


onalow-energyBLTtravelsbeyondtheMoonandspendsthreeormoremonthstakingadvantage
oftheSun’sgravitytoraiseitsenergy.ThespacecraftarrivesattheMooninsuchawaythatitmay
insertintoalargethree-bodyorbit,suchasahaloorLissajousorbit,forvirtuallynofuel;oritmay
insertintoalowlunarorbitorlandonthesurfaceoftheMoonusinglessfuelthanifithadarrived
fromaconventional,directtransfer.3Figure1showstwoexamplelow-energytransfersbetween
theEarthandahaloorbitonthefarsideoftheMoon.Thetransfersareviewedfromaboveinthe
Sun-Earthsynodicreferenceframe.

Thispapertakesadvantageofdynamicalsystemstheorytogeneratelow-energytransfersbetween
theEarthandlunarhaloorbits.Previousstudieshavedemonstratedthebenefitsofusingdynamical
systemstheorytoconstruct,analyze,andcategorizelow-energylunartransfersinsimplifiedmodels
ofthesolarsystem.3–8Thispaperstudiestheproblemofgeneratinglow-energytransfersinthefull
ephemerismodelofthesolarsystem,takingintoaccountaccuratelocationsandorbitsofeachof
theplanetsinthesolarsystem.Manyofthedynamicalsystemsmethodsthathavebeenshowntobe
successfulinasimplifiedmodelofthesolarsystemarejustassuccessfulintheephemerismodel.
Thispaperpresentstheprocessofconstructinglow-energytransfers,categorizingthosetransfers
intofamilies,andanalyzingthosefamilies,allintheephemerismodelofthesolarsystem.

Thispaperfirstpresentsthebackgroundofdynamicalsystemstheoryandlow-energylunartrans-
fers.Itthenpresentsthemethodusedheretoconstructlow-energylunartransfersusingdynamical
systemtheory.Thismethodprovidesaneasywaytocategorizelunartransfersintoorganizedfam-
ilies.Thepaperstudiesthesefamiliesandconsidershowtheyvaryfrommonthtomonth.Finally,
thepaperprovidesadiscussionofpracticalapplicationsofthisresearchtolunarmissions.

BACKGROUND

Thissectionpresentsthemodelsanddynamicalsystemstoolsthathavebeenusedinthisresearch
toconstructandanalyzeBLTs.

Models

Thetrajectoriesproducedinthispaperaresignificantlyinfluencedbythegravitationalforces
oftwoormoremassivebodies.Inordertounderstandthecharacteristicsofthesenon-Keplerian
trajectories,itisusefultoexploresimplifiedmodelsofthesolarsystem.TheCircularRestricted
Three-BodyProblem(CRTBP)describesaconvenientsystemtomodelthemotionofaspacecraft
inthepresenceoftwomassivebodiesthatorbittheirbarycenterincircularorbits.Themodelfor-
mulatedbytheCRTBPisagoodfirstapproximationforspacecrafttrajectoriesinthesolarsystem
sincemanyplanetsandnaturalsatellitestraverseorbitsthatarenearlycircular.Low-energylunar
transfers,however,involvethegravitationalinteractionsoftheSun,Earth,andMoon.ThePatched
Three-BodyModelprovidesasimplemodelthatincludesallthreemassivebodieswhileretaining
thebeneficialcomponentsoftheCRTBP.Finally,theJetPropulsionLaboratory’sDE421Plane-
taryandLunarEphemeridesisusedtoproducetrajectoriesthatarecloseapproximationstoreal
trajectoriesinthesolarsystem.

CircularRestrictedThree-BodyProblem(CRTBP)

TheCircularRestrictedThree-BodyProblem9describesadynamicalmodelthatisusedtochar-
acterizethemotionofamasslessparticle,e.g.,aspacecraft,inthepresenceoftwomassivebodies,
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e.g.,theEarthandtheMoon.Themodelassumesthetwomassivebodiesorbittheirbarycenterin
circularorbits.

