 AU while t he extent of one st andard deviation steadily decreases.
Ultimately. the munber of planctesiimals eliminated ineach time window is too small
to yield st at istically valid conclusions. Nevertheless, we observe the unmistakable
trend of winnowing of planctesimals from the vicinity of Jupiter and Saturn into the
heart of the Jupiter /Sat uri zone. This observationagrees with the kinetic thcory
prediction derived earlier in the context of Tig. 6.

Farlier. we discussed the role of inclination from a siinple geometric stand-
point. expect ing to find that subpopulations of planiectesimals with more inclined
traject ories would experience reduced rates of elimination.  In T able 3, we con -
sider according t o t licir initial distribution our set of 1 0° planetesinals grouped in
19 inclination int ervals and display the numbers removed by the various available
mechanisms. These “mechanisms” include, as in Table 2, the four Jovian planets
and solar systemeject i(m, as wc]] as show what number of planctesimals survived
108 years. What is particularly noteworthy is the relative effectiveness of Saturn's
activity sphere climinating planctesimals in contrast with Jupiter’s. We reported
carlier the expectation, froin the geometry the annuli swept out and kinetic theory,

that Saturn would appear to be 1.9 times more effective at climinating planctes-
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imals than Jupiter. <1 colimnin ‘1'able 3 denoted “S:JRatio” shows that this
proportion remai ns near 1.9, never descending to 1.0. (We do not. display this ra-
tie, although it remaius consistent with our prediction, whenthe total planctesimal
count.in a given inclination region drops below 1,000 as it would become overly

scnsitive to the sinall population.)

In contrast. GDY0 reported that particles with nonzero inclinations began to
be removed lafer in the sim ulation than those in the invariable plane, but that
once planctesiimal removal began in the plane it would proceed at a faster pace.
After approximately 20.000 years. G190 claimed that the fraction of remaining
particles was t he same independent of initial inclination. Iig. 12 shows a family of
curves displaying t be relative depopulation of the planctesimal swarm as a function
of initialinclination starting at 0°and varying in 5° increments up to 20°. We
scc major differences between our results and those of G190 in the comp arative
deplet ion rates for the 09 and 10° curves. To better understand this difference, we
considered a subsehH our population of planctesimals whose semimajor axes ranged
from 6.76 AU to&.06 AU. the same initial range cinployed in GD90. Fig. 13 shows
the cornparative depletion rates and we observe an order of magnitude difference
in the relative deplet ion rate. The half-life of the 0° inclination particles in Fig.13
is obscrved to be 3 X 10:3 yr while the 10° planctesimals have a half-life of 104 yr.
‘J'hese numbers should be compared with our initiation phase depletion time scale
of 6.8 X 10% yr and owr kinetic theory calculation of 8.2 x 10 yr. The GD90 time
scales are too long by an order of magnitude. This is particularly surprising since
they employed activity spheres that were 30% larger than we had. A larger sphere
of influcnce cross section. as we noted ecarl ier, can e expected to give a shorter
lifetime.

In comparing relative removal mechanisms, G190 noted that for particles in the

plane, close approaches with Saturn were more numerous than those with Jupiter
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by aratio of 2(;6/175 ~ 1.520, while for the inclined population, the roles were
reversed and close approaches with Jupiter occurred 223/182 ~ 1.226 times more
frequently- we give their observed populations as a possible indication of the role of
small 11111111)("L's. The reasonfor this reversalin roles, they claimed, was that “inclined
particles are t ypically fiot her from the plane near Saturn than near Jupiter and
therefore less likely t o have encounters.”  While true, the particles must eventually

pass till’ou:, Il t heplane.

We showed inomr Table 3, that particles of al inclinations tended to have more
frequent close approaches with Saturn. Our results difler from those of the less pre-
cise GO0 survey in a fundamental way with respect to time scales and the relative
import ance of diflerent mechanisms. Could this then be evidence that symplectic
integration schenes that employ large time steps can give, without warning, qual-
itatively incorrect results in problems with sill)tlic separatrix geometry? Fvidence
supporting t his conclusion comes from San z- Serna and Calvo (1994) who explored a
varicty of symplectic integrators ill solving the Henon-Heiles problem. T1 Icy tested
six integrators, including one by Candy and Rozmus (1 990) which was usedin
GD9 0. asafunction O stepsize. Sanz-Sernaand Calvo showed that, until the step
size dropped below some yaue{which they proceeded to determine), the integrator
would give qualitatively incorrect results when employed in chaotic regimes. This
result is particularly hnportant given the cost of contemporary integrations and the
efforts employed by many investigators to minimize them. The lesson to be learned
is that any integrator, symplectic ones included, can give misleading results unless
extraordinary care is taken while on the edge of chaos.

