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Abstract— We present a refined method for creating orbits of
fictitious Earth impactors that are representative of the actual
impactor population. Such orbits are crucial inputs to a variety
of investigations, such as those that seek to discern how well and
how early a particular asteroid survey can detect impactors, or
to understand the progression of impact probability as an object
is tracked after discovery. We will describe our method, which

relies on Opik’s b-plane formalism, and place it in context with

previous approaches. While the Opik framework assumes the
restricted three body problem with a circular Earth orbit, our
final synthetic impactors are differentially corrected to ensure
an impact in the N-body dynamics of the solar system. We
also test the validity of the approach through brute force nu-
merical tests, demonstrating that the properties of our synthetic
impactor population are consistent with the underlying Near-
Earth Object (NEO) population from which it is derived. The
impactor population is, however, distinct from the NEO popu-
lation, not only by virtue of the proximity of the asteroid orbit
to that of the Earth, but also because low encounter velocities
are strongly favored. Thus the impacting population has an
increased prominence of low inclination and low eccentricity
orbits, and Earth-like orbits in particular, as compared to the
NEO population as a whole.
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1. INTRODUCTION

The Earth orbits amongst a cloud of small rocky asteroids that
routinely approach the planet, often very closely, sometimes
even colliding. This, of course, can be a serious problem to
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those of us who happen to inhabit the Earth, but fortunately
the most frequent impactors are the smallest asteroids, with
the least ability to wreak damage on the surface.

Our questions are, what can be said about the orbital char-
acteristics of Earth impactors? In what ways are their or-
bits substantially different from the NEO population as a
whole? What do these differences imply for the Earth hazard
problem? And can this information be exploited to develop
superior asteroid search strategies?

With the near-Earth object (NEO) catalog now containing
over 19,000 objects and the catalog increasing by about 2000
discoveries per year, we have a remarkably detailed under-
standing of the orbital distribution of the NEOs, including the
characteristics of those not yet discovered. This knowledge
allows us to generate a synthetic population of NEOs with
the same properties as the real population. Our objective here
is to start with such a synthetic NEO population and to derive
from it a synthetic impactor population.

This objective has been tackled in the past, most notably
by Chesley & Spahr [1] and for the Synthetic Solar System
Model published by Grav et al. [2], which utilized the Chesley
& Spahr methodology. But we believe the time is right to
revisit the problem. First, the Chesley & Spahr work relied
on the Bottke et al. NEO model [3], which was derived from
only a few hundred discoveries obtained prior to 2000. Now
our knowledge of the NEO population is vastly superior to
that available in 2000. Indeed, the recent NEO population
model developed by Granvik et al. [4] utilizes thousands of
asteroids from two different search instruments to obtain a
far more refined and richer picture of the NEO population.
Secondly, the impactor selection algorithm that we present
here is substantially improved, both in speed and accuracy,
over the one used by Chesley & Spahr. As we shall see,
the earlier work tended to overemphasize orbits with lower
velocity encounters, and we believe that the present work
provides a more accurate characterization of the impactor
population.

In this paper we present an algorithm for generating an
unbiased set of Earth-impacting orbits and we analyze some
of the characteristics of this population. We start in Sec. 2



with a brief introduction to some of the key elements of the
Opik theory of close approaches, including the calculation of
the impact probability of an NEO. In Sec. 3 we describe in
detail our algorithm for obtaining impactors. Sec. 4 presents
an analysis of the orbital characteristics of the impacting
population and makes a comparison with those of the broader
NEO population.

2. COMPUTING NEO IMPACT PROBABILITY

The impactor population is selected from among the NEO
population according to each object’s annualized impact
probability. Objects that cannot impact because their orbits
do not approach closely enough to the orbit have a zero
impact probability, and so we are only concerned with those
objects where the Minimum Orbital Intersection Distance
(MOID) is near zero. In this scenario, Opik’s close approach
theory [5] provides an excellent framework for estimating
the annualized impact probability of a given asteroid. Here
we provide a very concise discussion of the assumptions
and tools of Opik’s theory. For a complete description and
derivation see, e.g., [6].

