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]ntrorluction

Jn the mea of astrodyrmlnics, tli( ( (III ~ ;)Icx I[lissious cuvisio[d fbr the upcoming
dccadcs will rlcmand  innovative sptic.cw:,  If’ II i I( of ory corrccpts and (’flicictu  design tools
for rmalysis ari(i implementation], It is do III( ! (asinp)y apparent llIat acconlplishmcnt  of
many shor(- and long-term scictlrx:  aII(i ( ~] IIor ~ f Ion gjmls  will re(p)il c a broader view that
cxprnds  the lunge of OptiOllS  availabl( hit) I I wcIitly, for cxarn])lc,  III(: astrophysics
community has had a high level  of’ il]tt~  C:J. iTI II! I:,\ior)s  to the vicinity of the Iibration  points
in Ihc Sun-J\afih system, SpaIXHafi Ilr~ 01 1>11s near Iibration  pc)irlls  ofkr v a l u a b l e
opportunities for investigations cOIIc.cJ I I r): s Ilar arid  hcliosph(v  iC Miicls o n  planctwy
environments. Current design cajd)ilific:  fi)r \I 1,.}1 r[lissions have si~[iificantly  improved in
the last five years bLIt arc sti[l limited (. If IIplI ~ i’ im-il approaches to delcrmine  a nominal
trajectory arc essentially martua~ I’11.t II(. I i( I SMI”CIICS  it) a jq],iltlc  where  conic

approximations arc not adequate:,  S[iifldfil  d t:II ,t[irl{:  aIId optir]lizatioll  s[l~[cgies based on
linear valiaticrnal  methods arc VCI y (iifii(.(~1 lo ~; I ply tied frequently t)reali down bemuse OK
the nonlinearities and high sensitivities it tlIc III (Ibl(l]i  Al the same time, rwmt evidence
supports the theory that the ric}) dyIwl}li.  s ill !Iis I Cfii OII of space Inay lead to previously
unclisccwcred  t ypcs of trajectory solut i( )rl I;, C(I Iwmtiona]  tocds sinlply do IIOt irtcorporatc
any firm theoretical mdcrstanrlirq’,  (d’ IIK’ II II Il(i-body  problerII  OTILI do not offer  the
flexibility to take further advam a[;c of t IH (I)II); wical  rclat.iorlships in producing alternative
trajectory desiyls.

‘l-his  work has focused (m ot)t~irl  n: a ( Ieal m tIndcI starl(]irq:  of tl)e. furtclarllcn[al,
under- ly ing  dynamics zrssociatcd v,’ill I 1}]( tl ,,:jcctwy Clesigo problcm,  with par t icu lar
emphasis in multi-bed y regims,  wlm c ( I(I:; lit;:  Ii w infix Inat icm is ncccied  corrccm”byj sets
of solutions and their cvolutkm  No]lline,~  dyrlfimical  systcrns theory is a kcy cornpcment
in progress toward  that objective 1 I)is 1)[1[.  o~ Illatlm]ni{tical  awrlysis involves issues SUCII
as periodic orbits, stability, instal.)i]if)’, (j(la$ l:l(!ricI~{(  n]c)tic)n, as}r(~~ptc)(ic  ~ro~e(l{cs,

slnrchll e of solution sets, escape, syr[lll Ie I if;, .IIr!  ev(du[  ion of a (Iynar[licd  system Much
insight has resulted from an ir]vc.st.ip,  al i III of onc family c)f pcrioriic  solulions a n d  its
stability characteristics; invariant rnal]if(trd:  msociatcd with these pcrioc]ic orbits have
alrcarly  scr-wxl as a guide to ~emrat  c rIa I II al j Ifi [hways near t}ic libl ~[iorl points. But the
primary objccthw here k to USC’ this ]rlfi  III IIAf mIi for t( ajcdory dcsif,[l.  Rfi[tmr  ttmn rely
solely on cxpcricnce  and previously (Ic. [c.i ~l)lrlc.( schtiom  or ]WO~af,a[C,  Smlmvhat blindly,
until a uscfi.il trajectory appc.ar:., t Ilc !LIfil i T to kIIOlvlcdgcaMy  select  and c o m p u t e
trajcctoly  firm irr the multi-body pr(I}IlcIII ‘J I ~ a r c s  can thcrl  bc patctlcd  to~cttlcl for
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optimal msldts i n cofnplcx  t rfijcci  c}T~I  fiinsip II ‘1’til]s.  t h i s  invcstiy,al  ion :IISO SUppOrtS

dcvclopmcnt  c~f the necessary cfi]JabilIlic:  filI i(.:l  ual mission  planrlilir,

