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Inthisstudy,thecharacteristicsofpetalrotationtrajectoriesareexploredinboththe
two-bodyandcircularrestrictedthree-bodyproblem(CRTBP) models. Petalrotation
trajectoriesalternatelongandshortresonancesofdifferentkindstorotatethelineof
apsides. Theyaretypicallycomputedusingthepatchedconic model,andtheyareusedin
anumberofdifferent missionsand missionconceptsincludingCassini,JUICE,andEuropa
missionconcepts. Petalrotationtrajectoriesarefirstanalyzedhereusingthepatchedconic
modeltoquantifytheircharacteristicsandsearchforcases withfastrotationoftheline
ofapsides. Whentheyarecomputedinthe CRTBP,theyareunstableperiodicorbits
withcorrespondingstableandunstable manifolds. Thecharacteristicsoftheseorbitsare
exploredfromadynamicalsystemsperspectiveinthesecondphaseofthestudy.

I. Introduction

Petalrotationtrajectoriesalternatelongandshortresonancesofdifferentkindstorotatethelineof
apsidesviaflybysofamoonorplanet.Indesigningatour,varioustechniquessuchaspumpinganorbitto
changeitssizeorcrankingittoalterinclinationareused.Petalrotationtrajectoriesareusedwhenachange
intheorientationofthelineofapsidesofthespacecraft’sorbitisdesired.Theyaretypicallycomputedusing
thepatched-conicmodelassumingacircularorbitforthemoonorplanet.Theyhavebeenusedforanumber
ofapplicationsincludingtrajectorydesignwithCassini,1–5EuropaMissions,6,7JUpiterIcymoonExplorer
(JUICE),8,9andcyclertrajectoryconcepts.10Petaltrajectoriesmayalsobestudiedinthecircularrestricted
three-bodyproblem(CRTBP),wheretheyareinfactperiodicorbits.Incomparisontoresonantorbits,the
periodoftheseorbitsnolongerformsanintegerratiowiththemoonorplanet’speriodofinterest,andthe
differenceintheperiodalsoaffectstherotationofthelineofapsidesintheinertialframe.Theorbitsare
designatedbyusingthenotationm:n± (m,n∈N)wheremreferstothenumberofspacecraftrevolutions,
andnreferstothenumberofrevolutionsofthegravityassistbody.(Notethatthem:nnotation11–14isused
here,butthereversen:mnotation15mayalsobefoundintheliteratureforflybydesignapplications.)The
+or−isusedtoindicatewhetherthespacecraftrevolvesmoreorlessthanmtimesaroundtheprimary
intheinertialframe.Thespecialcaseofalternatingn:n+ andm:m− orbitsisparticularlyinterestingand
requirestheCRTBPmodeltoanalyzefully.Eachcaseisdesignatedasafamilyofk:kperiodicorbitswhere
k=m+n.
Inthefirstportionofthestudy,aparametricanalysisisperformedusingdifferentsystemsandacross

multipleresonanceswithaparticularemphasison missionsatEuropa,Ganymede,Callisto,andTitan.
Specifically,patchedconictechniqueareusedtocomputefamiliesof“petals”fordifferentresonances,V∞
values,andflybybodies,andasearchismadeforthecasesthatgivethemaximumrotationofthelineof
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apsidesperunittime.Theabilitytorotatethelinesofapsidesasafunctionoftimeisalsoquantifiedfor
eachscenario,andparticularcasesareexaminedinmoredetail.Specificn:n+/m:m− periodicorbitsare
computedandanalyzedusingthismodelaswell.
Thepatched-conicmodelgivesagoodapproximationtotheactualconditionsintheCRTBPformany

cases,althoughlimitationsdoexistforcaseswheretheflybysaredistant.Theyhavepreviouslybeenused
togenerateinitialconditionstostudytrajectoriestransitioningbetweenresonancesinAndersonandLo.14

Inthesecondpartofthestudy,petalrotationtrajectoriesarecomputedintheCRTBPtoexaminetheir
characteristicscomparedtothepatched-conicpredictionsandexplorethelimitationsoftheapproximation.
Giventheinitialconditions,amultipleshootingmethodisusedtoconvergetheseorbitstoperiodicorbits
intheCRTBP.16ThetechniquesusedtoexaminetheseorbitsarerelatedtothosedevelopedinAnderson,
Campagnola,andLantoine17exploringresonantorbits. Theyalsopossesssomeinterestingcharacteristics
thataresimilartotheseresonantorbitswhichhavebeenshowntobeusefulinunderstandingtourdesign
intheCRTBP.18–23Particulartwo-bodycasesareevaluatedintheCRTBPforthestudy,andequivalent
periodicorbitsarecomputedusingthepatchedconicinitialconditions. Therateofchangeofthelineof
apsidesintheCRTBPiscomparedtothepatched-conicpredictionsforvariouscases.Thecharacteristicsof
thesetrajectories,suchasstability,arealsoexaminedandsummarized.