Opik Theory - The Short Course

We assume an asteroid encountering a fictitious Earth having
zero inclination and eccentricity and semimajor axis at 1 au.
Both objects follow two-body heliocentric orbits, save for
an impulsive trajectory correction to the asteroid near the
time of the encounter. The Opik analysis uses a co-rotating
reference frame having X in the Sun-Earth direction, Y in the
direction of the Earth’s heliocentric velocity vector and Z in
the direction of the Earth’s orbital angular momentum. In this
frame the unperturbed Earth-relative velocity of the asteroid

at encounter is given by U= (Ux,Uy,Uy). These velocities
can be expressed in terms of the asteroid elements by

Ux = :I:\/Q—l—a(l—e2)
a

Uy = +a(l—e?)cosi—1

Uz = +£+va(l—e?)sini.

Here, as is customary in Opik formulae, the velocity is
expressed in units of the Earth’s heliocentric velocity, which
in au/day is numerically equivalent to the Gauss gravitational
constant k. The sign of the radial velocity Ux depends
on whether the close approach is taking place on the pre-
perihelion (Ux < 0) or post-perihelion (Ux > 0) portion
of the orbit. The sign of Uy is determined by the node at
which the encounter takes place; Uz < 0 at the descending
node and Uz > 0 at the ascending node.

In this representation we have

Ux = Usinfsing¢
Uy = Ucosh
U; = Usinfcos¢
and, conversely,
Uy
0 = —
cos i
tang = Ux

Uy’

The plane orthogonal to U with the geocenter at its origin
is the key space for Opik close encounter analyses. We use

b to denote the vector in this plane from the origin to the
intersection with the inbound asymptote of the asteroid. A
convenient coordinate system for this so-called b-plane has
the (-axis oriented opposite the projection of the Earth’s
heliocentric velocity vector and the £-axis oriented to form
aright-handed system &-1-C, where the n-axis is aligned with

U. That is, the unit vector in the direction of the £-axis is
& = 17) x . The impact parameter is given by b = /€2 + (2.

With this formulation, £ is equivalent to the asteroid MOID,
i.e., the closest that the asteroid can come to the geocenter,
neglecting gravitational focusing, for any combination of
Earth and asteroid anomaly. And ( indicates how early or
late the asteroid is for the minimum distance encounter, with
a positive ¢ indicating that the asteroid is late and negative
when the asteroid is early. Gravitational focusing allows an
impact when the asymptote is close enough to the figure of the
Earth, even if does not intersect. The impact cross-section is
defined by the circle b < bg on the b-plane, where

V2
b@:’l"@ 1+U762

Here V2 = 2G Mg, /rg refers to the Earth escape velocity,
and rg is the Earth radius, which should be enlarged by 40—

50 km to account for atmospheric capture. We assume rg =
6420 km in this study.

Impact Probability

We intend to select our impactor population from among the
NEA population according to a weighting that is proportional
to the annualized impact probability. Within the Opik setting
we first compute the impact probability per asteroid revolu-
tion as the fraction of the Earth’s orbital longitude A\g for
which an impact is possible:

g
IPey = —.
2

Now, from Opik theory we have

6¢
Ore = sinf’

where 6¢ = 2,/b% — &? is the length of the chord within

the impact cross-section at the associated value of £. To
transform from the probability per asteroid revolution to the
per annum probability we must divide by the asteroid period
in years Pug = a%, where a is the semimajor axis of the

asteroid in au. Assembling the above we obtain the analytic
formula for annualized impact probability

3 . *
ma? sin 6

IPann = )

We note that this annualized impact probability for a fixed
asteroid orbit is different from the impact probability usually
attributed to Opik. The classical Opik impact probability is
computed per asteroid revolution and is averaged over the
precession period of the line of apsides, which is typically
of order 10* years. Of course, in the classical framework,



there are four node crossings per precession period, and for
most of the precession cycle impacts are not possible, thus
the classical probabilities are far lower than the annualized
probabilities for a non-precessing orbit with a MOID small
enough to allow an impact.

Monte Carlo validation

As a validation of the computation of the impact probability
given by Eq. 1, we implement a Monte Carlo test. Recalling
the two-body nature of the problem to this point, suppose the
asteroid is at the node where an impact can occur and the
Earth is at an arbitrary position in its orbit. If we advance
both the Earth and the asteroid by exactly one asteroid period
then the asteroid will return to its previous position and the
Earth may or may not be close to the asteroid. In the context
of a mapping, the asteroid remains frozen at the node and
the Earth advances in time by P,y and thus in longitude
by Alg = ng Past, Where ng is the mean motion of the
Earth. At each iteration where the Earth falls near the
asteroid, we check if b < bg, in which case we count a
Monte Carlo impact. After getting a sufficiently large number
of impacts (100 in this study), the impact probability per
asteroid revolution is the quotient of the number of impacts
and the number of asteroid revolutions tested.