Itisconvenienttocharacterizethemotionofthethirdbody,i.e.,thespacecraft,inareference
framethatrotatesatthesamerateastheorbitalmotionofthetwoprimarymasses.Thecoordinate
frameiscenteredatthebarycenterofthesystemandorientedsuchthatthex-axisextendsfromthe
barycentertowardthesmallerprimary,thez-axisextendstowardtheprimarybodies’orbitnormal,
andthey-axiscompletestheright-handedcoordinateframe.Inthatsynodicframe,thetwomassive
bodiesarestationaryandthespacecraftmovesaboutthesysteminnon-Keplerianmotion.3,9Itis
convenienttonormalizetheunitsinthesystemsuchthatthefollowingmeasurementsareequalto
one:thedistancebetweenthetwoprimaries,thesumofthemassofthetwoprimaries,therotation
rateofthesystem,andthegravitationalparameter.Theequationsofmotionforthethirdbodyin
thenormalizedrotatingframeareequalto:9

ẍ = 2̇y+x−(1−µ)
x+µ

r31
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wherer1andr2areequaltothedistancefromthethirdbodytothelargerandsmallerprimary,
respectively:

r21 = (x+µ)
2+y2+z2 (4)

r22 = (x−1+µ)
2+y2+z2 (5)

Thespacecraft’spositionandvelocitycoordinatesinEquations1–5aregiveninnondimensional
normalizedsynodiccoordinates;theparameterµisthethree-bodyconstant,computedfortheEarth-
MoonsystembydividingtheMoon’smassbythetotalmassinthesystem.Inthisformitisclear
thatthedynamicsofthesystemdependonlyonthemassfractionµ.Furthermore,asµgoestozero,
thedynamicsapproachtwo-bodydynamics,althoughrepresentedinarotatingframe.

Therearefivewell-knownequilibriumsolutionstotheCRTBP,knownasthefiveLagrange,or
libration,points.9ThesepointsarereferredtoasL1–L5;thispaperadoptsthenomenclaturethat
L1liesbetweenthetwoprimarymassesandL2liesonthefarsideofthesmallerprimary,relativeto
thebarycenterofthesystem.TheLagrangepointsintheEarth-Moonsystemareabbreviatedusing
thenomenclatureLL1–LL5;theSun-Earth/MoonLagrangepointsareabbreviatedEL1–EL5.The
sevenLagrangepointsneartheEartharedepictedinFigure2.

PatchedThree-BodyModel

ThePatchedThree-BodyModel3,6–8usespurelythree-bodydynamicstomodelthemotionofa
spacecraftinthepresenceoftheSun,Earth,andMoon.Itretainsmanyofthedesirablecharacter-
isticsoftheCRTBP,whilepermittingaspacecraftinthenear-Earthenvironmenttobeaffectedby
allthreemassivebodies,albeitonlytwomassivebodiesatanygivenmoment.Whenthespacecraft
isneartheMoon,thespacecraft’smotionismodeledbytheEarth-Moonthree-bodysystem.Other-
wise,thespacecraft’smotionismodeledbytheSun-Earththree-bodysystem,wherethesecondary
bodyisthebarycenteroftheEarthandMoon.ForsimplicityitisassumedthattheEarth-Moonsys-
temiscoplanarwiththeSun-Earthsystem.Theboundaryofthesetwosystemsisreferredtoasthe
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Figure2 AplotdepictingtherelativeproximityofthefiveEarth-MoonLagrange
pointsandthetwonearbySun-EarthLagrangepoints.Planetaryimagescourtesyof
NASA.

three-bodysphereofinfluence(3BSOI);itisanalogoustothetwo-bodysphereofinfluenceusedin
thepatchedconicmethodofinterplanetarymissiondesign.The3BSOIisdescribedastheboundary
ofaspherecenteredattheMoonwitharadiusrSOIcomputedusingthefollowingrelationship:

rSOI=a
mMoon
mSun

2/5

(6)

wheremMoon andmSunarethemassesoftheMoonandSun,respectively,andaistheaverage
distancebetweentheSunandMoon,equaltoapproximately1AU.Thus,thethree-bodysphereof
influencehasaradiusofapproximately159,200km.AsphereofthatradiuscenteredattheMoon
includestheMoon’sL1andL2points,butnottheotherthreeLagrangepoints.

