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I, INTRODUCTIOX AND SUMMARY

The rate of hmat transfer beiween a fluid streem in turbulent flow
and a smooth, solid wall is largely controlled by the relatively high
resistance of *he lamimer sublayer next to the wall, Although this laminar
layer 1s extremely thin, heat can be transferred through it only by molec=
ular diffusion. Hence the resistance of this layer is very much greater
than for a layer the same thickness farther cut in the stream whers turbu=-
lent exchange is the controlliny factore. {he thickness of the laminer
layer 1is difficult to define precisely, since there is a graduwal transition
to the turbulent flow outside, but for the usual socale of many engineering
applications almost half the temperature difference between the fluid &nd
the wall occurs in a layer of a few thousands of an inch in thickness,

When the wall is made of porous materiel and a coolant gas is foroed
through the wall into the stresm, it has been found (Cfe. Refe 1) that a
vory smll flow rate of the coolant is ramarkably effective in keeping the
wall at a low temperature. The coolant {':wvw =Ate required is such as to
glve an averags velooity normal 16 wall of the order of 1 per cent of
the main stream velocity, This flow rate is so low that alearly the injected
gas must act as an insulator rather than as a normal coolant, Because of
ita relatively low volocity, the injected gas can have very little influ~
ence on heat comvection or momsntum transfer in the turbulent siream, and
its effect must be oconfined to ihe laminar subleyere The possible influ-
encs of the coolant flow on the thickness of t& laminar layer will be

discuwssed in Section V.

. UNGRASHEED Fage 3
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Theoretical studies of boundary .ayers with flow through the wall
have been mado recently in Germany but have besn confined to the case of
the laminar boundary layer in & turbulent-free stream, The interest was
directed toward means of reducing skin friction by preveniing transition,
and most attention was confined to removal rather than to injection of
fluide 1In engi.sering epplications of porous wall cooling, on the other |
hand, the cases of turbulent stream fluw and the turbulent boundary layer
will probebly prove most important, but apparently little attention has
been given to these problems. On the baeis of dimensional analyuisa,
¥heeler (Cle. Ref, 2) was led to the conolusic.m that the wall temperature
is a functlon of the ratio of coolant mass flow per unit area to main
stream mass J{low per unit area alone, Measurements on & short length of
porous~walled pipe indicate that this ratio is the principal parameter
determining the wall tamperature. |

The analysis yiven here leads to a method for predicting the temper=
ature of the wall from the friction coefficient for turbulent flow in a
pipes The method is an extensicn of that used Ly Prandtl for no coolant
flow,

II. VELOCITY DISTRIBUTION IN THE LA'THAR LAYER

The wveloocity distribution in the laminar sublayer can be determined
very easily. Taking x as the coordinate along tha wall in the direction of
mean £low and y as the distence from the wall, t!» laminar layer is assumed

to extend from the wall to y = S Steady flow is assumed and all derive-

Page 2 | Ilﬂwm
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tives with reapeot to x are tero.# The pores of the wall are supposed
sufficiently small and numerous that the velocity normal to the wall is
upiform and continuous, The velocity parallel to the wall is u with v
normal to the walle It will be convenient to use subscripts g, 3, w, and‘
o for the stati.as in ths main gas stream, at the outer edze of ths laminar

layer, at the wall, and in the coolant reservoir, respeotively (Cf, sketoh

below), @ TURBULENT CORE

- —-—-——”': ¥ —'—T? LAMINAR LAYER
L0000 R e

(© COOLANT RESERVOIR

The shear strass 7T (Cf. sketch on p. 4) for a surface normal to the
y-axis and at a distance y (<3) from the wall 4s given by

d
T=ud—: (1)

where p is the viscosity coefficient. Consider a cylinder of unit area of
cross section with generators normal to the wall and extending from the
wall to height y. Since the resultant force on the sides of the cylimder

must vanish, the total force on the surfaces is the resultant of the shear

*This latter assumption is equivalent to saying that the thiolkness of
the boundary layer remains oonstant along the wall, and hence is similar
to fully developed turbulent flow in a pipse The coolant flow is ccnsidered
suficiently low so that the average pipe velouity and the pressure gradient
along the pipe aro not affected appreoiably,