In Fig. 14, we plot the mean cecentricities and “error hars” (as in Fig. 11,
corresponding to 1 standard deviation) of the planetesimals vhichare eliminated
over successive 100 Jupiter orbit thine intervals. The essential feature here is that, as

time proceeds. the yocan eceent ricitices and their variances diminish, indicating that
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highly cceentric pariicles are the first to disappear and we are left with a population
of particles with ever-decreasing eccentricities.

Analogous to ig. 11, Fig. 15 provides a family of curvesthat show removal
rates as afunctionof cceentricity.  We observe that more eccentric orbits have
markedly shorter lifet imes than less eccentric ones, as we would intuitively expect.
IF1.S89 suggeested t 1];] 1more eceentric particles could be somewhat more stable if
their cececentricity anproximated that Of the perturb ers.  Looking at the removal
curve for (= 0.05 (where, for Jupiter,e: 0.048 and, for Saturn, ¢= ().056) wc see
no indication of this.

Tables 4 and b describe an outward migration of planetesimals in the simula-
tion a feat wre alhuled to in Figs. 9and10,as wellas ‘1’able 2. Table 4 shows the
final semimajor axis ranve forall 1 ()().0(1(0) particles at the end of 100 My simulation
time. Over 119 of «he particles had their final semimajor axes outside of that
Of" Satuwrnatthe end of” the simulation, 48 were completely ejected from the solar
systen. Loss than 2 4 of 1 he particles were injected into the inmer solar system. Fven
within the Jupiter/S8aturn zone, the trend was for the particles t0 move outwards-
this can be scen in "Uable 5. Table b shows the initial and final semimajor axes (and
staridard deviations) for t he sample of particles eliminated by collision with the
activity sphere ol cach planet. 1'he average semimajor axes 0Of the particles killed
by cvery planetindicate t nilt the trend was for the particles to migrate outwards,
with their orbits becoming inereasingly eccentric in the process.  Fven particles
climinated by Jupiter had. on average, semimnajor axes greater than that with which
they began the simnlation.

1)ynamical effects governing mixed populations of ‘(heavy” and “light” self-
gravitating particles over very long periods of time have been a subject of investiga-
tion, especially in galactic dynamics, for many years. Overwhelming evidence has

cinerged t hilt a “mass segregat ion e flect” occurs where the heavy particles shed en-
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crgy and angular momentum, thereby gravitating inwards, while the lighter particles
gain both cnergy and angular momentum causing them to move outwards (Farouki
and Salpeter. 1982 Faronki et al. 1 983; Spitzer,1 987; Stewart and Wetherill, 1988).
somctimes being cjected from the systemn . This mass segregation phenomenon be-
came widely used as an empirical diagnostic for the reliability of N-body galactic
dynamics codes.

We believe tha: Tables 204, and 5, as well as Figs. 9 and 10 indicate that our
system exhibited this phenomenon.

Finally,in I'ig. 16. we plot the {inal positions of the Sun, Jupiter, Saturn, and all
surviving planctesimals. projected onto the invarialyle plane after 100 hi-y simulation
time. What we observe is asimulated Jupiter/Saturn zone which 100ks very much
like the actual. Because the solar system has provided us with 4.6 billion years of
cmpirical evidence to indicate that the Jupiter co-orbiters (Irojans) are stable, and
because the work of de la Barre et al. (1996) has indicated that Saturn co-orbiters
(Bruins) may be sivailarly stable over billion-year time periods, we integrated only

the “outliar™ at 6.6 AU from 1[)0 My to 1 Gy.
5. C ONCILUSIONS

This concludes onr investigation of the Jupiter/Saturn zone the Saturn/Ura-
nus and Uranus/Neptune zones are the subject of a sequel. (The T rans-Neptune
zone and the dynanics of Pluto are a more distant objective. ) Our investigation
has canployed the nost accurate nmnerical techniques ever brought to bear on this
class of’ problems and employing nearly 10% times as many test particles than any
previous study. 171 awestatistics we have obtained are robust- and we can derive
many of’ therelevant quantit ative results using kinetic theory.