JPLDE421PlanetaryandLunarEphemerides

TheJetPropulsionLaboratoryandtheCaliforniaInstituteofTechnologyhasdevelopedthe
DE421PlanetaryandLunarEphemerides,whichisthemostaccuratemodelofthesolarsystem
usedinthisresearch.ThemodelincludesephemeridesofthepositionsandvelocitiesoftheSun,
thefourterrestrialplanets,thefourgas-giantplanets,thePluto/Charonsystem,andtheMoon.10

ThelunarorbitisaccuratetowithinameterandtheorbitsofEarth,Mars,andVenusareaccurate
towithinakilometer.10

HaloOrbitsintheCRTBP

TheCRTBPpermitstheexistenceofmanyclassesoforbits,includingperiodicandquasiperiodic
two-andthree-dimensionalorbits.3Haloorbitsareveryinterestingandwell-knownperiodicthree-
dimensionalsolutionstotheCRTBP.11–14

Manyauthorshavestudiedhowtotakeadvantageoflunarhaloorbitsforpracticalmissionsto
theMoon.12,15,16Haloorbitsareofparticularuseforlunarcommunicationandnavigationsatel-
lites.17,18Figure3showsplotsofexamplehaloorbitsaboutLL1andLL2.Sincetheforcefieldin
theCRTBPissymmetricaboutthex−yplane,andsincehaloorbitsareasymetricaboutthisplane,
eachhaloorbitsolutiontotheCRTBPcomesinasymmetricpair.Thetwovarietiesofhaloorbits
areknownasNorthernandSouthernorbits.13AsonecanseeinFigure3,asatelliteinaSouthern
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haloorbits.Onceahaloorbitisspecified,athirdparameter,τ,maybeusedtoidentifyasingle
pointinthatorbit.Thisstudydefinesτanalogoustoaconicorbit’strueanomaly,sweepingout
360◦perrevolutionofthehaloorbit,suchthatτisequalto0◦attheorbit’sfirstx-axiscrossingthat
haspositivey-axisvelocity.

HaloOrbitsintheSolarSystem

Haloorbitsareonlytrulyperiodicinsimplifiedmodelsofthesolarsystem,suchastheCRTBP.
Sincetherealsolarsystemincludesnumerousperturbations,particularlythenon-zeroeccentricity
oftheSun,Earth,andMoonabouttheirrespectivebarycenters,aspacecrafttraversingahaloor-
bitdoesnotretraceitspathperfectlyfromonerevolutiontothenext.Thequasi-halotrajectories
generatedinthisresearchhavebeenconstructedbyfirstapproximatingthemusingtheRichard-
sonanalyticalexpansion21andthendifferentiallycorrectingthatapproximationintotheDE421
ephemerismodelofthesolarsystemusingamultipleshootingdifferentialcorrector.Themultiple
shootingdifferentialcorrectortakesaseriesoftrajectorystatesandadjuststheminordertomakethe
entiretrajectorycontinuous.14,22,23Thedifferentialcorrectionprocessisdescribedinmoredetailin
AppendixA.

Figure6showsthedifferencebetweenahaloorbitaboutLL2

Moon Moon L2 L2 

CRTBP 
Halo Orbit 

DE421 
Quasi-Halo 
Orbit 

Earth 

producedintheCRTBPcompared
withthesamehaloorbitdifferentially-correctedintotheDE421modelofthesolarsystem.Onecan
seethattheDE421haloorbitisquasiperiodic,tracingoutthesamevicinityofspaceoneachorbit,
butnevertrulyretracingitself.

ItisinterestingtoobservethatmanyhaloorbitsintheDE421modelofthesolarsystemcome
muchclosertorepeatingtheirpathseveryotherrevolution.Thisisduetothefactthatmanyhalo
orbitshavearevolutionperiodthatisapproximatelyhalfoftheorbitalperiodofthetwoprimary
bodiesinthethree-bodysystem. SincetheMoonisorbitingtheEarth-Moonbarycenterinan
ellipticalorbit,thegeometricalcharacteristicsofahaloorbitdependonwheretheMoonisalong
itsorbit.EveryotherhaloorbitwillfollowtheMooninapproximatelythesameportionofitsorbit.