UNSLASSIFED P s
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forces on the ends and amounts to TT g in ths x-direction. The totel
momentum flux through the sides is zero since there is no variation with

xes The flux of xemomsntum thLrough the end at y = O is zero since u =

at the wrll, whereas at the upper end the flux of x-momentum outward is
P vu since pv is the mass flow rate through the unit surface and u is the
velocity in the x-direction. Equating the force in the x~direction to the

rate of change of momentum in this direction, and using ths relation (1)

= du du} 2
TS Ty T M 4y TOH (dy)w T P (2)

Since derivatives with respect to x are gero, the continulty equation

reduces to

g; (pv) =0
or
P v, T constant (3)
Equation (2) oan also be derived from the Navier-Stokes equation for the
momsntum parallel to the wall, .hich in this case becomes simply

du d2u

and clearly Equation (Z) is the first integral of Equation (4)s If the

s (SLASSIED
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viscosity coefficlent i is assumd constant in the laminar layer, Equa-

tion (2) can be integrated to give the velooity u. The moet oonvenient

form is
PuVyY
o e M -3
ug - pwvws (5)
e H -1

where the boundary conditions u =O aty =0 and u = u8 at y =5 are
applieds The shapes of the resulting velocity profiles ns funotions of
y/S are sketohed below,

Puvyd

w

INCREASING

y/8 Putud
E .0
|

]
u/u = 10

o

II1, TEMPERATURE DISTRIBUTION IN THE LAMINAR LAYER

The temperature profile in the laminar sublayor ocan be derived in a
manner similar to that used for the velocity profile, The heat flow rate
por unit area normeal tc the y-axis toward the wall is denoted by q and for
y<?
dT

a © k gy (6)
where k is {he conductivity for the fluid in the laminar layer and T is the

temperature at a distence y from the walle The fluid in the laminar suba

L
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layer cean be considered as originating in th» coolant reservoir at a
temperature Toe Vhon the coolant fluid arrives at the height y, its
temperature has risen to T; hence the heat added psr unit mass is

Opw(T = To) where op, is the average specific heat between T, and T.
Sinoce the mass flow rate per unit area normal %o y is pv = pwvw, the
rate of hes* flow per unit ares toward the wall 18 pwWwopy,(T = To). But

this heat flow rate must be q as given by Equation (6)s Hence

X dy  ©p, Pyt (T = T,) (7)
This equation can also be derived from ths energy equation which,
on neglecting minor terms, beoomes

ar _ %1
pVpr dy = k dyZ (B)

and clearly Equation (7) is ths first integral of Equetion (8), 1If Opy
and k are assumed constant in the laminar layer, the integration of

Equation (7) with the additional boundary condition T = Ty at y = 0 gives

the relation

: PuwCPwY
T, " e X (9)

The exponent ocourring in thls expression differe from the expoment in the
expression (5) for the veloocity uby a fsctor of the Prandtl number

o = (op, 1)/ke Hence Equation (9) can be written in the form
Py¥uY
T - T, 7L

= €

T, - T, (10)

To compare the temperature profile with the veloocity prefile, Equation

Page 6 Wn
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(10) car be used to derive the relation

PuvwY
, et
el (a1)
Ty - T, PuVy®
o u
e =1

and 1t is seen that the temperature and velocity profiles are of similar

gshapes and furthermore, if o =1, are of identical shapes,

IV, JOINING OF LAMINAR AND 1URBULENY REGIONS

Outside the lsminar layer (i.e., y >&), the turbulent fluotuations
in the stream cause diffusion of material, heat, and momentum in & manner
somswhat similar to molacular diffusion but with very much higher rates,
In regions where the valocity gredient of the mean speed i1s high, the rate
of transport of any property across the stream ocen be taken as roughly
propertional to the velocity gradient, Reynolds used this approach to
obtain a relation between momentum trancfer and heat transfer across a

turbulent streame This relation can be expressed iu the form

q T

pep(Ty - Dluy - w)  pluy - w? (12)

where g is the heat=transfer rate per unit area toward the wall; T is the
shearing stress per unit areaj; um and T are velocity and temperature of
the main stream flow; and u and T, the velocity and temperature at the
point whaere q end T are msasured. (Cfe pe 649 of Ref. 3 for a complete

discussion.)