The outcome of this study that is relevant to our solar system’s origin is that
niches for planctesiimalmaterial will be few and far between. The Lagrange points-

the Trojans of Jupiter and the Bruins of Saturn (de la Barre et al. 1996), possibly
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some highly imclined and/or eccentric (i. ¢. Hilda group) orbits, plus conceivably a
few nearly commensurable regions in the Jupiter/Saturn zones will remain stable
over asignificant fraction of the age! of the solar system.For the bulk of this
matcrial. it a ppears t hat we are sceing evidence for an evolutionary process, where
early solar svstem material, on the edge of chaos (Newman et al., 1995) and exposed
to qualitative biluwreationsint heir dynamics, was removed from amost, al regions in
the Jupi ter/Satarn zone. ‘1 heoutcome of this study relevant, to oursolar system’s
dynamics is t hat 1 Lie primordial planetesimal swa rm has resided in a phase space
divided int () regimes by separatrices which define their trajectories and fate. |In
order to capture even the “statistical” character of the solar system’s planctesimal
evolution. there is o simple alternat ive to pushing the frontiers of computation to

the complete acenrecy available with today’s advanced computers.

Acknowledgments: The authors would like to thank John W. Dunbar of Hughes
Aireraft Corporation. Norman Field, and Robert 1. Bell for their computational
assistance. We won d also like to thank F. Myles Standish and Hester A. Neilan of
the JetPropulsion1/11)0172101y " and Merton 1. 1avies of the RAND Corporation for
their assistance with ephemerides and other helpful discussions. We are particularly
grateful to Ierene Varadi for many discussions. This research was supported in part
by NASA prant NAGW 3132 and by an INCOR grant from Los Alamos National

Laboratory.

REFERENCIS

Aarseth, S..1. 1972, Directintegration methods of the N-Body problem. In Gravita-
tional N-3ody Problems. IAU Colloquivm No. 10 (M. Lecar, d.) pp. 29 43.
(Dordrecht: Reidel).

Ahmad, A., andl..Cohen 1973, A numerical integration scheme for the N-body
eravitational problem. J. Comput. Phys. 12,389 40 2.

Applegate, LI, M.R. Douglas, Y. Gursel, G.J. Sussman, and J. Wisdom 1986.
The Outer Solar Systemn for 200 Million Years, Astron. J. 92, 176 194.

Bate, 1{.1{., 1).1). Mucller, and J.}.. White 1971, Fundamentals of Astrodynamics
(New York: D over).



Jupiter/Saturn Niches Page 29

Bell, R.J6C KR Grazier. W.I. Newman, W.M. Kaula, and J.M. Hyman, 1994. Long
Term Int egrat ions of the Solar System: Simplicity Beats Symplecticity, 24th
DDA meeting Kingsville, T'X- B. A. A.S. 26, 1023.

Bowell, . 1.G. 1995, The Asteroid Orbital Flement Database, ftp. lowell . edu
pub/cl gb/ast orb. htm1(28 October 1996).

Candy. J..andW. 136z 1990. A Symplectic Integration Algorithm for Separable
Hamiltonian Functions. J. Comput. Phys. 92, 230-256.

Chandrasckhar. S, 1942, Stochastic Problems in Physics and Astronomy, Rev. Mod.
Phys. 1 5.1 89.

Chandrasckhar, S.1943 . Principles of Stellar Dynamics (Chicago: University of
Chicago 11°¢ss).

Chapiman. S.and TG, Cowling 1970. 7 'he Mathematical Theory of Non- Uniform
Gases. Third Fdition (Cambridge: Cambridge University Press).

Coben. C.J..and F.CoHlubbard 1965, 1ibration of the Close Approaches of Pluto
toNept11e. Astron. .70, 10 13.

Cohen. C.J.0 12.C T ubbard, and ¢ . Ocsterwinter 1973. Astron. Papers Amer.
Ephameris, 22.

Cowell. .11, and A.C.1D. Cronmnelin 1910, “Investigations of the Motion of Halley’s
Comet from 1709 to 19107 Greenwich Observations for 190.9, Kdinburgh.

Dariby. J M.A 1983, Fundamentals of Celestial Mechanics (Richmond, Virginia:
Willimann-13el’).