Figure 1 shows the results of this validation test for a sam-
pling of NEAs for which £ < bg, a prerequisite for an
impact to be possible. The figure indicates a broad agreement,
though there are a number of outliers that are traceable to
near-resonant orbits. For objects in or near a mean mo-
tion resonance with Earth, the Monte Carlo method actually
serves as a poor validation because the resonance prevents a
uniform Monte Carlo sampling. Thus the outliers in Fig. 1
actually point to a deficiency in the Monte Carlo approach,

and not the analytic Opik approach. The conclusion from this
short experiment is that the analytic approach is correct, and
indeed more reliable than the Monte Carlo approach used as
a validation.

Relation to previous work

We pause at this point to compare the impact probabilities
from this work with those from Chesley & Spahr [1]. Chesley
& Spahr computed the impact probability as the fraction
of a revolution that an NEO spent within the thin torus
surrounding the Earth’s orbit having radius bg,. Put another
way, the torus is given by the volume of space that is less
than bg, from some point on the Earth’s orbit. Here we use
the term fubular impact probability to refer to this approach.
We have here adopted an annualized impact probability, as is
appropriate for our problem, and so our impact probabilities
immediately differ from those of Chesley & Spahr by a factor

equal to the orbital period in years, i.e., by a® with a in
au. Additionally, even after this correction, the Chesley &
Spahr impact probabilities were significantly higher at low
V and lower at high V,, which had the effect of increasing
the presence of low V., in a subtle but significant way. This
phenomenon can be clearly seen in Figure 2, which depicts
the ratio between the annualized tubular impact probability
and IP,,, as given in Eq. 1. The median V,, reported by
Chesley & Spahr is about 10 km/s, whereas our new work
suggests a value around 14 km/s, as we show below. Under-
standing and documenting the reason for these discrepancies
is an area of continued investigation.

1073

107+

Monte Carlo IP
3
(4]

—

o
&
T

1078 107 10°® 107® 107 1078
Analytic IP

09+ ,
08 1
07+ / ,

06+ / 1

04 / 1
03 ,
02 1

0.1+ ,

0 | . . . . . . .
0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 106 1.08 11
IP Ratio - Analytic/Monte Carlo

Figure 1. (top) Comparison between the Monte Carlo and
analytic Opik impact probabilities for a random sample of
low-MOID NEAs. A small fraction of Monte Carlo values
depart from the analytic due to orbital resonances, which cor-
rupt the Monte Carlo result. (bottom) Cumulative distribution
function of the ratio between the analytic and Monte Carlo
impact probabilities. Approximately 5% of Monte Carlo
cases differed from the analytic result by over 7%.

3. DERIVING IMPACTORS FROM NEOS

Our approach to developing a synthetic Earth impactor popu-
lation that matches the orbital properties of the true impactor
population consists of four essential steps:

1. Sample a synthetic NEO population

2. Discard objects with orbits for which an impact is not
possible

3. Subsample the remainder according to their impact prob-
ability

4. Adjust the orbits of the impactors to enforce an impact at
a selected year

We note that steps 2 and 3 above are taken within the Opik
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Figure 2. Ratio of tubular to analytic impact probabilities as
a function of V.

framework, which assumes two-body dynamics and a circular
Earth orbit. In the following we describe each of these
procedures in more detail.

Step 1. The NEO population

A prerequisite for developing a true-to-life set of impactors is
the availability of an accurate model of the NEO population.
There is a long and rich history of efforts to debias the known
NEO population to derive the size and orbital distribution of
the actual NEO population. The current state of the art in this
arena is captured by Granvik et al. [4], who have produced
a detailed model for the orbital and absolute magnitude
distribution of the NEO population. This model, which we
refer to as the Granvik model, is the starting point for our
impactor population.

In the Granvik model the NEO orbital distribution varies with
the absolute magnitude H, which allows one to produce a de-
biased synthetic population of NEOs that correctly represents
the number of objects in each H bin. However, we want to
capture the overall distribution of impacting orbits in each
size bin, and so for our work we intend to produce thousands
of synthetic impactors all at a given absolute magnitude. If
we followed some realistic size distribution for the impactors
then the bins at small H (large size) would have only a few
objects that might not be representative of the population as a
whole. In this paper we consider only the smallest size bin in
the Granvik model, 24.75 < H < 25.