Thedifferentialcorrectionprocesstypicallycausestheendpointsofatrajectorytoshiftmuch
moredramaticallythantheinteriorstatesalongthetrajectory,assumingthattheendpointsarenot

Figure6 AcomparisonbetweenahaloorbitproducedintheCRTBPandaquasi-
haloorbitproducedintheDE421modelofthesolarsystem.Theorbitsareshownin
theEarth-Moonsynodicreferenceframe.
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constrainedinanyadditionalway.Thisresearchimplementsamethodthatinvolvesdifferentially
correctingmanyrevolutionsofanapproximatehaloorbittogetherandthenpruningtheresulting
trajectoryinordertogenerateatrajectorythatremainsverynearthedesiredreferencehaloorbit.
Thistwo-stepprocessisillustratedinFigure7.TheDE421haloorbitsgeneratedinthispaperhave
beenconstructedbydifferentiallycorrectingfourrevolutionsofahaloorbitandthendiscardingthe
firstandlastrevolutions,keepingthetwointeriorrevolutions.

Figure7 Anexampleoftheprocessofdifferentially-correctingandpruningahaloor-
bitfromtheEarth-MoonCRTBPintotheDE421Ephemerismodel.Left:thenominal
periodichaloorbitintheEarth-MoonCRTBP;Center:thedifferentially-corrected
trajectoryintheDE421Ephemerismodel;Right:theprunedquasiperiodichalotra-
jectoryintheDE421Ephemerismodel.

EachstatealongahalotrajectorygeneratedintheDE421modelofthesolarsystemisdesignated
byaτ-value,similartoahaloorbitgeneratedintheCRTBP.However,eachrevolutionofahalo
trajectoryintheDE421modelrequiresaslightlydifferentdurationoftimetotraverseduetothe
model’sdynamicalperturbations.ThispaperretainsthedefinitionofτintheDE421modelby
specifyingthatτisalwaysequalto0◦ateachx-axiscrossingwithpositivey-velocity.Therefore,
therateofchangeofτvariesslightlyfromorbittoorbit;butthereferenceτ=0◦definitionis
constant.

ThefinalconsiderationinthisdiscussionisthathaloorbittrajectoriesgeneratedintheDE421
ephemerisvarybasedonareferencedate.Inthisstudy,theanalyticalapproximationofthehalo
orbitissenttothedifferentialcorrectorwiththespecificationthattheorbit’sfirstτ=0◦stateis
settoareferenceepoch.Thedifferentialcorrectorwilladjustthatorbitslightly,butthereference
epochwilltypicallybenearτ=0◦fortheconvergedtrajectory.

Insummary,ahaloorbitintheDE421modelofthesolarsystemmaybespecifiedbythez-
axisamplitudeusedtomodelit,Az,andbyareferenceepoch,Tref,usedtoanchoritinthesolar
system.Thereferenceepochspecifiestheapproximatedatethatthedesiredhaloorbitpiercesthe
x-axiswithpositivey-velocity.Thisresearchtheninputsatotaloffourrevolutionsofananalytical
estimateofthehaloorbitintothemultipleshootingdifferentialcorrector:tworevolutionsafterthe
referenceepochplusone”buffer”revolutiononeachend.Afterthedifferentialcorrectorconverges
onacontinuoustrajectoryintheDE421modelofthesolarsystem,thetrajectoryisprunedtoonly
includetworevolutionsofthehaloorbit.Thenanypointalongthehaloorbitmaybespecifiedusing
theparameterτ.
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InvariantManifolds

Trajectoriesinamodelwithtwoormoremassivebodiesmaybeeitherunstableorneutrally
stable.24Theoretically,aparticlewithaperfectlyspecifiedstatewillremainonanunstableorbit
indefinitely.Inreality,thestateofaspacecraftfollowinganunstableorbitinthepresenceofany
randomperturbationwillexponentiallydivergeovertimefromitsnominalstatealongtheorbit.The
moreunstabletheorbit,thefasterthespacecraft’sdeviationwillgrow.Thestation-keepingcostsfor
spacecraftonunstabletrajectorieshavehistoricallybeenverylow:ontheorderof1m/spermonth
orlessforspacecraftinSun-Earth/Moonthree-bodytrajectories.25–28Althoughtheunstablenature
ofalunarhalotrajectoryaddsstation-keepingrequirementstoalunarmission,thatunstablenature
alsoenablesthecapabilitytotransferto/fromtheorbitforverylittlefuel.