[1(! JaBarre. <. MWLM Kaula, and . Varadi ] 996. A Study of Orbits near
Sattun's ‘1 vianpular Lagrangian Points. Icarus, 121,88 113,

Duncan. M.. ‘I'. Quinn.and S, *1remaine1989.Jhe Long-Term Evolution of Orbits
inthe Solar Syvstem: A Mapping Approach, Iecorus 82, 402-418.

Fverhart, 150 1 968, Change in Total Knergy of Comets Passing through the Solar
System, 4 siron. J.. 73, 1039 10562.

Ioverhart. 1. 1 973, Horseshoe and Trojan Orbits Associated with Jupiter and Sat-
wn. Astron. ). 78.31 G 328,

Farouki. R F.0and 151, Salpeter 1983, Mass Segregation, Relaxation, and the
Coulomb Logarithim in N-body Systems. Ap. J., 253, 512-519.

Farouki. R 1. G.1. Hofliman, and 1.F. Salpeter 1 983, The Collapse and Violent Re-
laxation of N-Body Systems:Mass Segregation and the Secondary M aximum.
Ap. J.. 271,11 21.

Feng, K. and Qin. M. 7. 1987, “The Symplectic Methods for the Computation of
Hamiltonian 1+ quations,” Proc. Conf. Num. Methods for P1)F’s, 1-37, Berlin:
Springer-Voerlag.,

Feng, K. and Qin, M. 7. 1995, “T'he Step- Transition Operators for Multistep Meth-
ods of ODIs. Feng Kang’s Collected Works, Volume 11, Available at http: -
//1sec. cc. ac. cn/homel/pub/FENGKang/f kp. htm1.

Franklin. I'.. M. Lecar.and 17, Soper 1989. Original Distribution of the Asteroids
11. Do Stable Orbits Exist Between Jupiter arid Saturn?, Icarus 79, 223-227.

Giorgini, J.D.. D.N. Yeomans, A.13. Chamberlin, P.W. Chodas, R.A. Jacobsen,
M.S. Keesey, J.11. licske, S.). Ostro, ..M. Standish, and R.N. Wimberly,
1996. JP1.7s On-0l.ine Solar System Data Service, to appcarin /3. 4.4.5.

Gladman. 13, and M. Dunican 1990, On the Fates of Minor Bodies in the Quter
Solar Systcem. Astron. J. 100, 1680 1693.



Jupiter/Saturn Niches Page 30

Goldstein, 11. 1996. Ph.D. Dissertation, The Near-OJ~Lima]ity of Stormer Meth-
ods for Long Time Integrations of g/ = g(y). Department of Mathematics,
University ol California, Los Angeles.

Grazier, K. R W 1. Newman, W.M. Kaula, . Varadi, and J.M. Hyman 1995. A n
Exhaustive Scarch for Stable Orbits in the Outer Solar System, 25th DDA
meeting, Yose nite, CA-B.AA.S. 27, 1204.

Grazier, KR, WT. ] Newman F. Varadi, D.J. Goldstein, and W.M. Kaula 1996.
Inte prat ors for Long-Term Solar %yst(m Dynamical Simulations, 26th DDA
meeting, Washington, DC. To appearjy 3. A, A, S..

Haberkorn, M 1< V.'.]. Newman,andJ.M.Hyman1996. Life on the Fdge of Chaos:
SymplecticIntegration over Long Times, 26th DDA mecting, Washington, DC.
To apyprear in f3. A,A.S..

Hairer, .. S. 7. Noorset t . and G. Wanner 1991. Solving Ordinary Differential Fqua-
trons L Nonstiff Problems. Sccor 1@ Revised Edition (1erlin: Springer-Verl ag).

Henvici. P 1 962, Dis ercte Variable Methods in Ordinary Differential Fquations
(New York: John Wiley & Sons).

Higham, N.,]. 1993, The Accuracy of Floating Point Suinmation, STAM J. Sci.
Cor npul. 14. 785 99,

Nigham. N.J. 199 6. 4 ccuracy and Stability of Numerical A lgorithms (Y hiladelphia:
Society for Industrial and Applied Mathematics).

Holman. M. J and 1. Wisdom 1993. Dynamical Stability inthe Outer Solar System
and the Delivery of Short Period Comets, Astron. J. 105, 5, 1987- 1999.
Kincaid. D. aud W Cheney 1991, Numerical Analysis: Mathematics of Scientific

Computing (Pacific Grove, CA:Brooks/Cole), 436 442,

Lecar, M. and I A Franklin 1973, Onthe Original Distribution of the Asteroids
1., fearus 20.:122-4 30.

