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Nonlinear	kinetic	inductance
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Nonlinear	kinetic	inductance	

• Dq ~	I2

• L	=	L0 (1	+	I2/I*2)
• dvph ~	I2	~P
• Kerr	medium		
• Line	length	=0.1m	
->	21	radians
• Dl/l ~	2.5%
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Superconducting	Nitrides	– large	
kinetic	inductance

• l ≈105	nm	x	(rn [µW.cm]	/	Tc [K])1/2
– Nitrides:		rs ≈	100	µW.cm
– l (TiN,	NbTiN)	≈	500	nm

Example:		TiN CPW	line

50nm

1um 1um

1um

Ls /	Ltot ≈	0.94

vph ≈	0.1	c

Z0	≈	220	W



Kinetic	Inductance	Non-linearity

• Ginsberg-Landau	theory
– Ls(I),	l(I)

dvph

vph(I	=	0)
=

-Lkin

4	Ltot

µ0 l2 Js2

µ0 Hc
2

Supercurrent
kinetic	energy

Condensation	
energy



TiN Resonator	measurements
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FIR	MKID
pixel
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Nonlinear	“Duffing”	oscillator

• Resonance	frequency	depends	on	resonator	current
• Hysteretic	resonance	curves:

Increasing	
drive	power



Complex	transmission

Blue:		upward
Green:		downward



Non-linear	resonator	model

t

See	Yurke and	Buks (2008);	
Dahm and	Scalapino (1997)



• Fits	using	NL	
resonator	model
• KQ =	0	!



• Model	results	for	different	ratios	of	inductive	
to	dissipative	response

• d resistance/	d reactance	<	2	x	10-4



Measurements	at	elevated	T



Transition	to	dissipative	regime





Kinetic	Inductance	Parametric	
Up-converter	(KPUP)



Objective

• Investigate	new	techniques	for	multiplexed	
TES	bolometer	array	readout
– enable	factor	of	10	increase	in	array	sizes
– alternative	to	SQUID	based	methods
– adapt	readout	techniques	developed	for	MKIDs	to	
TES	arrays



Kinetic	Inductance	Nonlinearity
• Superconducting	film	surface	inductance:		

– Ls =	L0 (1	+	I2/I*2	+	…)
– Eg.		Ginsberg	Landau	theory:

Kinetic	energy	of	
supercurrent

Condensation	
energy

From sonnet simulations, the sheet inductance of the TiN films is found to be L
s

= 6.2pH. The
eÆective bulk penetration depth can be found from ∏

eff

=
p

L
s

t/µ0 ª 500µm, where t is the film
thickness. This eÆective penetration depth was used along with (a modified version of) the program
“induct.c” to calculate the supercurrent density in the transmission lines (fig. 1 – right). Given
these results, it is reasonable to take the current as being uniform throughout the conductors.
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Figure 1: Left: Measured phase shift at 2 GHz versus DC current added to two TiN transmission
lines. The total length of the two lines corresponds to approximately 21 radians in each case. Right:
Calculated current distributions in the CPW and CPS lines. The current is nearly uniform owing
to the large value of the penetration depth relative to the film thickness.

3 Comparison with theory

The Ginzburg-Landau theory is used to analyze situations where the superconducting order pa-
rameter varies in space or in response to applied fields. GL theory is only rigorous near T

c

, but
has been found experimentally to be useful over a wider temperature range. One prediction of the
theory is a suppression of the superconducting order parameter with superfluid velocity, v

s

(see
Tinkam 4.34),

|√|2 = √2
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Here, ª is the GL coherence length, and |√| is identified with n§
s

, the eÆective density of pairs in
the condensate, which is related to the experimental penetration depth ∏

eff

= (m§/µ0e
§2n§

s

)1/2.
For v

s

much lower than the critical velocity at which quasiparticles are created, we can write

2

eqn. 3 in a more intuitive form as
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where n§
s,0 is the unperturbed value of n§

s

, and H
c

is the critical field. The factor µ0∏
2
eff

J2
s

is (twice)
the kinetic energy of the supercurrent and µ0H

2
c

is (twice) the energy associated with condensation
of the superconducting state. Note that for a type II superconductor, we can take H

c

ª
p

H
c1Hc2.