Anorbit’sunstableinvariantmanifold(WU)containsthesetofalltrajectoriesthataparticlewill
takeifitisperturbedanywhereonthatorbitinthedirectionofthelocalunstableeigenvector.29,30

Similarly,anorbit’sstableinvariantmanifold(WS)containsthesetofalltrajectoriesthataparticle
maytaketoasymptoticallyarriveontothatorbitalongthelocalstableeigenvector.Putanotherway,
theorbit’sstableinvariantmanifoldisthesetofalltrajectoriesthataparticlewilltakebackward
throughtimeifitisperturbedinthedirectionofthelocalstableeigenvector.Theinvariantman-
ifoldsoflibrationorbitsintheCRTBPhaveinteriorandexteriorhalves,where,forinstance,the
trajectoriesintheinteriorhalfofalunarhaloorbit’smanifoldimmediatelyapproachnearertothe
Moonandviceversa.Figure8showsplotsofthestableandunstableinvariantmanifoldsofanex-
amplelibrationorbitabouttheEarth-MoonL2point.Theinteriormanifoldineachcasepropagates
towardtheMoon;theexteriormanifoldtraversesawayfromtheEarthandMoon.

Figure8 Thestable(left)andunstable(right)manifoldsofalibrationorbitabout
theEarth-MoonL2point,viewedfromaboveintheEarth-Moonsynodicreference
frame.

Inpractice,missiondesignersmodelanorbit’sstableandunstableinvariantmanifoldsbytaking
statesalongtheorbit,perturbingtheminanappropriateway,andintegratingtheresultingsetof
statesthroughtime.3,31,32TheinitialconditionsXS0andX

U
0forthetrajectoriesthatmaybeusedto

modelanorbit’sstableandunstablemanifolds,respectively,maybeconstructedusingthefollowing
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equations:

XS0 = X0±
vS

|vS|
(7)

XU0 = X0±
vU

|vU|
, (8)

wherevSandvUarethestableandunstableeigenvectorsoftheorbit’slocalstatetransitionmatrix,
respectively, isthemagnitudeoftheperturbation,andthesignoftheperturbationdifferentiates
betweentheinteriorandexteriorhalvesoftheorbit’smanifolds.Itiscommontonormalizetheper-
turbationsacrosstheentiremanifoldsuchthattheperturbationshaveaconstantpositionmagnitude,
e.g.,100km.33

As inEquations7and8isreducedtozero,theresultingtrajectoriesmorepreciselymodel
theorbit’smanifold,however,ittakesmorepropagationtimeforthetrajectoriestodepartthehost
orbit.IntheEarth-Moonthree-bodysystem,thereislittlepracticaldifferencebetweenthesetof
trajectoriesthatimplementsaperturbationof10metersandthesetoftrajectoriesthatimplements
aperturbationof10km,assumingthatthehostorbitdoesnotapproachveryclosetoeitherofthe
primarybodies.Inpractice,suchsmalldifferencesareoverwhelmedbyunmodeledvariationsin
solarradiationpressureandotherdynamicalperturbations.Thisstudyassumesthatinpracticea
spacecraftapproachinganEarth-Moonthree-bodyorbitalongitsstablemanifoldhasarrivedon
theorbitonceitsstateiswithin100kmoftheorbit; isthereforesettoprovideanormalized
perturbationwithapositionmagnitudeof100km.