II. Methodology

A. ResonantTransfers

Thefocusinthisstudyisonnon-resonanttransfers,butitisusefultobrieflyreviewresonanttransfersas
abasisforcomparison.Resonanttransfershavebeendesignedusingpatched-conicmethodsforsometime,
andwiththesetypesofresonanttransfersinthetwo-bodysystem,theperiodofthespacecraftPs/cmaybe
relatedtothesecondary’speriodPsby

Ps/c=
n

m
Ps. (1)

Thespacecraftinthepatched-conicmodelencountersthegravityassistbodyatthesamelongitudeineach
case.Achangeinthetwo-bodyorbitofthespacecraftrelativetothecentralbodyiseffectedbyrotatingthe
V∞ vectorviaaflybyofthespacecraftbythegravityassistbodyonahyperbolictrajectory.Thistechnique
canalsobeusedtorotatethelongitudeoftheargumentofperiapseinadditiontoalteringotherorbital
elements.SeeUphoff,Roberts,andFriedman24orStrangeandSims25formoreinformationonresonant
transfersusingpatched-conicmethods,andseeAndersonandLo18,21foradescriptionofthesetransitions
fromadynamicalsystemsperspective.

B. Non-ResonantTransfers

Non-resonanttransfersmayalsobecalledgenericornon-nπreturns,andinthesetransfersthespacecraft
goesthroughslightlymoreorlessthanmrevolutions.Theyhaveseveralcharacteristicsthataredifferent
fromtheresonanttransfers.Inparticular,non-resonanttransfersmustoccurintheorbitplaneofthegravity
assistbodyorsecondary. Again,theyaredesignatedusingthenotationm:n± wherea+indicatesalong
transferanda−indicatesashorttransfer.Inthefollowing,aninboundflybyissaidtobeonethatoccurs
beforeperiapseofthespacecraftorbit,andanoutboundflybyisonethatoccursbeforeapoapse.SeeFigure
1(a)foranillustrationofalongandshorttransfer. Theequationsforcomputingthetwo-bodyorbits
requiredforthenon-resonanttransfersmaybefoundinCampagnola,Strange,andRussell26orStrangeand
Sims,25butashortoverviewwillbegivenhere.Inthisformulation,thenotation

σ=
+1 shorttransfer

−1 longtransfer

EI=
+1 ifn≥m

−1 ifn<m

isused. AnexteriorresonanceisdesignatedbyEI =1,andaninteriornon-resonancebyEI =−1.
Forplanarproblemswithrotationsymmetries,anorbitisdefinedbytwoparameters.Non-resonantorbits
mustalsosatisfyaphasingconstraint,sothattheboundarypositionsofthespacecraftmatchthoseofthe
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Figure1.Illustrationofpossiblenon-resonanttransfersincludingpossiblem:n+ andm:n− casesandthepump
angle.

secondary. Thenforachoiceofm,nandσ,non-resonantorbitsbelongtoaone-dimensionalmanifold,
whichisimplicitlydefinedbythephasingconstraint.Itwillbeshownthatforagivenm andnone
inbound-outboundandoneoutbound-inboundtransferexistforeachV∞.

25

Inthispaper,thedimensionlessperiapseandapoapseradii(rpandra)arechosenasindependent
variables,followingtheformulationinCampagnola,Strange,andRussell.26 Usingthisformulationthe
lengthscalefactoristhesemimajoraxisofthesecondary’sorbitaroundtheprimarỹa,thetimescalefactor
is ã3/GMp,andthevelocityscalefactoristhespeedofthesecondary.Inthiscase,GMpisthegravitational
parameteroftheprimary,andthesefactorsmaybeusedtoconvertbetweendimensionalanddimensionless
quantitiesinthepatched-conicequations. Usingtheseconversionswiththetwo-bodyequations,itcanbe
shownthatthedimensionlessspeedofthesecondaryVs=1.Inthepatched-conicmodel,circularmotion
isassumedforthesecondarywhichisassumedtobemassless,andflybysaremodeledasimpulsivechanges
ofvelocity.Again,patched-conicformulasinthispaperarenormalizedwiththesemimajoraxisandspeed
ofthesecondary,sothattheperiodofthesecondaryis2π,andthemassparameteroftheprimaryisone.
ThisisdistinctfromthenormalizationusedintheCRTBPwherethecombinedmassoftheprimaryand
secondaryareone.
Thephasingconstraintbecomes

2f0(ra,rp)+[2πm−2M0(ra,rp)+πσ(1−EI)]
ra+rp
2

3/2

−2πn+σ(1−EI)=0 (2)

wheref0istheinitialtrueanomaly

f0(ra,rp)
.
=−σEIarccos

2rarp−ra−rp
ra−rp

(3)

andM0istheinitialmeananomaly

M0(ra,rp)
.
=−2σEI arctan

1−rp
ra−1

−
(ra−1)(1−rp)

ra+rp
(4)