Lessuick, NI 1996, PhuD. Dissertation, Stability Analysis of Symplectic Inte-
gration Schemes. Departiment of Matheinatics, University of California, I.os
Aungeles.

Levison, LI and M. J. Duncan1994.  The Long-Term Dynamical Behavior o f
Short-Period Comets, Tearus, 108, 18- 36.

Marsden. 3. G.ed. 1996. Minor Planct. Circulars, Cambridge, MA: Minor Planct

Cent er: also, Marsden, B.G. 1996.  Minor Planct Circulars. http://cfa-
www.harvard.edu/cfa/ps/mpc.html (24 October 1996).

Newman, W. 1., M.P Haynes,and Y. Terzian 1989. Double Galaxy Redshifts and
the Statistics of Small Numbers, Ap. J. 344, 111- 114.

Newman, W1 1Y, Lok, W.M. Kaula, and G.1) Doolen 1990. Numerical Stability
and Round-off Pro 0r tics of C()wol Stormer Type Integration Methods, Bull.
Amer, ls/mn SO 22, 950.

Newman, \\ . 1. M.P .Hnynos,and Y. Terzian 1992. Limitations to the Method
of Power S])(r(:t,rum Analysis: Nonstationarity, Biased Iistiimators, and Weak
Convergence to Normality, 1.1, Feigelson and G.J. Babu, eds., Statistical
Challenges in Modern Astronomy (New York: Springer-Verlag), (137-153,
161 162).

Newman, W.I., W. M. Kaula, J.M. Ilyman, J.C. Scovel, F.N. Loh 1993. Simplicity
beats Symplecticity, Paper Presented at the Workshop on Integration Algo-
rithims for Classical Mechanics, Fields Institute for Rescarch in Mathematical
Sciences. Waterloo, ON, 13-17 October 1993.



Jupiter/Satuwrn Niches Page 31

Newman., W.I. M. Havnes, and Y. Toerzian 1994. Redshift Data and Statistical
Inference. Astrophys. J., 431, 147- 155.

Newman, W1 . Varadi, KR, Grazier, W.M. Kaula, and J.M. Hyman 1995. Map-
pings and Integrators on the Fdge of Chaos, 25th DDA mecting, Yosemite,
CA- BAAS 27, 1200.

Newman, W.1.. K.R. Grazier, W.M. Kaula, and J.M. Hyman 1996. Simplicity Beats
Symplecticity: Multistep Integrators for Sccond Order Ordinary Diflerential
Fquations. in preparation.

Ott, 15. 1993, Chaos in Dynamical Systems (New York: Cambridge University
Press).

Press. WL B.P. Flannery., S.A. Teukolsky, and W.T. Vetterling 1988, Numer-
ical Recipes i Co The Art of Scientific Computing (New York: Cambridge
University Press).

Quinlan, G.1). 1 99 L Round-Ofl Torror in Long-Term Orbital Integrations Using
Multistep Methods. Celest. Mech. Dyn. A stron. 58.339 351.

Quinlan. G.D. 1995, personal comnmunication.

Richardson. L.V, and J.A. Gaunt 1927. The Deferred Approach to the Limit, Phil.
Trans. Roy. Soc. London, 226A, 299 361.

Sanz-Scrua, J.ML and ALY, Calvo 1994, Numerical Hamiltonian Problems (I.ondon:
Chapiman & Hadl).

Soper. P F. Frankein. and M. Lecar 1990, Original Distribution of the Asteroids
11. Orbits Bevveen Jupiter and Saturn, Tearus 87, 265 284.

Spitzer. Jr.. L. 1962, Physics of Fully Tonized Gases, Second Revised Fdition (New
York: Interscivnce),

Spitzer, Jv.. L. TORT Dynomical cvolution of globular clusters, Princeton: Princeton
University Press).

Standish, AL 1990, personal communication.

Stewart. G.R. and WAL Kaula 1980. A Gravitational Kinetic Theory for Planctes-
hnals, Jeares 44, 154- 171

Stewart. G.R. and GAV. Wetherill 1988.  Fvolution of Planetesimal Velocities,
Tearus 74, 512 53.

Stormer. C. 1907, “Swr les Trajectories des Corpuscles clectrises,” Areh. Seci. Phys.
Nat, Geneve, 24,518, 113- 1568, 221- 247.