We use the traditional notation (a,e,,2,w) to represent
the orbital elements semimajor axis, eccentricity, inclination,
longitude of ascending node and argument of perihelion,
respectively. The Granvik model only specifies the correlated
(a, e, 1) distribution for each H bin in the model. We sup-
plement that with 2 and w drawn from a uniform distribution
over their range (0-360°). Thus at this stage, until Step 4,
each sampled NEO has five orbital elements specified.

Step 2. Low-MOID Asteroids

The procedure is to draw NEOs from the Granvik model and
to test whether they have a MOID that is small enough to
allow an Earth impact. If not then we discard the NEO and

1600

1400 - I .
1200 - .
1000 - _7 ,
800 - | ,
600 - .
400 - ,

200 - b

-7 -6.5 -6 -5.5 -5 -4.5 -4 -3.5
Iogm P

Figure 3. Distribution of impact probabilities IP,,, among
39,157 randomly selected LMAs. For every LMA in this
plot there are approximately 4650 NEOs with zero impact
probability that are not shown.

draw another. To this end we compute (see Ref. [6])

a(l —e?)
1+ ecosw

£ =cos¢

Since £* is equal to the MOID, we can simply test £* < bg, to
verify that an impact is possible. Such objects, which we term
Low-MOID Asteroids (LMAs), have at least the potential for
impact. We note that the orbital properties of Potentially
Hazardous Asteroids (PHASs), which have MOID < 0.05 au,
should be substantially the same as those of LMAs, and so
we consider LMASs to be a suitable proxy for PHAs. For its
smallest size bin, the Granvik model produces one LMA for
every 4650 NEOs sampled.

Step 3. Subsampling for Impactors

If an object passes the screening in the previous step it is
an LMA and so we calculate the impact probability IP,;,
according to Eq. 1. The distribution of IP,;, is depicted
in Fig. 3. We sample impactors from among the LMAs
according to a scaled impact probability. Thus for each LMA,
we select a random number 0 < s < 1 from a uniform
distribution. If s < S X IP4,, then that LMA is retained as
a member of our impacting population. Otherwise we record
the LMA characteristics for later analysis and return to Step
1 to draw a new NEO. Here S is merely a scale factor that
is used to increase the ratio of the number of impactors to
LMAs without altering the final distribution.

From Fig. 3, it is clear that nearly all cases have IP,,, <
10~%. Indeed, only one in ~ 2000 LMAs have an impact
probability that exceeds this value, and so we use S = 104
This value of S allows us to obtain one impactor for every 13
LMAs. When combined with the filtering in Step 2, we must
sample ~60,000 NEOs to obtain one impactor.

Step 4. Correcting for N-body effects

Recalling that our synthetic impactors are derived from two-
body dynamics with a circular Earth orbit, they are in fact
only preliminary impact orbits. We must now ensure that
the selected impactors are on an impact trajectory with an
accurate dynamical model of the solar system. To this end
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Figure 4. Distribution of orbital elements for NEOs, PHAs and impactors.

we target an impact with a high-fidelity, 11-body dynamical
model of the solar system (Sun, eight planets, Moon and
Pluto). The year of impact is arbitrary, but the date is fixed by
the longitude of the asteroid’s impacting node (be it ascending
or descending), thus it is straightforward to compute the
preliminary epoch of perihelion ¢,. We preserve the value
of £* obtained in Step 1 and select a random value of ( = (*
distributed uniformly along the chord for which ¢ = £* and
b < bg.

Given the starting element set E°, which takes the form
(a,e,tp,i,,w), we target the desired b-plane coordinates
(&*,¢*) with a traditional shooting method informed by the
partial derivatives 9(¢, ¢)/OF, leading to our final impactor
elements £*. We select an epoch of osculation approximately
30 days prior to the impact so that the osculating elements
will not be significantly affected by the Earth’s gravity. We
also propagate from the year of impact to the epoch 2000-01-
01.5 TDB to obtain a second element set at a common time
for all impactors. With the impact elements in hand we also
obtain the impact circumstances for each impactor, including
the impact time, location, velocity, and direction.