Equation2canbesolvedforafixedrp(ifn≥m)orra(ifn<m).Althoughotherchoicesofindependent
variablesarepossible,26thepericenter-apocenterformulationisconvenientbecauseonlyonesolutionexists
ifraisfixed(forn≤m)orifrpisfixed(forn≥m). Giventhevelocityofthespacecraft(Vs/c)and
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thesecondary(Vs)intheinertialframe,therelativevelocityinthepatched-conicmodelatthegravity
assistencounterisV∞ =Vs/c-Vs. Usingthisnotation,anumberofquantitiesmaybecomputedusing
dimensionlessvariablesincludingdimensionlessV∞ givenbyv∞ =|v∞|,thepumpangleα,andthetimeof
flight(TOF).Theyaredefinedaccordingto

v∞ = 3−
2

ra+rp
−2h (5)

α=arccos
h−1

V∞
(6)

TOF=[2πm−2M0(ra,rp)+πσ(1−EI)]
ra+rp
2

3/2

(7)

whereh=2rarp/(ra+rp).Thepumpangleistheanglebetweenthesecondary’svelocityvectorandtheV∞
vectorasillustratedinFigure1(b).24,27,28Figure2showsthepumpanglesfordimensionlessV∞ valuesfor
avarietyofresonant,shortnon-resonant,andlongnon-resonantcases.ThedimensionlessV∞ issimplythe
dimensionalV∞ normalizedbythemagnitudeofthecircularvelocityofthesecondary.ForagivenV∞,the

Figure2. PumpangleacrossV∞ forselectedresonantandnon-resonantorbits.

chartmaygenerallybeusedincombinationwiththemaximumbendingangleachievableforthesystemof
interesttodeterminewhethertransferringbetweentwodesiredresonancesispossible.Thepositionvector
atclosestapproachortheperiapserelativetothesecondarymaybecomputedas

rps=rps
V−∞ −V

+
∞

|V−∞ −V
+
∞|

(8)

where

rps=
GMs
V2∞

1

sinδ/2
−1 . (9)
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Here,GMsisthegravitationalparameterofthesecondaryorgravityassistbody,andδisthebendingangle
obtainedfromtherotationoftheV∞ vector.Thevelocityatclosestapproachisdefinedby

vps=vps
V+∞ +V

−
∞

|V+∞ +V
−
∞|

(10)

wherevpsiscomputedusingtheenergyofthehyperbolicflybytrajectoryaroundthesecondaryas

vps= V2∞ +2GMs/(rps). (11)

Theseequationsmaybeusedtocomputedimensionalordimensionlessquantitiesbyusingtheappropriate
valueswithintheequations.Thedimensionlessmassparameterforthesecondaryinthiscaseshouldbethe
secondary’sdimensionalmassparameternormalizedbyGMp.

C. CircularRestrictedThree-BodyProblem

TheCRTBPisusedtoanalyzepetalrotationtrajectoriesfromadynamicalsystemsperspectiveinthis
study. Anoverviewofthemodelisgivenhere,andSzebehely29maybereferredtoformoredetails.In
thismodel,twomassivebodiesrotateabouttheirbarycenterincircularorbits. Thelargerbodyisoften
referredtoastheprimaryandthesmallerbodyisreferredtoasthesecondary. Notethatinthispaper
thesecondarywillalsoalwaysbethegravityassistbody.Theobjectiveistomodelthemotionofathird
infinitesimalmassundertheinfluenceoftheprimaryandsecondary.Theequationsofmotionaretypically
madedimensionlesssothatthemassoftheprimaryis1−µandthemassofthesecondaryisµ.Inthe
rotatingframe,theprimaryislocatedonthexaxisatx1=−µ,andthesecondaryislocatedatx2=1−µ.
Giventhisinformation,theequationsofmotionoftheinfinitesimalmassarewrittenintherotatingframe
as

ẍ−2̇y=
∂Ω

∂x

ÿ+2̇x=
∂Ω

∂y

z̈=
∂Ω

∂z

(12)

where

Ω=
x2+y2

2
+
(1−µ)

r1
+
µ

r2
(13)

and

r1= (x+µ)2+y2+z2,r2 = (x−1+µ)2+y2+z2. (14)

ThemassratiosandorbitalvelocitiesofthemoonsarelistedforselectedCRTBPsystemsinTable1.An

Table1. MassratiosandorbitalvelocitiesforselectedCRTBPsystems

System µ

Jupiter-Io 4.705093

Jupiter-Europa 2.526645

Jupiter-Ganymede 7.803691

Jupiter-Callisto 5.667999

Saturn-Titan 2.365805

Neptune-Triton 2.087757

integralofmotioncalledtheJacobiconstantisfoundinthisproblem,anditisdefinedaccordingto

C=x2+y2+
2(1−µ)

r1
+
2µ

r2
−ẋ2−ẏ2−ż2. (15)

5of20

AmericanInstituteofAeronauticsandAstronautics







ineachsystem.Ideallyamissiondesignercanusethisinformationduringthetourtoselectthedesired
rotationatthecurrentV∞ beingusedinthedesign.ItmayalsoallowforthetargetingofaparticularV∞
whereadesiredrateoḟωmaybeachieved.Someoftheselectedsequencesthathavebeenfoundtobeuseful
orhavethepotentialtobeusefulinvarioussystemareplottedinFigures5and6. Thesequencesforthe

(a)Jupiter-Europa (b)Jupiter-Ganymede

Figure5. ω̇overV∞ fortheJupiter-EuropaandJupiter-Ganymededimensionalcases.