Weibel, WML WAL Kaula, and W.1. Newman 1990. A Computer Scarch for Stable
Orbits between Jupiter and Satwrn, Jearus 83, 382- 390.

Wisdom, J. and M. Hohnan 1991, Sywmplectic Maps for the N-Body I’roblem,
Astron. J. 302, 1528 1538.



Jupiter/Sat wrn Nicies Page 32

TABLICCAPTIONS

Table 1. 1 >revious test particle surveys of the Jupiter/Saturn zone. Shown are
the munber of particles in the survey, the maximum duration of the
simulation. some of the important approximations, and notes germane
to the present siimulation.

Table 2. Methodf termination inthe simulation as a function of initial semima-
Jor axis.

Table 3. Methodof 1 ermination in the simulation as a function of initial inclina-
tion. We also note the ratio of the number of terminations by Jupiter
compared to those of Saturn (until the nurnber of particles in the range
dropsbhelow 1,()()() and we can no longer make statistically meaningful
mf( renees). These values are in relatively good agreement with the ratio
[.9: 1 which we derive in the text.

Table 4. Imlmlaml final mean sernimajor axes, as well as standard deviations,
for all planctesimals. Particles arc gmuv(‘d according to which planet’s
activily S])ll(’l’(’ was ultimately responsible for their removal from the
simulation. Note that, in all cases, the mean final semimajor axes are
ereater than the initial, indicating a general outward migration.

Table b, Finalseiimajor axis ranges for al particles at the time Of their removal
from the simulation. Approximately 2°% of the planctesimals reside in
the inner solar systematthe time of their termination, while over 1 1%
mierate ntotheouter solar system, or WC]] beyond.

F] G URECAPTIONS

Fig. 1. Absolut ¢ R\ ISloneitude error for the 2-1) Kepler Problem. Figures arc for
16 runs wit h different initial positions, cach having an eccentricity of 0.5.
Here and in subsequent figures, 1¢is the correlation cocfficient describing
the coodness of fit,

Fig. 2. Relative RMS encrgy error for 1 6 runs Of th € 2-1) Kepler Problem.

Fig. 3. Relative RN IS energy error for outer solar system foreward/back integra-
tion. Values are for times corresponding to  2“ to 2% orbits of Jupiter.
Nonlinear power-Jaw regression reveals a power law index of ~ 0.46, indi-
cating the absence of any significant systematic integration error.

Fig. 4. Absolite RN IS Tongitude error of Jupiter and Saturn for foreward/back
integrations nsing 16 different. sets of initial conditions.

Fig. 5. Plot o fnaber of surviving particles in our simulation as a function of time.
Frou this. we canclearly see that the evolution occurs in three phases.

Iig. 6. Anidealized representation of the time evolution of the particlesin the
Jupiter/Saturn zone.  The Gaussian curve represents our initial particle
distribution in semimajor axis, whereas the spheres at the wings represent
the activity spheres of the two planets. ‘1 he maximum Av occurs near the
peak of t heinitial particle dist ribution. A's the wings of the distribution
arc deplet ed, they arc replenished from inside-out by the planctesimals’
randon walk in momentum space.

Fig. 7. Minhuoun and maximun lifetimes as a function of initial semimajor axis

rangein (0.1 AU intervals. Spikes at 5.2 and 9.5 AU correspond to Jupiter
and Saturn librators.

Fig. 8. Similar to fig. 4., particles were grouped according to initial semimajor
axis in (). 1 AUintervals and sorted with respect, to their lifetimes. High
and low values represent the first and third quartiles, respectively. With
t he exception of the Jupiter and Saturn librators, 75% of the particles are
climinated within10° years, inagrecment with previous studies. Jupiter




Jupiter/Satwrn Nicies Page 33

Fig. 9.

Fig.

Fig.

Fig.

Fig.

Iig.

g,

Fig.

10.

11.

13.

14,

15.

10

cou nens urabilities are indicated across the bottom of the figure, Saturn
connensurabilities across the top.

Greyscale plotof relative importance (darker more important) of Saturn in
climinating planetesimals. Shading represents the fraction of particles, as a
functionof initial X' - Y position (shown in AU), which enter into Ssaturn’s
sprCre of influence. (Jupiter and Saturnarelocated at 5.20 and 9.54 A U,
respectively.)

Greyscale plot of relative importance (darker more iiportant) of Jupiter
in climinating planctesimals. Shading represents the fraction of particles,
as afunction of mitial X - Y position, which enter into Jupiter’s sphere of
nfluence.