As we do not know of or necessarily trust previous measurements of these quantities, we can also
estimate this parameter from the relation N(0)¢2/2 = µ0H

2
c

/2. For ¢ = 0.7meV (a guess) and
N(0) = 8.7£ 109ev°1µm °3 as quoted in Leduc et al., we obtain µ0Hc

= 0.029 T.
The suppression of n§
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±¡

¡0
=
°Æ

2
±L

s

L
s

=
°Æ

2
±∏

eff

∏
eff

=
Æ

4
±n§

s

n§
s,0

(5)

where Æ is the kinetic inductance fraction. Clearly the GL theory predicts the correct form of
the frequency shift. To compare with the measurement we find the critical field values that make
eqn. 4 fit the data. Plugging in the value of ∏

eff

from the sonnet simulations and Æ = 0.75 from
induct.c, we obtain µ0Hc

= 0.020 and 0.022 T, for devices 1 and 2 respectively.

4 Comparison with resonator non-linear response

The non-linear response of one of the lumped–element resonators is shown in fig. 2 for a variety
of feedline powers. The inductor of the resonator was a meander line with 5µm width. The data
were fit to a model that assumes a standard lorentzian type resonance dip, but with a resonance
frequency that depends on the square of the resonator current at each point along the resonance
curve:

S21 = 1° Q
t

/Q
c

1 + 2iQ
t

[f0 + ±f0(f)° f ]/f0
(6)

where ±f0(f)/f0 = ±v
ph

/v
ph,0 = °kI

res

(f)2, and f0 is the unperturbed resonance frequency.
We need to relate the resonator current to the feedline power and transmission at each point

on the resonance curve. This can be done using

Q
c

=
!0U

stored

P
out

(7)

where P
out

the power lost by the resonator into the coupling circuit, the stored energy in the
resonator U

stored

= LI2
res

= Z0I
2
res

/!0, I
res

is the RMS current and the resonator impedance Z0 is
estimated to be 300≠. For the shunt resonator configuration, P

out

= |1° S21|2P
feedline

. Thus

I2
res

=
Q

c

|1° S21|2P
feedline

Z0
(8)

Both sides of eqn. 6 contain S21, but we can easily solve iteratively for the nonlinear resonance
curve for particular values of k and P

feedline

. For each value of the feedline power, we fit the
resonance allowing both k and f0 to vary. The values of Q

c

and Q
i

were constrained by a fit to
a low power resonance curve. We found that it was necessary to allow f0 to vary to obtain a
reasonably constant value of k for diÆerent P

feedline

.
The fit results can be compared with the parameter µ0Hc

found from the DC current measure-
ment and that estimated from the material parameters by equating the fractional frequency shift
±f/f0 with the fractional change in phase velocity on the feedline ±¡/¡0. These results are shown
in fig. 3. The values are clustered around the same value found in the DC current measurement.
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Up-conversion	via	kinetic	inductance	
nonlinearity

• Sidebands	produced	through	phase	
modulation:

6.32	GHz

5	MHz
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Current	noise	measurement

•
• for	Pread =	1µW,	TN =	5K,

– >	 ~	6	pA /	Hz1/2

• Note:		carrier	tone	power	need	
not	be	dissipated	at	base	temp
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KPUP	device	concept

• low	frequency	current	
modulates	resonator	
frequency

• compared	to	non-
resonant	TRL:
– phase	response	

increased	by	Q
– but	max	readout	power	

decreased	by	Q^2
– smaller	input	

inductance	

20

low	pass	filters

input	/	output	microwave	line



KPUP	design
Design	parameters:
• Ic =	2	mA
• Pread =	30	nW
• Lin =	20	nH
• Q	~	100
• fres ~	4	GHz

LP	filter

nonlinear	
inductor
(0.5	um	
microstrip)

microwave	
in	/	out

parallel	plate
capacitors

current	input

800	um



• Frequency	shift	measurement 109

Figure 5.3: (a) Photograph of transmission-line resonator KPUP chip, showing
feedline, resonator, filter, and bias connection. Each adjacent pair of capacitors in
the filter is connected by a strip that serves as an inductor. The two bias electrodes
are connected using aluminum wire bonds. One of them is connected to the DC
biasing line, and the other is connected to ground. (b) DC current response of
transmission-line resonator KPUP. The data fits very well to a quartic function. The
device transitions to its normal state above 1.7 mA.