(a)Jupiter-Callisto (b)Saturn-Titan

Figure6. ω̇overV∞ fortheJupiter-EuropaandSaturn-Titandimensionalcases.

Jupiter-EuropasysteminFigure5(a)havegenerallybeentailoredtominimizetheeffectsofradiationonthe
spacecraftwhiletheothercasesarefocusedmoreonfindingthemaximumrotationofthelineofapsides.As
expected,the1:1+/2:2−caseoftengivesoneofthehigherratesoḟω,butitisinterestingthatthe1:2+/2:2−

caseappearstobequiteeffectivefortheSaturn-Titansystem.Arangeofotherfactorsbeyondmaximizing
therotationofthelineofapsidesmaycomeintoplayinthemissiondesign,andthesefiguresallowthe
propertradestobemade.Notethatthen:n+/m:m− orbitswillbedealtwithmorefullyintheremainder
ofthepaper,andthevalidityofthepatched-conicpredictionsatlowvaluesofV∞ willbeevaluated.
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IV. TransitiontotheCRTBP

A. GeneratingtheInitialConditions

Adetailedexampletransitioningfromthepatched-conicmodeltotheCRTBPusinga1:1+-2:2−casein
theJupiter-Europasystemisfirstpresentedheretodescribetheprocessusedtocomputetheseorbits.For
thiscase,theinitialconditionsattheflybyrequiredtotravelalongthe1:1+trajectorywithV∞/Vs=0.232
arecomputed.Afteroneflyby,thespacecrafttravelsalongthe1:1+orbit,andafterthenextittravelsalong
the2:2− orbit.Thesubsequentflybytransfersthespacecraftbacktothe1:1+ orbit,andthecyclerepeats.
Duringthistimethelineofapsidesrotatesasaresultofeachflyby.
UsingEquations5through10,theinitialV∞ vectorsarecomputedintheRTNframe.Forthiscase,

theR̂directionistheradialdirectionpositivetravelingoutfromthebarycentertothegravityassistbody.
TheN̂ directionistheorbitnormal,andT̂completestherighthandframe.Thisexampleiscomputedin
theplanarproblem,sotheN̂directionisignored.Giventhiscoordinatesystem,theV∞sforoneflybyare

VA−∞ ≈[0.23191 0.00644]
T (20)

VA+∞ ≈[0.22338 −0.06264]
T (21)

wheretheAinthesuperscriptdenotestheflyby.The“–”indicatestheincomingV∞,andthe“+”indicates
theoutgoingV∞.Theotherflyby’sV∞sare

VB−∞ ≈[−0.22338 −0.06264]
T (22)

VB+∞ ≈[−0.23191 0.00644]
T. (23)

AfterflybyA,thespacecraftentersthe2:2− orbit,andafterflybyB,itentersthe1:1+orbit.
NotethatVA+∞ andVB−∞ donotmatchbecausethespacecraftisencounteringthegravityassistbodyata

differentlocationalongthegravityassistbody’sorbitineachcase.Thisfeaturedistinguishesthistechnique
fromaresonantencounterwheretheoutgoingandsubsequentincomingV∞swouldbethesame.

21Ifthe
outgoing/incomingV∞ pairsareexaminedusingthediagraminFigure7,itcanbeseenthatthevelocitiesare
consistentwiththeexpectedcharacteristicsforthe1:1+ and2:2−

Vga

VA−∞ VA+∞

VB+∞
VB−∞

orbits.ExaminingflybyA,theoutgoing

Figure7. Diagramshowing V∞ vectorsrelativetothegravityassistbody’svelocity.

VA+∞ hasapositivevelocityintheR̂directionandanegativevelocityintheT̂directionindicatingan
outboundtrajectorytravelingtoapoapseontheorbit.TheincomingVB−∞ hasanegativevelocityintheR̂
andT̂directionswhichisconsistentwithanincomingV∞.TheV

A+
∞ andVB−∞ pairisalsoconsistentwith

the1:1+orbit.