Background

In its most bmic form, tlajccto~)”  ,Icsip,:  ~ in orbital nmclmics  is fin attempt to find a
solution to the rl-body problem (sut~j(c.!  tI. ) V,II ious corlsl[aints, c.oIldi[ic)lls,  and possibly
other pmturhativc  forces). 11 OWCVCI, (\,t:li  III t h e  basic )Ehods  problcrn, n o  ~cneral
solution is known to exist cKccpt III tllc LXISC H T 2, i.e., the two-body problcrn,
Nom Mess ,  Irmch succms htis IX(UI a~.lli( vcd irl I[lission  dcsi~Il am-l a n a l y s i s  w i t h
trwtitimml  apj)Ioachcs  including (.o[ii~ a ~ alysi, pci (urbstio[l  tlKwI y, hi~:}l w der amdytical
approximations, a n d  cxlcnsivc sil)i]l[tillo~ls ‘1 “hew slirrrdard afmlytic.al  and numerical
methods do provide very accx]fatc itlf[tli I i fit i sdI~, even for Imtlti-tmdy  probicrns (in the
EaI Lb’s rlcigtlbol  hood or ilitcl  plallcial  v), l~,lau$c tlIc prcscn( Icc.lmiques can v e r y
a c c u r a t e l y  rcprcscrrt (.hc evohltion of a p:. I i iculm II ajectory. 3 ‘}Ie nms( chatlcnging
interplanetary missions involvinp,  ni(llt iplc [y it vity  assists l~avc bccm dcsip,ncd  with such
tools. Note, however, that any result t~ti~~:[i  on two-body solutions IIIUSL exis[ in the. larger
COINCX[ ofthc  wbocty problem.