Low-EnergyBallisticLunarTransfers

ManytechniqueshavebeenusedtotransfermaterialbetweentheEarthandtheMoon.Thecon-
ventionalapproachinvolvessendingaspacecraftonadirecttransfer,includingalargemaneuver
attheEarth,alargeorbitinsertionmaneuverattheMoon,andfewerthansixdaysoftransfer
duration.3,17Thisapproachhasbeenusedbymanymissionstosendspacecrafttolowlunaror-
bits,includingtheApollomissionsandtherecentLunarReconnaissanceOrbiter.Byextendingthe
transfer’sdurationbyseveralmonthsandtakingadvantageoftheSun’sgravitytoboostthespace-
craft’senergyrelativetotheEarth,onemaysubstantiallyreduceoreveneliminatetheneedforthe
secondlargemaneuver.ThetwoGRAILspacecraftrequiresmallerorbitinsertionmaneuversto
entertheirlowlunarorbitsthantheywouldiftheyimplementedconventionaldirecttransfers;2the
twoArtemisspacecraftrequirenodeterministicorbitinsertionmaneuverstoentertheirrespective
lunarlibrationorbits.1Ineverypracticalcasestudied,thelongerlunartransfersrequirelessenergy
thanconventionaltransfers;hence,theyareknownaslow-energyballisticlunartransfers.Table1
summarizesthehigh-levelenergyrequirementsoftypicaldirectlunartransferscomparedwiththose
oftypicallow-energylunartransfers.Thetransferscomparedarerepresentative,donotincludeany
specificmissionconstraintsortargets,andaremeanttobeusedonlyforillustrationpurposes.

Low-energylunartransfershavebeenexploredinthepastusingseveraldifferentstrategies.As
earlyas1968,CharlesConleybeganusingdynamicalsystemsmethodstoconstructsuchtransfers,
althoughthetransfersheconstructedwererestrictedtotwodimensions.Conley’smethodinvolved
constructingatrajectorythattransferredfromtheEarth’svicinitytotheMoon’svicinitythrough
theneckregionaboutoneofthecollinearlibrationpointsintheEarth-Moonsystem.34

Inthelate1980sandearly1990s,EdwardBelbrunobegandevelopingamethodtoconstructlunar
transfersusinghisWeakStabilityBoundary(WSB)theory.35–37Themethodinvolvestargetingthe
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Table1 Acomparisonofthecharacteristicsofdifferenttypesoflunartransfersto100km
lowlunarorbitsandtolunarhaloorbits.3,17Thesevaluesarerepresentativevaluesandshould
onlybeusedfortop-levelconsiderations.

TransferType Destination LunarFlyby? InjectionC3 OrbitInsertion∆V Duration

Direct 100kmorbit No -2.06km2/s2 813m/s 4.5days
Direct Haloorbit No -2.26km2/s2 550m/s 5.0days
Direct Haloorbit No -2.26km2/s2 475m/s 10–30days

Low-Energy 100kmorbit No -0.6km2/s2 644.0m/s 90+days
Low-Energy 100kmorbit Yes -2.0km2/s2 644.0m/s 90+days
Low-Energy Haloorbit No -0.6km2/s2 0.0m/s 90+days
Low-Energy Haloorbit Yes -2.0km2/s2 0.0m/s 90+days

regionofspacethatisingravitationalbalancebetweentheSun,Earth,andMoon,withoutinvolv-
inganythree-bodyperiodicorbits.Ballisticcaptureoccurswhenthespacecraft’stwo-bodyenergy
becomesnegative,asillustratedbyYamakawa.38ViacheslavIvashkindevelopedaverysimilartar-
getingmethodintheearly2000s.39–42

Inthemid1990s,othermethodsweredevelopedtoconstructalunartransferthattakeadvantage
ofthechaosintheEarth-Moonthree-bodysystem.43,44Transfershavebeenproducedusingthese
methodsthatrequirelessenergythanconventional,directtransfers,butrequirebetweenninemonths
andseveralyearsoftransfertime.

In2000,Koonetal.constructedaplanarlunartransferthatwasalmostentirelyballisticusing
thetechniquesinvolvedinConley’smethod.4,5SimilartoConley,Koonetal.constructedatransfer
bytargetingatrajectorywithintheinteriorofthestableinvariantmanifoldofaplanarlibration
orbitabouttheEarth-MoonL2point.Onceinsidetheinteriorofthestablemanifold,thespacecraft
ballisticallyarrivesatsometemporarily-capturedorbitabouttheMoon.