B. ConvergenceProcessintheCRTBP

OnceeachV∞ hasbeencomputedusingthepatched-conicequations,theflybyconditionsatclosest
approachtothegravityassistbodymaybecomputed.Theseinitialconditionshavebeenfoundtobethe
easiesttouseintheCRTBPtoconvergeonthetrulyperiodicorbitsapproximatedbythepatched-conic
equations.Inthisprocess,theclosestapproachconditionsforbothflybysaretransferredtotheCRTBP,
andinitialguesstrajectoriesareintegratedforwardandbackwardfromeachflybyforhalfoftheexpected
periods.ExamplesoftwoparticularcasescomputedintheJupiter-Europasystemusingthisprocessaregiven
inFigure8.Theresultingtrajectoriesappearnearlyperiodic,buttheycanhavesignificantdiscontinuities
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Figure8. Twoorbitcaseswithtwo-bodyinitialconditionsintegratedforwardintheCRTBP.

attheendpoints,especiallyforlowerenergiesorV∞ values.
Thenextstepintheprocessistousetheintegratedinitialguesstrajectoriesinadifferentialcorrector

tocomputeaperiodictrajectorywiththesametopologicalcharacteristics.Atwo-leveldifferentialcorrector
withperiodicconstraintsisgenerallyusedforthispurpose,30–32althoughasingle-shootingmethod33
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is
sometimesusedforthesimplestcases. Asampleoftheorbitscorrespondingtotheinitialconditionsin
Figure8aregiveninFigure9.Ascanbeseenfromtheplot,thepatched-conicinitialconditionsprovidea

(a)1:1+-2:2
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− (b)2:2+-2:2−

Figure9. Convergedthree-bodyorbitsplottedintherotatingJupiter-Europaframe.

sufficientapproximationtothefinalconvergedthree-bodyorbitsforthesecases.Theconvergenceprocess
doesintroducesomedifferenceshoweverthatmaketheintroductionofothertechniques,suchascontinuation
methods,desirable,evenforhighenergycases.Forexample,thepredictedclosestapproachatEuropafor
theexamplediscussedintheprevioussectionwasatanaltitudeofapproximately224km,buttheconverged
distancewasapproximately64km.Thesedifferencesarepartlytheresultofthevagariesoftheparticular
methodusedforthedifferentialcorrectionsprocess,butitisusefultoproducetheentirefamilyofperiodic
orbitsaswillbediscussednext.OrbitsintheCRTBPwithdesiredcharacteristics,suchasperiapseradius,
maythenbeselectedfromthefamily.ExaminingtheorbitsthatareperiodicintheCRTBPintheinertial
framerevealsthedifferencesinthetwo-bodyorbitsbeforeandaftertheflybysmoreclearlyasseenforthe
2:2+-2:2−inFigure10(a).Thedifferenceinthedirectionoftheargumentofperiapsecanalsobediscerned
andwillbeexploredinmoredetaillater. Thedifferenceinthetwo-bodyorbitsmaybeclearlyseenby
plottingcharacteristicssuchastheosculatingtwo-bodyperiodoftheorbitshowninFigure10(b).
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Figure10. Theconvergedthree-bodycaseinFigure9(b)plottedintheinertialframewithitsperiodnormalized
byEuropa’speriodovertime.

V. ComparisonofPatched-ConicandCRTBPResults

Itisexpectedthatthepatched-conicandCRTBPresultswillmatchwellforhigherenergies,andthat
differencesbetweentheresultsfromeachmodelwilloccurinthelow-energyregimes.Inordertoexplore
thedifferencesthatmightoccorseveralexamplecasesrelevanttovariousmissiondesignsareexamined.
Thefirstisa1:4+/1:5−sequenceintheJupiter-Europasystemthatisusedtominimizeradiationexposure.
Thenanin-depthexaminationofthe1:1+/2:2− caseispresented.

A. Jupiter-Europa1:4+/1:5− Sequence

The1:4+/1:5− sequenceistypicallyusedathigherenergiestorotatethelineofapsides,anditalsohas
thebenefitthatitcanbeusedtominimizeradiationexposurewhenperformingflybysofEuropa. This
lowerradiationexposureisachievedbythefactthatithasahighapoapseradiuswithaperiapseveryclose
toEuropa’sradius. Forthisprocess,themethodsjustdescribedwereusedtoconvergeaninitialguess
fromthepatched-conicmodelintheCRTBP.Oncethisinitialguesswasobtained,theorbitfamilyovera
rangeofJacobiconstantsandV∞ valueswasobtainedusingcontinuation.

34,35
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Asampleoftheperiodic
orbitsobtainedduringthisprocessisshowninFigure11.Ascanbeseenfromtheplot,theorbitcanvary
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2.83(d)V∞ ≈10.3km/s,C≈2.45

Figure11. SelectedtrajectoriesfromtheJupiter-Europa1:4+/1:5− family.

significantlywithenergy,butthesamegeneralqualitiesexpectedforthe1:4+/1:5− orbitareseenineach
plot.
Oneoftheprimarycharacteristicsofinterestforthisstudyistherateatwhichtheargumentofperiapse

mayberotatedovertimefordifferentorbitsandvaluesofV∞. Acomparisonbetweenpredictionsusing
thepatched-conicequationsandtheresultsfromtheconvergedperiodicorbitequivalentsintheCRTBPare
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Figure12. Comparisonofpredicted ω̇usingpatched-conicequationsandcomputedω̇inthe CRTBPovera
rangeofV∞ valuesforthe1:4+/1:5− sequence.

showninFigure12.Itcanbeseenfromtheplotthatthepredictedandcomputedω̇valuesmatchquite
wellforthelargerV∞ values.AstheV∞ valuesfallbelowapproximately6km/s,somedifferencesstartto
becomeapparent.Thisdifferenceoccursdespitethefactthatthemajorityoftheorbitstaysawayfromthe
secondary.