It is nc)w apparent to sorllc tlIa I < ln~y a Iimitcd  rcp,ion of the orbit ctcsign space has
actually been exploited. ln this vicv~, it IS IICC  pssary  tcl ~ctlcrali~,c  the model  and explore
lmgm regions of the solutiou s})acc  ~11 tllc I cIIcral )1 bcdy problmki.  A lo~id s[cp to
inrxcasc the cmmplcxity  of the ])l(xicl  ill III(: lli~ic lH{IIIIWJI is 10 exfi~llirle  the cases II -3
ard n =- 4, i.e., the th]-rx- and foul-nod Y III o’ dcms.  1 n such cfiscs., two cIr three 01- more
gravitational fickts can bc of e<]llti si~:(lili(:+l)c  (’ Aflu ?00 ywrs, tllc  tllr ee--body pIoblcrn
remains unso]vcd,  but, in the htsl 20 yc aI’<, substantial pqyms  has been made in
rccofyizing  that the unique dyruir]~ic  cha H[ f c.rislics  in tllc  pr-oblcm c.arl hc Ilscd for mission
(iesign The II igger that refocusc.d irllc-,  (!’[ iu t IIC problem  was dw discovery of new types
of particular solutions in the thrmbwiy  pt oh. r.m: pc~ic)dic  halo orbits and quasi-periodic
Lissajous trajectories. These tlajtx to] ies [ tlII et dimcmsiorml ill confifiuration space) arc not
fbund in the region of the solutioII  siI:r~ OCCIJ ljicd  by solutions to the twc)-body  problem.
It is significant Ihat l.issajcms t I ajcctoI  i. ~ cxi~>~  in the vicinity of the liblation points. A
number omissions have into]  IJOI a[c{l  1 i :js:flo(ls  anclfor lIato  olbits  as ])arl of the trajectory
dcsigl]:  ISEE-3 (1978 launch), W“N11 (I:tlr Iv.IIly  tmrot]tc  to arrkc  1997), S01-10 (1995
launch), AC% (1997 launch), trnd ot Ilcrs CIIr  rcnily  in dcvclopnmn[  It is not a coincidence
that the trajectories mploycci  in tlm fi]is;.ions arc all similar, ‘1’rajcc(cwy  design is
traditionally initiated with a brrscliw II iis.i(l] I c mce])t  Ifmtc.d irl tlic two-body problcm and
ccnlics.  These libration  point rnisiiorls  ~ t.< ~ II I I c ;; I)aselillc  concept Ckriwd from solutions to
the three-body problem. Since tm SIIC h ~mx<.1  soh!tion is available,  ttw mission concepts
we founded upon past numcricx+l  scar dI rC.SLIII\ ‘I”hus, t}Ie c}ptions  have he.en very limited.
“1’hc fcw cn~incers  with trajec[ol  y clcsi~,rl (X])LI  ienm in this re$iou arc also aware of the
higtI scI]sitivities  in the problem aTId III{ y CXI ,C(ICJ Illllctl  time and cfli)] t to even slightly
modi@ a previous type of so]utiorl  t III () 1:,11  a lmncr-ical  scarcli pl occss. Dut this type of
mission holds much potential fclr SC. ICIICC aI Id :Itc possillilitics  e.xlENId  trcmcn(iously should
ncw classes Of solutions k discova  e[i iri lllis r~”p,iort
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NOW, however, the best p,litiipsf! I!cr a~ Iiicwxi i~lto  this region of the scduticm  space
is available through  the applic.at  iC~rl ! )( nt~ilincar  dynamical systmns theory. SrmIc
fimclmrwntal  concepts have tdreacly IJI ovI[l(d i I itical  c.lLIcs  tlmt m c used here in generating
t rajcct orics.  ‘J “hc gcrmctricml  theory of d i[l:trl  I IM I sysI CIIIS  (fi am l’oi~lcard)  is based cm the
phase portrait  of a dynamical sysl CII I a ~ ~iisc  I )SKXI in various maflicli]at.icat  sources. The
geometric rnorlcl  for the set of’ all possi’ lo sI.-.!cs  of’ a system is the phase space or state
space, which is assumed to be aII OJMVI  st”t irl 1{”. ‘J IIC sMc s[mtx, filled with tl ajcctories,
is the phase portrait of the dynalllic.til  SY ICIII ~iiven  the. diflk~e.ntia!  equations  that grtvem
the systcm, the ~oal is tcJ “SCIIVC”  lIIC (cqIIal  Ions a n d  prorlucc  ttw pliasc portrait. ltiat,
13rclidczm spaces will not suf]ic.c [01 ~11 ~\,wIIcI ric It}odcls;  ill smnc c.aws, c.urvcd spacm
(diffcrcntiai manifolds) am nmmsary ‘1’1 I(: mfi !Iifolfi lhe.11 bcc.ome.s  Ilic ~,comctrical  mortcl
for the space of dependent variables. III I II: ]!! IHSC spaw, tlIcre ri]ay also bc found special

solutions: fixed points (or cquilih]  II ITII i~(lirll .), pcrimiic orbits, qua$i-periodic motions,
IKrmoc,linic  and hctcroclinic  motions.

An invariant manifold is a SI.11  ljcc. i tt~-dirl-lf:~~sional)  rfcfrrlc<i  by the following
propel ly: orbits staI ting on the. SUI [act” II CIIIZ II 011 t}lC SUI ~dGC t!ll{lll~;hrt t h e  GOUISe Of
their dynamical evolution So, an invfi  ri:+nt m ~~ l~ifold is fi collection of orbits that form a
surface, Additionally, the set of o[b)!s II I fit appmacll  or clcpa I i fiII invariant manifold
asymptotically arc also invmitrrll  IIIaIi~fi ~l(~s (~ I Ilk C.CI lairl  conditions) w}lich  arc called
stable and unstahlc  manifblds, rcspccl i~’( !y ] II rcachirip, towarti  a coniplctc  undcrstan(iing
of lIIC ~lobal  dyl]amics,  k.nowlcdf,c o(” t I(c i[l~ aiari[ manifolds of a dynalnica]  system as
WCU 8s the intctaclions  of tile.il I cs~j{c.iilc  slt~blc aIId um+lrrblc  mdrliftdds is absolutely
m itical. In the. three-body prob]cril,  tlIc ~; (lirl ~:rlsio)ml phnw space WI be envisioned as
cxmqmsed  of subsptwes of Valimls cl IIII( I isio]l’.,  ThLIs  far, t}Ie lilA to these subspaces  or
mrutifWls  has been  the  hrdo OI I)its (]){ (i( dic orbits) a~]d Lisstijous  t! ajec[ones (quasi-
periodic motions) in the vicinity of tl~c }Iht  iii ~ )TI points ‘1’hesc  com:cpts can bc usctll  in
cxploriny, trajectory dcsify issuc~  fifid ofkvITIfi  fm’ trajcdc)ly optimls.