Recentresearchhasdemonstratedhowtousedynamicalsystemstheorytoconstructlow-energy
ballisticlunartransfersinthree-dimensions.3,6–8Thisresearchhasshownthatalow-energyballistic
transfermaybemodeledasaseriesofheteroclinictransfersbetweenunstablethree-bodyorbitsin
theSun-EarthsystemandtheEarth-Moonsystem. Muchofthisworkhasbeenperformedinthe
PatchedThree-BodyModel,ausefulmodelforstudyingthetheorybehindtheseorbittransfers.The
presentworkextendsthisresearchbystudyingthecharacteristicsoflow-energytransferstolunar
haloorbitsintheDE421modelofthesolarsystem.

Figure9illustrateshowalow-energyballistictransfermaybemodeledasaseriesoforbittrans-
fersinthePatchedThree-BodyModel.AspacecraftdepartstheEarthonatrajectorythatshadows
thestableinvariantmanifoldofanunstablethree-bodyorbitintheSun-Earth/Moonthree-body
system.Thespacecraftdoesnotarriveonthatorbit,however,beforeitballisticallydivertsand
thenshadowstheunstablemanifoldofthatorbit.Thetrajectoryisdesignedtoarriveinthestable
manifoldofanunstablethree-bodyorbitintheEarth-Moonthree-bodysystem,e.g.,anLL2halo
orbit.

BallistictransfersbetweentheEarthandunstableEarth-Moonthree-bodyorbitsareeasilyiden-
tifiedbypropagatingthestablemanifoldofthetargetlunarthree-bodyorbitbackwardintimeand
intersectingitwiththeEarth.Thetrajectoriesmustbepropagatedlongenoughtogivethemsuffi-
cienttimetodeparttheMoon’svicinity,entertheSun-Earththree-bodysystem,andfallbacktothe
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Figure9 Modelingaballisticlunartransferasaseriesofheteroclinictransfersbe-
tweenunstablethree-bodyorbitsinthePatchedThree-BodyModel.

Earth.Sometransfersrequireonly100daystocomplete;othersrequiremoretimeduetoadditional
revolutionsabouttheEarth.

Dynamicalsystemstheoryprovidestheframeworktoparameterizeaballisticlunartransfer.A
BLTinthePatchedThree-BodyModelmaybecharacterizedusingsixparameters:3,7

1.F:Thefamilyofunstablethree-bodyorbitsthatincludesthetargetlunarorbit,e.g.,thefamily
ofSouthernhaloorbitsabouttheLL2point.

2.Az:Thespecificthree-bodyorbitwithinthefamilyF.OtherpapersinterchangeAzwiththe
orbit’sJacobiconstantorx0-value.

3.θ:TheanglebetweentheSun-EarthaxisandtheEarth-Moonaxisatthepointofarrivalat
thelunarorbit.

4.p:Theperturbationdirection,i.e.,whethertheBLTimplementstheinteriororexteriorstable
manifoldofthelunarorbit.

5.τ:Thearrivallocationonthelunarorbit,i.e.,thespecifictrajectorywithintheorbit’sstable
manifoldtotraverse.Thisparameterisalsodirectlyrelatedtothemanifold’sperturbation
magnitude .

6.∆tm:Thepropagationduration.

Thefirstfiveparametersdefinetheinitialconditionsforatrajectorythatisthenpropagatedback-
wardintimeforadurationoftimeequalto∆tm.AssumingthattheparametersetproducesaBLT,
thetrajectorywillhaveatleastonecloseapproachwiththeEarthwhenpropagatedbackwardin
time.Itmaybethecasethatthefirstperigeepassagedoesnotencounteradesirablestatetoinject
from,e.g.,itmaybeatanundesirablealtitudeorinclination,butalaterperigeepassagedoesen-
counteradesirableinjectionstate.Thepropagationduration∆tmmustbelargeenoughtopermit
thetrajectorytopropagatetothebestperigeepassage.
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BALLISTICLUNARTRANSFERSINTHEDE421MODEL

Thedynamicalsystemsmethodsthatenabledtheclearanalysisandconstructionoflow-energy
ballisticlunartransfersinthePatchedThree-BodyModelinpreviousstudiesapplytotheDE421
modelofthesolarsystemaswell.TheSun,Earth,andMoonorbittheirrespectivebarycentersinor-
bitsthatarenotfarfromcircular;theMoon’sorbitalplaneiswithin5.2degreesoftheEarth’sorbital
plane.Thus,manytrajectoriesthatexistinthePatchedThree-BodyModelaregoodapproximations
oftrajectoriesthatexistintherealsolarsystem.