4. PROPERTIES OF THE IMPACTING
POPULATION

As a preliminary exploration for this project we have derived
a set of 3000 debiased impactor orbits based on the orbital
distribution of the smallest size bin of the Granvik NEO
model. Roughly 182 million NEOs were sampled in the
process of obtaining these 3000 impactors. In this section we
explore the properties of this population and put it in context
with the larger NEO and PHA populations.

Figure 4 depicts the distributions of selected orbital elements

for the Granvik NEO population, for the PHA population (re-
calling that LMAs are a suitable proxy), and for the impactor
population. We make the following observations regarding
these distributions:

o The impactors favor lower semimajor axes, which allow
more opportunities to impact due to the shorter orbital pe-
riod. Moreover, the preference for low relative velocities on
crossing orbits also weights semimajor axis towards ~ 1 au.
« Relative to NEAs, the impactors show a clear trend towards
lower eccentricity. This is a result of the lower relative
velocities and hence larger capture cross-section at lower
eccentricities.

o At low enough inclinations almost every Earth-crossing
orbit will be a PHA, and so low inclination orbits are more
prevalent among the PHAs. And low inclination is enhanced
even more among the impactors due to the lower V., which
leads to larger bg.

« Obviously, an impact is not possible if the asteroid per-
ihelion is beyond the Earth aphelion, nor if the asteroid
aphelion is interior to the Earth perihelion. However, those
that barely cross these boundaries, known as shallow-crossing
orbits, lead to larger impact cross-sections and so impactors
have an increased density near 1 au for both perihelion and
aphelion distances. There is a significant paucity of PHAs
near () = 1 au because there are few NEOs interior to Earth,
and yet there is a clear excess of impactors with () near 1 au.

As we have mentioned, impactors tend to lower V,, because
of the resulting increase in the impact cross-section on the
b-plane. Figure 5 depicts the cumulative distribution of both
Voo and Vi, for both the PHA and impactor populations.
Table 1 indicates the values at various percentiles for the
curves shown in Fig. 5. The median V, is ~ 3km/sec
slower for impactors as compared to PHAs, and this translates
into slower impact velocities and ~ 25% less impact energy
compared to the velocity distribution of the PHA population.
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velocity Vo, and impact velocity Viy,, for both PHASs and the
debiased synthetic impactor population.

Table 1. Comparison of the velocity distribution between
PHAs and impactors.

— Vo (km/s) —  — Vimp (km/s) —

Percentile PHA  Impactor PHA  Impactor
10 9.1 6.9 144 13.1
50 174 143 20.7 18.1
90 29.9 27.2 31.9 29.4

We close this section by examining the distribution of impact
location across the Earth’s surface. Figure 6 depicts a map
of the Earth with the 3000 impact locations superimposed.
Because the projection is equal area, any significant nonuni-
formities in the surface distributions of impacts would be
apparent on visual inspection. A more precise examination
of this question is shown in Fig. 7, where the distribution
in latitude and longitude for the impactors is compared to
that obtained for a theoretical uniform area-wise distribution.
From this figure it is clear that there is no significant dif-
ference between the modeled and theoretical distribution of
impact locations on the Earth.

Figure 6. Equal area projection map of the Earth showing the
uniform distribution of impactors across the Earth’s surface.
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Figure 7. Histogram of sine of latitude (top) and longitude
(bottom) of impactors in comparison with a uniform area-
wise distribution.

S. CONCLUSION

We have produced a debiased set of synthetic Earth-
impacting asteroid orbits. We select impactors from among
the NEO population according to the annualized impact
probability computed under a two-body formalism, and we
validate the approach with a Monte Carlo test. The resulting
impactor population significantly favors low V, orbits due to
the increased impact cross-section for such orbits. This leads
to an increased presence of low eccentricities and low incli-
nations among the impactors, as well as an enhancement of
orbits having semimajor axis, perihelion distance or aphelion
distance near 1 au.

As this project comes to completion we intend to publish our
synthetic impactor population, and at a number of different
size ranges. This will allow other researchers to explore
a number of important questions, such as how well NEO
surveys are doing at discovering impactors and how they
can be tuned to maximize reduction of the impact hazard
from undiscovered objects. Other useful studies include
evaluation of the impact warning time afforded by surveys
and understanding the extent to which impactor properties
depend on size or origin.
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