Although there is actually no suiden change from lamirar to turtulent

Umm | Pago 7
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flow at y =8, this point will be identified as the point where the tur=-
bulont diffusion rate becomes appreciable and Equation (12) will be applied
to the entire region y >8, Hence at y = & the relation between heat flow
rate ani shearing stresa is

a3 - Tg (13)
CP(TB - Tg) (u8 - ug)

where ( )g refers to the main streawm far outside the laminar layer and
( )8 refars to the station y 2‘8. In this case cp is assumed to remain
fairly constant betwsen the main stream and ths laminar laysr.

From the relations derived in Section III, nutting y = 8, exprosaions

for TS’ 5 and Ty can be found, These are

o.v. 8
o2 A
T8=To+(Tw'To)e
Dwvw5
- dT _ g u
5=k (3], = eppn 1 < L
_ [dw 1
7'5 = M dy 5 uapwv -pwvws
.
l1-e S

Substituting for these three quantitiss in Equation (13), an expression for

Tw 1s found in the form

-opwv',S
T, - To - e K
Te - To & [ug Puvu® (15)
1+;P—“8-1) 1-e K
Pw

The quantities & and u8 are still unimown, Some method of evaluating these

two quantities must be found if Equation (15) is to be useful,

Pags 8 v‘ WD
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V. EVALUATION OF 3 AND ug

At the present time it is not known how the boundary layer thiokness
d varies with the vo.uclty vw normal to the wall, However, since in
sngineering applications the range of most interest for ths ratio of vs,/um
is from 0,005 to 0,020, .t seoms plausible to assume that the thickness of
the laminar layer and the velooity at the outer edge of the layer are not
affeoted appreciably by the low veloocity nonnal_ to the wall, The thickness
of the laminar layer has beon measured in smooth pipss and found to satisfy

the relation

Su,,.

YRR A (16)

where u‘:‘. = To/p (7o is the shearing strass at the wall) and y* is a
oonstant, Prandtl has taken y* = 5,6 after sxamination of the veloecity
profile measured clove to a wall,

It will be assumed that the flow 1n ths turbulent core is not affeoted
by ths velocity normal to the wall, and hence that the shearing stress =t
and the velocity us at the edge of the cor9o are tha same as for flow in a
smooth pipe. This is a rather bold assumption and will e2imost certainly
require modification, The only exocuse for making it here is that no experi-
montal information is avalilable at presents It is the simplest postulate
whioh reduces to the correct form when the velocity normal to the wall is
ZOroe

For the Reynolds number range 5000 < Re < 200,000 the frioction coef=

fioient Cp for smooth pipes satisfios the empirical relation

mem Page S
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Cp = 0.046/Re0-2 (17)
where Cp = ro/%pﬁ 2 and u is the average velocity. Identifying u with

ug the following expressions are obtained

u, = V'r‘o/p = ug Cp/2 A

1‘;8

us/u8=@ =y W J

where y* = 5.6 end Cp is given by Equation (17) with the Reynolds number

Re = mg/v based on the flow in the turbulent core, Here D is the pipe
diamo ter,

Subsiituting the expressions (18) in Equation (15) for the wall
temperature

pwvw
< y* \/c /2
'rW - 'r” Pgus F

- e

T, - -p.v e (19)
© EL(l E el VCF/Z
1+ ¢ t—l"- - 1 1 :7 e "BE

L]
Pu |\

In this expression some effort has boon mede to keep the proporties of
/

the gas in tho turbulenmt core separate fyom those in the lamirar layer,

but the proocess has not been entirsly qénlhtent. The expression would

be expected to be correct for the lim_fting ~ise of very small vy and

¢ H

very small temperature drop TS - TQ!"J The albplication to cases where the

temperature drop to the wall is la'’rge so that physiéal propertioes of the
gas change across the lamirar sublayer or to cases whare the injocted zas

is quite different from the main stream gas may not be satisfactory.

Page 10 | ' umsﬂﬂiﬂ
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A

VI. COMPARISON WITH EXPERIMENT

Duwez has measured the wall temperature in a porous tube for several
flow rates and temperaturos of coolant and main flow (Cfe Refe 3)e The
experimsn’ a1l results are shown in Figures 1 through 4, The tests were
made with very short speoimens 13 inches in length and 1 inch 1# diame ter.
In the Figures, Q = pw¥w and W= pyu, in terms of the notation ucad in the
calculations of Seotion Ve The ratio (Tg = ‘I‘w)/('l‘g - To) is plotted rather
than the expression given in Equation (19), whioch is 1 = (Tg - 'r.”_‘/('rg - To)e
Four different materials were used in the porous specimens: - (a) mullite, a
refractory material with very low thermal conduotivity, (b) stainless steel
&nd (o) niokel with approximately equal conductivities, and (d) copper with
very high conductivity, The main stream gases were products of combustion
of gasoline burned in air, and the onolant gas was nitrogen. Further
details ocan be found in Reference 1, The Revnolds numbers based on the main
stream flow ranged from 30,000 to 100,000,