B. Jupiter-Europa1:1+/2:2− Sequence

Asthespacecraft’sorbitbecomesmoresimilartothegravityassistbody’sorbititisexpectedthatthe
effectofthegravitationalperturbationsofthegravityassistbodywillbecomemoreimportantalongthe
trajectoryandmoresignificantdifferenceswillbeobservedwhencomparingthepatched-conicpredictions
andtheCRTBPperiodicorbits.Onesuchcasemaybeseenfortheorbitfollowingthe1:1+/2:2− sequence
intheJupiter-Europasystem.Thiscasewillbeexaminedinmoredetailhere,andrelevantinformationwill
besummarizedforvarioussequencesandsystemsinthefollowingsection.
Theinitialorbitinthisfamilywascomputedusingthepatched-conicinitialguess,andthefamilywas

thenobtainedusingcontinuation. Asampleofsomeoftheorbitsresultingfromthisprocessisshownin
Figure13.Itcanbeseenfromthisseriesthattheorbitsretainthesamegeneralcharacteristicsoverthe
family,buttheorbitsbecomesignificantlysmallerwithincreasingCordecreasingV∞.Anumberoforbital
characteristicsoftheorbitsacrossthefamilymaybecomputed,andsomerelevantrelatedinformationthat
maybeproducedisshowninFigure14.Asmightbeexpected,theV∞ valuesdecreasewithincreasingC.
AstheorbitsbecomesmallerwithincreasingC,thedistancefromthesecondaryduringtheflybysincreases,
andtheorbitsbecomecorrespondinglymorestable. Oneinterestingfeaturethatcorrespondstothesmall
kinkobservedinFigures14(a)and14(d)canbeobservedastheorbitsbecomesmaller. Theminimum
periapseradiusisgenerallyincreasingwithincreasingC,butnearC≈2.997-2.998,theminimumperiapse
shiftsfromthosecrossingnearx=1tothosecrossingatthey=0line.(Inotherwords,itshiftsfromthose
periapsesintheverticaltothoseinthehorizontaldirectioninFigure13.) Theminimumperiapseradius
fromthispointthendecreases.TheperiodsdecreaseslowlyatlowerCandthendecreasemoresignificantly
asCapproaches3. Theportionofthefamilyshownhereisstoppedasthemaximumeigenvalueofthe
monodromymatrixapproaches1andtheorbitsbecomemorestable.
Whilethesecharacteristicsaregenerallyuseful,thecharacteristicofinterestforthisstudyistherateof

changeofthelineapsides.Thisratecomputedoveroneperiodoftheorbitsisplottedandcomparedtothe
patched-conicpredictionsinFigure15.ItcanbeseenherethatforlargerV∞snear3km/sthepredictedand
computedvaluesmatchwell. AstheV∞ decreases,thevaluesdivergesignificantlyhowever. Thesmallest
orbitsatthelowerV∞scanhaveaquitesignificantchangeinω,buttheorbitsatthispointbegintolose
thecharacteristicsseenforthemajorityofthefamilywithcloseflybysofthesecondary.
Thedifferencesbetweenthepatched-conicpredictionsandtheCRTBPresultscanbecomesignificant

forlowV∞s,andtheyareworthexploring.Someinsightcanbeobtainedbycomputingthepatched-conic
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Figure13. SelectedtrajectoriesfromtheJupiter-Europa1:1+/2:2−
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Figure14. CharacteristicsoftheJupiter-Europa1:1+/2:2− familyacrossCandV∞.

initialconditionsatclosestapproachandcomparingthetrajectoriesintegratedfromtheseconditionstothe
orbitsobtainedinFigure13.Orbitsatsomeoftheseselectedenergieshavebeencomputedforcomparison
inFigure16.Ineachcase,theinitialconditionswereintegratedforwardandbackwardforhalfofthe
appropriateperiodtomeetupwiththetrajectoryfromtheotherflyby.ItcanbeseenthatforhigherV∞
values,theorbitendpointsmatchwell,andtheorbitshapeissimilartothatobtainedbyconversiontoa
periodicorbitthroughdifferentialcorrection.ForlowerV∞ valuesthough,theendpointsarefarfromeach

13of20

AmericanInstituteofAeronauticsandAstronautics



0 0.5 1 1.5 2 2.5 3 3.5
40

35

30

25

20

15

10

5

V∞ (km/s)

d
ω
/
d
t
(
d
e
g
/
d
a
y
)

0 0.5 1 1.5 2 2.5 3 3.5
15

14

13

12

11

10

9

8

7

6

5

V∞ (km/s)

d
ω
/
d
t
(
d
e
g
/
d
a
y
)

(a)Overview (b)CloseView
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0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

sequence.