nominal power of -70 dBm was applied to the feedline by the network analyzer.
The unperturbed resonance frequency of the KPUP was 3.924 GHz. This is close
to the design frequency. The center resonator is not the same resonator that was
simulated; it is 400 µm shorter than the simulated resonator. If �/2 = 1.35mm
and f = vp/�, then using the value for the phase velocity that we obtained from
the simulation, we get 3.89 GHz for the design frequency. After the unperturbed
resonance was measured, a battery box was used to apply the DC bias current. Two
low-pass filters were placed after the battery box in order to suppress high-frequency
fluctuations. They were commercial filters with cut-o� frequencies of 2.7 GHz and
then 98 MHz. A T-shaped RC filter was used at the 4 K stage of the refrigerator in
order to convert the voltage of the battery box to a current. This filter consisted of
two 825-⌦ resistors in series with a 10.2-pF capacitor to ground between them. The
cut-o� frequency of this last filter is 19 MHz. Finally, the bias line is wire-bonded
to the bias inputs on the chip.

The voltage from the battery box was swept in order to measure the current response
of the transmission-line resonator KPUP. The result of the measurement is shown
in Figure 5.3. The maximum current shift before the device surpasses its critical
current is 300 MHz, or an 8% change in the resonance frequency. The critical
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TES	readout	circuit
• Several	TES	signals	combined	at	input	to	one	KPUP
• Similar	to	circuit	used	for	AC	SQUID	MUX

TES	bias	
comb	in

µwave in

KPUP

Nulling	
comb	+	DC	
KPUP	bias

µwave outMHz	
filters



AC	first	stage	MUX

• L-C	filters
– single	layer	NbTiN
– interdigital capacitors
– inductance	is	mainly	kinetic
– L	~	4	µH,	C	~	20	pF
– new	version	uses	spiral	inductors
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Figure 5.5: (a) Photograph of RF biasing filters used between transmission-line
resonator KPUP and TES array. The filters are made of niobium. The inductor
is a two-part spiral inductor, where the two parts are joined by a wire bond. The
capacitor is interdigitated. Of the 16 total filters on the chip, all have the same
inductance. The capacitances vary in order to have an array resonance frequencies.
(b) TES bias curve taken with transmission-line resonator KPUP. The bias curve
was measured at both 300 mK and 400 mK. The TES is AC-biased, and the constant
KPUP bias current is 1.39 mA. Two superconducting transitions are seen, due to
the two layers that comprise the TES. The lower-temperature transition is for the
titanium layer, and the higher-temperature transition is for the aluminum layer. The
titanium transition is narrow.

pA/
p

Hz, which is much greater than our estimate of 1.1pA/
p

Hz. It is unclear why
the measured noise is so high.

TES readout
Even though the measured noise for the transmission-line resonator KPUP was
unsatisfactory, we proceeded to integrate it with a TES array. The setup is the same
shown in Figure 4.3, including the same TES array chip. The KPUP and filter chips
are di�erent, however. The transmission-line KPUP chip has been replaced by the
transmission-line resonator KPUP chip. The filter chip has been replaced by a new
filter design. The new filters are made of niobium, and shown in Figure 5.5. Similar
to the old filter design, there are 16 filters per chip, each with a di�erent resonance
frequency. They are LC resonators again, with the inductance constant between
resonators and the capacitance changing. The capacitors are interdigitated, just like
in the old filters. Since the material is niobium, which has a low kinetic inductance
fraction, the inductor design had to change. The new design is a spiral inductor,
which has mostly magnetic inductance. The inner radius of the spiral is 100 µm,



AC	first	stage	MUX

• TES	array	setup
BICEP2	type	tile	

KPUP	chip

filter	chip
(16	channels)

microwave	in/out

Bias	comb	in

niobium
box
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Bias	Curve
• Measured	without	“nulling”	of	current	into	the	KPUP
• Improving	filter	Q	for	stable	operation	on	Ti	transition
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Bias	curves	from	an	older	device