The expreasion for the temperature ratio determining the theoretiocal

wall temperature ocan be derived from Equatioa (19) in the form

-0.1

. ' -0.85((/W)Re
IE_E - - e (20)
T, - T,

- (1.18 A 1) (1 ) e-o.85(0/w)aef°'1)

where opy = op', y* = 56, and CF = 0,046 Rn'°°2. For nitrogen o = 0,74,
The temperature ratio has been evaluated as a function of QM for the two
extreme Reynolds numbers in the. experiments, In Fizures 1 to 4, inolusive,
the upper 801id 1line 13 for Re = 1,0 x 105 and the lower line for

Re = 0,3 x 10°,

Wmﬂ Page 11
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On oomparing the theoretiocal ocurvas with the experimental results,
it is seen that the shapes of ths curves are correct and the order of
meznitude of the wall temperatures is correct. For the mullite specimen
(Cfe Fige 1) the tr<ory is remmrkably good at the smaller ocoolant flowr
but deviates somewhat at larger flows, This deviation may be due to the
lerger coolant flows affeoting the- thiockness of the laminar sublayer,
whereas in the theory 1t 1s assumed that thers is no effect, The wall
tomperatures msasured in the stainless=steel and nickel specimens (Cf,
Figs. 2 and 3) are appreciably higher, and for the copper specimen (ct.
Fige 4) much higher than the theory prediots. It is bslieved that this
disoropancy is largely s result of temperature variations alcng the
length of the spescimen both in the laminar sublayer and the specimen
itselr,

In the theoretiocal treatmeut, it was assumed that tempsratures &nd
volocities were funotions of dstance fran the wall onlye Aoctually thore
is very likely an "inlet length" for the porous matcrial whore the tem-
psrature distridution changes from that typleal of flow in an uncooled
pipe to the final distribution for the porous wali cooling. This inlet
length will vary depending on the conductivity of the wall n orial and
will be large for a material of high conduotivitye. The thecry azsumes
that there is no temperature gradient and hence no heat conduoted along
the wall, In the experiments, the wall temperatures were measured near
the downastream end of the specimen, about 1% diameters from the upsiream

end, Further sxperiments with much greater ratios of leagth to diameter

rege 12 | UNSLASSIFIED
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are required in order to determine whether or not the theory fits better
at stations farther domstream,

In the analysis it s been assumed that the coolant flow normal to
the wall is uniform, Actually, the ococolant is inleoted from pores as a
sories of jets and it would be sxpected that the theory would apply only
to oases where th» pores are very small and densely packed, Further

analysis on this point is required,

VII, CONCLUSIONS

In oconolusion the following remarks concerning the investigatioa
oan be made;

le A simple theory for the process of porous wall cooling
whare the coolant.gas has the same physiocel properties as
the main stream gas is presentede The only empiriosal data
required involve the well-esteblished fluid mechanioal
laws for turbulent flow in smooth pipes. The theory pre=-
diots the wall temperamture remarkably well when there is
no temperature gradient along the wall,

2. Further refinements of the analysis shcuid be mmde to take
account of the introduction of coolant as jets from a
finite number of pores rather than as uuniform flow from
the wall, and to estimte the influence of tempers ture
gradient along the wall for porous materials of high

oconductivity,.

UNWW | Page 13
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Measurements of main streamn velocity profiles and laminar
sublayer thioknesses as effeoted by rate of coolsnt flow
through the porous walls are requirede The measurements
can be made firat for isothermal oconditions but should be
extended as far as possible into the laminar sublayer;
they should be made also for ccolant gases differing im
physical properties from the main stream gas.

Theories of heat transfer through films la which the
physioai properties (dorsity, visoosity, conductivity)
vary across the film can be really satisfaotory only
after & md hod for predicting the thickness of the lami-
nar subleyer undsr these conditions is developed. At
present the stability conditions for the laminer sublayer
are not kmown, The solution of this problem is important
for all epplications in which large temperature differ-

ences ocour,
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