(a)V∞ ≈

0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

3.2km/s (b)V∞ ≈

0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

1.6km/s (c)V∞ ≈

0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

0.968km/s

(d)V∞ ≈

0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

0.800km/s (e)V∞ ≈

0 0.5 1 1.5 2

1

0.8

0.6

0.4

0.2

0

0.2

0.4

0.6

0.8

1

x

y

0.500km/s (f)V∞ ≈0.317km/s

Figure16. Selectedpatched-conicinitialguesstrajectoriesintegratedfromtheflybysfortheJupiter-Europa
1:1+/2:2− sequence.

other,indicatingthatthethree-bodyeffectsaredominating,andthepatched-conicpredictionisnolonger
accurateinthisregion. Thepredictedorbitshapealsodivergessignificantlyfromtheorbitsobtainedvia
continuationatthispoint.Itisatthispointthatthelargerdifferencesiṅωbetweenthetwomodelsbecomes
mostnoticeable.
Whilethelow-V∞ casesmayappearmoredesirablefromtheperspectiveofoptimizingω̇,itisuseful

tocomparesomespecificcasestounderstandthecharacteristicsoftheseorbitsmorefully. Plotsofthe
orbitsforseveralspecificcasesfromFigure13intheinertialframearegiveninFigure17alongwiththe
correspondingtimehistoriesofω. ThehigherV∞ casesbehaveasexpectedwithlargechangesinorbital
elementscorrespondingtothecloseflybysofthespacecraftwiththesecondary.Thiseffectisslightlyless
apparentasV∞ isreducedtoapproximately1km/s,anditisnearlygonewiththelowerV∞ values.Indeed,
itseemstobeapproachingsomethingsimilartoadistantretrogradeorbit(DRO)aroundEuropa,andthe
stabilitycorrespondinglyapproaches1.
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initialandfinalosculatingtwo-bodyorbitisplottedinblackandgray,respectively. Thedirectionofthe
argumentofperiapseisindicatedwiththearrowsineachcase.

VI. CharacteristicsofPeriodicPetalRotationTrajectoriesintheCRTBP

Thecomparisonsofthepatched-conicandCRTBPresultsforthek:kperiodicorbitssofarshowthatthere
canbesignificantdifferencesbetweentheω̇predictedineachcase. Thesetypesoforbitsmaypotentially
beusefulintourdesignsandastargetorbitsthemselvesforobservationsofthesecondaryorotherobjects.
Whileanexhaustivelistofthecharacteristicsoftheseorbitsisbeyondthescopeofthisstudy,representative
characteristicsaregivenherethatgiveanindicationoftheresultsthatwouldbeexpectedforthesetypesof
orbitsinvarioussystems.

A. Jupiter-Europa

Awiderangeofk:korbitcombinationsarepossible,andseveralrepresentativeorbitsintheJupiter-
Europasystemwillbedescribedherealongwiththeircharacteristics.Ineachcase,thepatched-conic
initialguessisusedtocomputeaperiodicorbitintheCRTBP,andcontinuationisusedtoexplorethe
characteristicsofthefamily. ThesetoforbitscomputedintheCRTBPforthisstudyisshowninFigure
18.Eachorbitpossessestwoflybyswithmultipleloopsaroundthesecondarythatcorrespondtothechosen
resonance. Comparingthe1:1+/2:2− caseandthe4:4+/4:4− caseitcanbeseenthattheorbitsbecome
significantlymorecomplicatedwithcorrespondingincreasesintheperiodoftheorbit.Thecloseflybysat
highenergies(lowC)makethemgenerallyunstable.
Thecharacteristicsofthefamiliesforeachoftheseorbitsmaybecomputedinamannersimilartothat

describedearlierforthe1:1+/2:2−case,anḋωinparticularmayalsobefoundforeachfamilyasafunction
ofvariousparameters. ThevaluesoḟωasafunctionofV∞ isplottedforeachcontinuedfamilyinFigure
19(b)andcomparedtothepatched-conicpredictionsforeachcaseinFigure19(a). Aswasseenforthe
initialcasecomputedintheJupiter-Europasystem,thėωvaluesmatchwellforhigherV∞,butthelower
V∞ casescandivergefromthepatched-conicpredictedvaluessignificantlyineachcase.The1:1

+/2:2−case
doesgivethegreatestdifferenceovertime,butitshouldberememberedthatthisdifferencecorrespondsto
thoseorbitsessentiallyorbitingthesecondaryatadistance.
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Figure19. Patched-conicpredictionsandCRTBPresultsforẇintheJupiter-Europasystemforselectedk:k
orbits.