28

TES	parameters:
Tc ~	350	mK
g	~	300	pW /	K	

phonon	noise ≈ 8
pA
Hz�



Compared	to	SQUID	array
• Input	inductance	is	somewhat	smaller	~	19	nH

– compared	to	~100	nH for	SQUID	array
– could	be	decreased	further

• Bias	power	is	~	30	nW
– Only	a	fraction	of	that	is	dissipated	in	KPUP
– KPUP	can	be	located	on	cold	stage
– Wiring	inductance	between	TES	and	KPUP	can	be	small

• Microwave	readout	allows	for	multiplexing	of	several	KPUPs	
• Output	is	monotonic,	rather	than	periodic



MUX	circuit

• Question:		can	the	TES	bias	comb	inputs	be	shared	between	sub	arrays	
(how	uniform	can	they	be	made?)

TES	bias	
comb	in

µwave in

KPUP
1

Nulling	
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MHz	
filters

TES	bias	
comb	in

KPUP
N

Nulling	
comb	in µwave out

MHz	
filters



50W Nanowire	KIT

PD 31



50	ohm	KIT
• Z0 =	200-300	ohms	for	CPW	KIT	(due	to	large	Lkin)
• Increase	capacitance	with	IDC
• vph =	0.004	- 0.016	c
• 2.5	cm	length
• -18	to	-22	dB	return	loss		from	TDR	
• Other	50W KITs:		AA	Adamyan et	al.	

(2016),		Chaudhuri	et	al.	(2017).	

1, 0.5, 0.32, 0.25 um

1, 
0.5, 
0.32,
0.25 
umPD 32



50	ohm	KIT

• Lines	are	dispersive
– l /	4	resonance	from	IDC	finger	

length
– fres =	60	GHz	for	0.5	um	line	

width
– Pump	harmonics	suppressed	due	

to	phase	mismatch
• no	additional	stop	bands	needed

– Effect	on	bandwidth,	phase	
matching
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4WM	in	0.25	micron	linewidth	devices,	
2.5	cm	length

• Non-phase	matched	4	
wave	mixing

• Pump	frequency	is	not	
constrained
– No	dispersion	
engineering
– not	phase	matched

• 15	– 20	dB
• Pump	power	~	5 uW
• relatively	narrow	
bandwidth	due	to	
dispersion

2 4 6 8 10 12 14 16 18
Frequency (GHz)

-10

-5

0

5

10

15

20

25

30

G
ai

n 
(d

B)

PD 34



Gain	measurement	compared	to	
theory

• Coupled	mode	theory	including	harmonic	generation	
and	measured	dispersion
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• Single	parameter	fit	:					
(I	/	I*)2 =	0.08

• Max	nonlinearity	
agrees	with	phase	
shift	vs.	dc	current	
measurements

measured
gain
coupled
mode
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PD 35



0 5 10 15 20
Freq. (GHz)

-10

0

10

20

30

40

50

k 
(/c

m
)

3WM:		Engineering	dispersion
• Dispersive	effect	of	capacitor	finger	self-resonance	produces	phase	

mismatch	between	pump	and	signal/idler
– Can	compensate	by	adding	periodic	modulation	
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Gain
• 320	nm	linewidth
• 2.5	cm	total	length
• Pump	on	/	pump	off	

transmission	is	
plotted
– There	is	some	

dissipation	at	4K	
which	disappears	at	
low	temperature

• Pump	power	in	range	
200	nW to	2	µW
– Depends	on	applied	

DC	current
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Pump:	15.25	GHz
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Noise
• Y-factor	noise	measurement
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Signal-idler	noise	correlation
• Noise	at	frequencies	symmetrically	located	around	

fpump/2:		7.1384	GHz	(I1, Q1),	7.6086 GHz	(I2, Q2)
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Signal-idler	noise	correlation
• Noise	at	frequencies	symmetrically	located	around	

fpump/2:		7.1384	GHz	(I1, Q1),	7.6086 GHz	(I2, Q2)
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Conclusions

• Kinetic	Inductance	Nonlinearity
– Important	parameter	for	MKID	detectors
– Similar	to	Josephson	Effect	- Can	be	used	
to	make	interesting	devices

• Up-converter/	Current	sensor:		KPUP
• Parametric	Amplifiers
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