Averageinitial semimajor axis 41 standard deviation of particles eliminated
within cach 100 -Jupit er-period range. Notet 11 at thisaverage remai 1isre-
markably constant with an ever-decrecasing standard deviation (that is, until
later periods in which we deal with small number statistics). This is consis-
tent wit h o population that is winnowed from the edge of the distribution
mwards.

Fraction of remaining particles as afunction of time for inclinations of
O. 5.10.15. and 2p degrees. Fach curve represents particles with initial
inclinations which fall within 4 0.5 degrees of the aforementioned values.
On short time scales, incliniation has a marked effect on lifetimes.
Similarto e 9. comparison of depletion curves comparing our results with
those of G190, We see an order-of-1 nagnitude difference in the relative rates
of depletion for particles at both ()" and 10° inclinations.

Average initial cccentricity = 1 standard deviation of particles climinated
wit hiveach 100 -Jupit er-period interval. Highly cccentric particles are quick] y
climimmatechndweare left with a population characterized by increasingly
circular tra jectories,

Simitar 1 o Fig. 9. cach curve represents the fraction of particles remaining
withinitialeccentricities falling within -t ().()()5 of ().025, 0.050, 0.075, 0.100,
0.150. andd 0.200." Inagreement with Fig. 11, the highly eccentric particles
arc climinated more vapidly. This is true even of those with initia eccentric-
it ies of 0.07which. it had been previously suggested, may be longer-lived
by virtue of being close in ceeentricity to that of their neighboring planets.
The positions of the planets, and al surviving particles, a the end of 100
My shmulationt ime. projected onto the invariable plance. What we are left,
wit i IS asolarsvstemvery much like that which we presently observe.
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Notes

Long-lived bands at
6.8 AU and 7.5 AU

l.ong-lived bands at
7.0 AU and 7.5 AU

Long-lived bands at
7.00 AU and 7.5 AU

Most orbits planet-
crossing in 10° yr

long-lived bands flank
commensurabilities;

Stimulus for present work

Numerical accuracy check

on depopulation time

Majority of particles
removed within 10° yr

Authors
Particles  Intcgration
in J/S Zone Duration
lecar & 100 6,000 yr Jupiter/Saturn only;
Franklin ( 1973) modcled analytically
Fverhart 221 203,000 yr Similar model
(1973) asl.F73
Franklin, Lecar & 135 ~ 10'yr Jupiter/Se[urn only;
Soper ( |1 989) modcled semi-analytica 1y
Duncan, Quinn &  “Severd 4.5 X 10° yr Mapping; Jupiter/Saturn
Tremaine (1989)  hundred” oncircular orbits
Weibel, Kaula & 125 567x10°yr 6" order method;
Newman (1990) Jupiter & Saturnonly;
3-Dfully interacting
Soper, Franklin & 48 2.4 x 10'yr  Samcmodel as LF73
1ecar (1990)
Gladman & Duncan 900 2.25 x 107 yr e = 0, 0.05, i=0°, 10"; Inclination had no effect
(1 990) 4t order map;
Holman & Wisdom = 336 8 x 108 yr  e= O; invariable planc;
(1993) map; Jovian plancts
Present Work 102,000 108 yr Fully 3-1; 13™ order

(1995)

Cowell-Stormer

Most accurate, longitude
error < 2°; reliable statis-
tics & kinetic theory;

Table 1.
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AXis Alive Jupiter Saturn Uranus