Re.suits/Examples

Larfh-o ]IQ1o WmYfcrs

(lmceptually,  the transfhr ric.siII,II pI OC,,SS consis[s of idcnti(yill~  the subspace  (or
sutiacc)  that contains the CIK$OiIIIS  {I( (II. lm~]!da[y val~]e protdcm - the “endpoints’) are,
in fact, orbits - and then rI]Ovill~,  011 tlI( !I(lr [II C:C. from the. ~Joirll  (orl)it) of origin to the
destination orbit. Knowlcclgc of the f,( (II (Ici[ic:il  aspc.c ts of the. problem near tbc liblation
point orbit can lend iltormatioll  tlIIIt i. \’ill(l  3111c  in dctcrmiiline,  thC sLll fdcx, i . e . ,  t h e

transfer path. SpccKrcMy, the (neaI ) [J.:[ ]odi :il y of lIalcJ Orbits  }Ltis lwe.n exploited to
calculate invariant manifolds associatci-i  u iI}I pz I [icultil  points alonp, the nominal halo path.
Radm thari  a tarp,ctinc  problcril  {o rca(.tl ,t :,1)( ~..ifrcd illsc.rtiorl  point on Ihc halo oIbit, the
transfer dcsip)l problcrl]  bwxmm,  OII~ 0 ilv:’ ( ion mito the manifold, dit ectly from the
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Earth  parking orbit, if possible. OJICC  WI !)JC III II JliJMIl Iral”sfcr  t rljcc(ol y (sttrb]c mrmifo]d),
the spacccrat? approaches the halo o] bil t L)II)q~<  otiwlly,  with IW ilLsc[  tic)Ii maneuver; flight
time is very reasonable. ‘1’hc r~sultitij’, ?1! 1,0111 tlm hzs been vcl y successful at quickly
producing insight into the  ~JI ddCIII  , \ w{.11  as ::crm]atillg Earth-tojmlo  transfer
Lrajcctorics.  The distinct advantaxc of f 1~ i i-ipl) oac]l  ovcl the 1 radit icmal  shooting method
is that the designer ultimately has H]C~] c o 1111.I o] over ctic,)l aspect  of the. tr zrjcctm  y; and, the
tr-an!d’er  path emerges wif%orlf a r rirld( m i sw r c I 1 lroccss “1’hc application of this approach
can bc seen in Fig. 1, in a rotati}’rf,  {fool C!il]ll  c fl’alnc.  The plot I cpresents the x - y
projection of a trru-rsfkr to R halo orbit n(: r 1., ~TI the Sun-k.arth  systcm that is roughly the
same size as the halo used for lSI{II 3 (1’hr  .~ axis is lIarfillcl  to t}iC Sumlkrth linrl) IIy
understanding the behavior of tlIc stat}l( IIiallfolds aloI~c, the halo orbit, a poirrt can bc
icic[ltific.d  alol]~ the path that is ~:.$~)(ifi!f  d 1~’i[~l a n~a[iifdld  that  passes C.ICE.C  to the Earth;
the tl ajectory approaches the halcl w {lit al:~ll[ H nat uttil  pathway that J csults in a 10wCI”
cost; time and effort to produce the rcsi 1[ is ] Ilininml  artd the process can be automated.
‘1.hc Moon’s b~avity coLd(t also ~Jol(’l)!  illy  I u mnploycd to ‘l-mncl”  the manifold; with
sufllcicnt bending, the manifold I riay ~,: is III I iarth at the ccwrect  altitlldc for a w i d e
variety clf Lissajous orbits, Dcndinp. llIc t lIIuc (lody nwnifold  with a lulmr f,l avity assist, or
rcdcfirrinfi  the rlmnifo]ds in the iou I lIo@ luot$cII< OffC:I-S  si{!?l; ficant advantages in
designing transfers to Lissajous  II ajcri ~lr i(’s (n{ [ the cinrl}dete  I tiIIge of aln]ditudes.