B. Saturn-Titan

AsimilaranalysistothatperformedforJupiter-EuropaisperformedherefortheSaturn-Titansystem.
ReferringbacktoTable1showsthatthemassratiooftheSaturn-Titansystemisattheotherendof
thespectrumforthesystemsofinteresthere. Theseplotsshowanumberofdifferences,primarilyinthe
magnitudeofthequantitiesofinterestfromwhichthecharacteristicsoftheothersystemsmaybegenerally
inferred.
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InFigure20anoverviewofsomeofthetrajectoriescomputedfortheSaturn-Titansystemisgiven.
TheygenerallyhavesimilarfeaturesasthoseseenintheJupiter-Europasystem,butofcoursesomeofthe
characteristicsateachenergyvary.Asampleofsomeselectedorbitsfromthecontinuationprocessforthe
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orbitisgiveninFigure21. SomeofthelargerorbitsvaryfromthoseseenintheJupiter-Europa
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Figure20. SampleofSaturn-Titanpetalrotationtrajectoriesforvariousnon-resonantorbitsintheCRTBP.
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Figure21. SampleofSaturn-Titanpetalrotationtrajectoriesacrossthecontinuationprocessforvarious
1:1+/2:2− orbitsintheCRTBP.

system,butthequalitativenatureofthefamilythroughthecontinuationisthesame. Acomparisonoḟω
forthecontinuedfamiliesoforbitswiththepatched-conicpredictionsisgiveninFigure22.Characteristics
similartothecomparisonintheJupiter-Europasystemareseenhere. Thepredictedmagnitudeofω̇is
smaller,andtheCRTBPresultsarecorrespondinglysmaller.Theyagainmatchthepredictedresultsbest
atthehigherV∞ ranges.Inthiscasethedeviationiṅωisgreatestbelowapproximately1.5km/s.

C. Galilean Moons&Neptune-Triton

ManyofthefeaturesandexpectedtrendsofthesystemsinTable1maybededucedorextrapolated
fromtheresultsgivensofarfortheJupiter-EuropaandSaturn-Titansystems. Theconvergedorbitsfor
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thesamesequencesineachlooksimilartothosecomputedsofar,althoughtheywillofcoursevaryateach
particularenergy. AsampleofsomeoftheorbitscomputedineachsystemisgiveninFigure23.Further
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Figure23. Sampleofpetalrotationtrajectoriesforvariousnon-resonantorbitsandsystemsintheCRTBP.

insightsintothedifferencesseenineachsystemmaybeobtainedbycomparingparameterssuchasω̇in
Figure24.ComparingtheseplotsshowsthatJupiter-IoandJupiter-Europagenerallyhavethegreatestrate
ofchangeforthiscase.ThepairsNeptune-Triton/Jupiter-GanymedeandSaturn-Titan/Jupiter-Callistoare
bothsurprisinglysimilaratleastoveraportionoftheV∞ range.Thelargernegativetrendsseeniṅωoccur
belowapproximately3kmfortheJupiter-Iosystemmovinguptobelowapproximately1.5km/sinthe
Saturn-TitanandJupiter-Callistosystems. Qualitativelysimilardifferenceswiththepatched-conicresults
maybefoundforeachsystemaswell.

VII. Conclusions

Patched-conicsolutionscanbeusedtoprovideaquickmethodofevaluatingthetourdesignspacefor
availabletrajectorieswithdesiredratesofω̇. Theyalsoprovideasufficientlyaccurateapproximationat
higherenergiestoallowtheconvergenceofcorrespondingorbitsintheCRTBPandtheircontinuationto
lowerenergies.Fortrajectoriesthatgenerallystayfarfromthesecondarysuchasthe1:4+/1:5− sequence,
thepatched-conicandCRTBPresultsmatchedwelloverthemajorityoftheV∞ values,butsomedifferences
werenotedeventhereforthelowerrangeofV∞.Thesetypesofdifferencesareworthnotingandhavethe
potentialtobesignificantforparticularnon-resonantorbitsequences.Fortrajectoriesthatareclosertothe
secondary’sorbit,significantdifferencesinω̇maybefoundwithlowerV∞. ForsystemssuchasJupiter-
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Figure24. ω̇forthe1:1+-2:2− caseinthechosensystems.

Europathesedifferencescouldbefoundbelowapproximately3km/sV∞s,andforSaturn-Titanbelow
approximately1.5km/sV∞s. Thesedifferencesareimportantattheselowerenergies,andtheprovided
ratescanprovideaguidelineforextendedmissionorendgamedesignscenarios.

VIII. Future Work

Futureworkwillincludetheanalysisofadditionalorbitsequencesinthesesystemsaswellasothers.
Preliminaryanalysisindicatesthattheinvariantmanifoldsandheteroclinicconnectionspossiblewiththese
orbitscanprovideusefultransfers,andthesetransferswillbeanalyzedinthefuture.
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