4.7 0 9 0 0 0 0
4.8 0 14 1 0 0 0
4.9 0 22 1 0 0 0
5.0 2 20 0 0 0 0
5.1 11 26 1 ] 0 0
5.2 34 56 1 0 0 0
5.3 10 94 1 0 0 0
5.4 0 141 4 0 0 0
55 0 201 % 0 0 0
5.6 0 308 6 0 0 0
5.7 0 375 20 0 0 0
5.8 0 528 45 0 0 0
5.9 0 744 93 4 0 1
6.0 0 851 1(16 2 1 0
6.1 0 1,083 229 4 2 1
6.2 0 1,255 358 5 1 0
6.3 0 1,444 530 11 0 3
6.4 0 1,554 §12 5 4 2
6.5 0 1,667 1,068 16 7 3
6.6 1 1,745 1,501 14 8 0
6.7 0 1,855 1,837 18 3 2
6.8 0 1,016 2,089 8 11 4
6.9 0 2,040 2,431 27 7 2
7.0 0 2,100 2,018 35 7 3
7.1 0 2,164 2,973 34 9 3
7.2 0 2,281 3,155 17 10 4
7.3 0 2,141 3,377 33 7 3
7.4 0 1.816 3,555 33 8 2
7.5 0 1,528 3,791 31 4 2
7.6 0 1,543 3,495 23 11 1
7.7 0 1,326 3,438 24 4 1
7.8 0 1,133 3,392 14 5 3
7.9 0 937 3,102 21 5 4
8.0 0 702 2,802 24 1 0
8.1 0 475 2,647 18 6 1
8.2 0 413 2,364 10 0 1
8.3 0 335 1,989 9 2 0
8.4 0 266 1,677 10 2 0
8.5 0 197 1,336 9 2 1
8.6 0 140 1,048 3 0 0
8.7 0 84 864 4 0 0
8.8 0 55 679 5 0 0
8.9 0 46 507 3 0 1
9.0 0 30 4)9 3 1 0
9.1 0 12 251 2 0 0
9.2 0 11 192 0 0 0
9.3 0 4 146 2 0 0
9.4 5 6 81 0 0 0
9.5 0 4 59 0 0 0
9.6 2 0 37 0 0 0
9.7 0 4 30 0 0 0
9.8 0 1 13 0 0 0
9.9 0 1 9 0 0 0
_ 100 0 0 2 0 0 0
Totals 65 37,703 61,570 482 131 48

Table 2
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Inclination  Alive  Jupiter  Saturn _S:J Ratio Uranus  Neptune  Eject

0<yr«1 3 2,864 5,107 1.78 24 6 0
1 <¢<?2 6 2,798 5,148 1.84 16 5 0
2<1 <3 5 2,913 4,630 1.59 32 3 1
J<1 <A 2 3,020 4,496 1.49 4) 1() 3
4<1<d 7 2,929 4,269 1.46 7 7 3
H <1 <6 9 2,781 3,990 1.43 44 19 1
b<1<T 6 2,552 3,841 1.51 37 10 2
7<i1<8 3 2,280 3.578 1.57 47 7 3
8§ <1 <9 2 2,152 3,412 1.59 26 14 10
)< <10 7 1,877 3,128 1.67 30 11 2
0<1 <11 4 1,752 2,833 1.62 24 G 3
1 <1< 12 3 1,602 2,609 1.63 25 5 5
2<i<13 2 1,237 2,244 1.81 17 6 2
3 <1 <14 0 1,155 2,036 1.76 23 7 5
4 <i<1b 0 980 1,790 1.83 12 5 3
h<i< 16 0 839 1,634 1.95 12 0 2
6 <4 <17 1 719 1,280 1.78 9 3 1
17 <4 < 18 0 644 1,053 1.64 9 1 0
18 <1<« 19 5 495 863 1.74 2 2 0
19<2 <20 0 431 712 1.65 1 2 1
20<2 <21 0 329 612 1.86 2 0 1
21 <1< 22 0 272 514 2 1 0
2252 <23 0 245 4217 3 0 0
23 <1< 24 0 202 320 | 0 0
24 <1< 25 0 144 260 0 0 0
25 <1< 26 0 112 217 1 1 0
26 <3 <27 0 103 152 1 0 0
27 <1 <28 0 75 117 0 0 0
28 <1< 29 0 46 67 0 0 0
20 <3 < 30 0 40 45 0 0 0
_30<1 <90 0 115 187 0 0 0
Totals 55

37,703
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I'inal Semimajor Axis Number

(by Category)
a < 4.7

_ 47< 0 <100:3 _

10.03<a < 15
15 < a <20
20< a <25
25 < a < 30
30< a <40
40<a <50
50 < a < 60
60<a <70
70 <CL <80
80 < a < 90
90 < a < 100

100 < a < 200
~200<a

___Ejected
Total

in Range
1,688

87,068

9.804
916
227

93
74
39
12

Page 37

Table 4
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P’lanct Planetary Planctesimal Mean Planctesimal Std. Dev.
(AU) Distance Initial Final ~_ Initial Final
Jupiter 5.203 7.028 7.306 0.384 4.790
Saturn 9.539 7.616 8.867 0,353 6.885
Uranus 19.18 7.449 15.567 0.362 5.148

_ Neptune 30.06 7.300 23.402 0.578 7.%7

Table 5
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