More (.rmpkx Ikojcctories

‘1’hcsc cmccpts  can bc uscftII  III CT j Iorinf’, clthcr  trajectory dcsi~n  issues and
ofkrin~ rmw t rajcctory options. Coml)le  J 1 f aj(:lonc. s c.tin be. created  hy shifting f~om one
surf am tc) anotllcr  any number of” tilrl[  < ‘1 ‘Jlis theoretical view can bc dc.nmns~rated in the
succcssfzd  design of trajcctrxie,s Iwt UJ(Y: i 1121(1  O .issrij(n]s olhits  tifourd  d/j$$crcn2  libration
points. Expcricncc  with the evolutkm 01 si;iblr and unstable nia.liif(dds  has SLIggXCd  the
cxistencc  of hetcroclinic  Conncc.tioxls  bc[ ~~{<xxl  ]ibration  poi[lt  m bits when they arc viewed
as asymptotic limit sets. New dr.sigll  ()])[1()1 I’. aI ise if it is pcnsible t~~ take. advantage of this
dynamicxd  relationship. In the Sl)ri-1 a FIII SJI.S( c I), it is ]mw knowf~ tl~at tllcrc exists a family
of bet croclinic.-typc connections l-ml v;co, 1 is~ jous  findlm”  halo o]bits associated with L1
and 1,, I’wo cxampkx  dcmonstrtite  1 II(: ISI :fIIl Icss of t}iis family.

l’.krlh A’drm. Comsidm thr. ji}’ loi~’irlt?, ntissior]  concept:  dcparl  the Earth on a
direct transfer to an LI I .issajcws, aficl :,CI!IIC l-ll.lril\>Cr  Of rCvOllltiC)llS  in the tlalo/Lissrrjous

orbit, return to a spccificd Rarill  sitt.  t_(I  I h d ‘ysidc lafdio~,.  A di] CGI 1 CIUIJI  fiorn an 1,1
orbit is impossible; a direct rcturll f(orll :I]j ).: 1 .issajmrs,  hc)wcvcr, will Icsult in a dayside
re-entry.  Thus, the first trajectory sc~vii.wt  i[mhldcs the, trmwfc.1 (sitltilar  to F]g. I) from
Earth to an ]., I.issajous,  The, iaI~,c~ ), I .i$,s{jous O] bit is sclcctcd  Wi[tr  m out-of-plane
amplitude equal to approximately 30[), (K)(J  ].t 1], ‘l”hc tlmlsfc:I  is c{irect, with no hmar
swingby, and is computed u$i[lp,  kllc~~j’rl ir,f( mnatiml cone.crnirq: the stable manifold
associated with this I,issajous olbil; thul, tllc o] bit il~scr lic)n cost is less than 4 n~/s. After
some nurnt)cr of’ revolutions in the 1 is’.fi.It.ws orbit (hcl c it is 4 I cvs), a daysidc landirr~
requires that the spacecraft nlusi a]q~r  (N ti t III 1 ‘.arih  fr orn Ihc far side. To achieve such a



result, IWO t}q)cs  of trzrjcctol  y al C.S a! ( {I I.(>I}  IOK~Id,  Nun~C,riC~l  c~pcrin)ct~ts  in the thr~-
b o d y  problcm sllggcst a hcteroclinic. i) lM c ~ ltlrmtiotl  hctwccn  l., Lissfijous  txajectwies
a[ld I.l m“bits. ‘Me curl-em LI ] .iss~jolls  orb t is Sii[’,tlt[y Snmlk!r  it! sii’c than is necessary
for the connecting path (as CUJ J crltly kl ,OWIIJ1, but it is possible to shift to a he.tcroc!inicf-
Iypc pathand  csscntdlyiflcre~s(:lll(!  crI.Lr/I,y  10 rcirdl the 1,2 I.issnjrms.  ‘I’hus, the second
trajcc[ory scfimcnt  rktparts the. 1., ],iWiJOll$  (Jrbit iLIJd, at IIV2 firs! 1’- axis crOSSifIg, a
r~~at~c~)vcr  isif~~plcl?~cntcd  and thcpath  rl,ovcslo thcl.l l,issajo~lstrajcct~>ry  Subsequently,
aflcr less than cmc quarter rrwoll]tiol[  in IIIC A,, ort,it, fhcspricec.  rtifl dcpfir[s  alm-rg~ path
that is ficncrally  consistcntwith alli)l~~f{  t.l(:jrifinifolfl  (associate.(i with the L2 orbit) that
passes  c lose  to the ];arth. “J”his rhild t[~+jc!lory se~,rne.nt requires  only a small final
mancuvcrto  hit Ihc apprcrprialc Iccrtlly c.llrlclltions.  “J’llis final rcsull  is computed in a fidl
model and Ieprescnts  a st[orgbasclitjc  ~(Jlu[i{III,  (SIX l:i~ 7.. ) Note that the 12 Lissajous
trtijcctory  was a c t u a l l y  desi~iwd  fli S1 l.ldikc ct)llvcrltiorml  a~)~)!oacllcs  - - -since
dcprm LUI c (for 12) from ccrtai~ tjycs  {f I clolutions  was dcsirmhlc ‘J’he transfix from
Earth to the ]q 1.kSitjC)US  k c.asily  :JI.)]C  tt I Z(”.c,<)rltrllc)datc  this I“quirclncn(.

“kdlistic .Lw.vrr C’rrptItI  e,” ‘I II(: stL,~ )no CWInplc  cor)c.ct  IIS armthcr  member of
this same fanrily  of llctcrocli~~ic.-ty~lc  c ol.nc( {ions bcfwccn  the Sun-l iartb 1, and L2
libration point orbits. For the lli(unclt[, u.<~llsilcr  otdy the Sun -l{arlh  three- body system.
1 {xpcrience  with the stable and illlst.it!~l~  ltlzlrlil  (Ikls,  KU(I  the illtcxac.liwls  that pIociucc  the
hctcrodinic  paths, reveals that,tl#~(]rllc  I~I(rII’ ,(IS of this fhrnily c(skir[r” the. lunar orbit 8s

they move Ix3wccn the libraticm  poir~ts  (,11) c~ lIcr (iircc[ion) If 2 pfirticulrrr  connection is
identified fior~l  1.2 toward 11, IIIC [il[)ill[: WiII ICS(III ill a j)atl~ that intcrscds  the Moon.

‘he velocities along this path al (- si)cll  t ~ {[ \\rl~I !! the spat.cc! aft psvws C1OW to the Moon,
the OflJital prirarneters wi th  I c.])ccl t(.) Ilic lLjoon lcwlt  irl a lunar  c a p t u r e ,  i . e . ,  t h e
eccentricity relative to the Moorl car) [N ml ~Jlltcd to tm ,Ic.s:; ihan 1,0 (acLuaUy,  in (his
e.xmnple,  c =.81), The resuhin}:  Irtijc(.1 )r Y i: showIi irl ];ip,??. Note that this result is
produced in the fill[ model that irlc.hldwi WIbT I dr!iat~o]i  ]mxsufc ‘J-his tr~jcctwy is farrri~ar
to many tlajcctory  dcsi~lmrs as a “balli $(i lIIIm I e.aptur  c.,” a[id sinlilal  to t}le trajectory that
was erlqdoyed  in the Japanese Iliten Jt li:;itl~l, It was originally discovel ed nurnelically as
an isolated intcp,ratcci  solution. It is s K.111.’ 1( (IOU: 1 to bc a mclnkrcr of an c~dcnsivc family of
natural  pathways in the Sun-Es] Ill th[ (.(-! IWI}I III ob]crrl.  It k straight  forww(l  to locate and
cornpule.  using imwiant rnanifokis  $iifl(”(! t)lr ]r(ferodinic. paths also txis[ horn  ],, toward

1.,, it is cq}cckd that another swh solut i (lri  1:.:1 II l) cmn~)ut cd as well
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