Low-energyballisticlunartransfersareconstructedinthisstudyinthesamewaythattheyhave
beenconstructedinthePatchedThree-BodyModel. Anunstablethree-bodyorbitisselectedas
atargetorbitneartheMoon.Theorbit’sstablemanifoldispropagatedandintersectedwiththe
Earth.ThosetrajectoriesthatintersecttheEarthmaybeusedasballistictransfersfromtheEarth
tothetargetorbitviatheorbit’sstablemanifold.Themostsignificantadjustmenttothisprocedure
involvestheconstructionofthetargetthree-bodyorbitintheDE421model. Thisprocesswas
describedearlierinthispaper.BallisticlunartransfersmaybeuniquelyspecifiedintheDE421
modelusingasetofsixparametersthatissimilartothesetusedtodescribetransfersconstructed
inthePatchedThree-BodyModel.Thissetincludestheparameters:{F,Az,Tref,p,τ,∆tm},
whereTrefspecifiesthereferenceepochandreplacestheparameterθfromtheprevioussetof
parameters.

Table2summarizesthesetofparametersthatgeneratesanexampleBLTintheDE421model,
showninFigure10.TheparametersF,Az,andTrefdefinetheSouthernLL2haloorbitthatis
showninFigure11.Onecanseethatthemultipleshootingdifferentialcorrectoradjustedthestate
oftheanalyticalapproximationofthehaloorbitsuchthatthereferenceepochisnolongeratthe
τ=0◦point,butattheτ≈3.84◦point.Aparticulartrajectoryinthehaloorbit’sstablemanifold
isthengeneratedthatcorrespondstotheparametersτandpinTable2,whichpropagatesbackward
intimetoaperigeewithanaltitudeof185km.ThedistancebetweenthistrajectoryandtheMoon
isshowninFigure12.Onecanseethatthistrajectoryasymptoticallyarrivesattheorbitfromthe
”Exterior”direction.

FAMILIESOFBALLISTICLUNARTRANSFERS

AsetofBLTparametersmaybeusedtogeneratetheinitialconditionsofatrajectorythat
ispropagatedbackwardintimetoconstructaballisticlunartransfer.Ifonesetofparameters
{F,Az,Tref,p,τ,∆tm}generatesatrajectorythatoriginatesfromaLEOorbitwithanalti-
tudeof185km,thenitistypicallythecasethatasmalldeviationineitherTreforτwillgeneratea
trajectorythatoriginatesfromaLEOorbitwithaslightlydifferentaltitude.However,smalldevia-
tionsinbothofthoseparametersmayoftenbedesignedtogenerateanewtrajectorythatoriginates
fromaLEOorbitwiththesame185kmaltitude.Inthatcase,thetwosetsofparametersdefinetwo
differentballisticlunartransfersthatareinthesamefamilyoftransfers.

Figure13illustrateshowBLTsmaybeorganizedintofamilies.Inthisexample,theBLTshown
inFigure10withtheparametersgiveninTable2isusedasareferencetrajectory.TheBLT’s
parametersareallheldconstant,exceptfortheparametersTrefandτ,whicharesystematically
variedthroughallcombinationsofvaluesshowninFigure13.Ateachcombination,anewtrajectory
ispropagatedandanalyzedtodetermineitsnewperigeealtitude.OnecanseeinFigure13thatby
reducingTrefandincreasingτanappropriateamount,onecanproducenewtrajectoriesthatalso
haveaperigeealtitudeof185km,andviceversa.ByreducingbothTrefandτ,onebuildstrajectories
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Table3.TheparametersusedtoproducetheresultsshowninFigure14.

Parameter Value

F ThefamilyofSouthernEarth-MoonL2HaloOrbits
Az 30,752km(0.08normalizeddistanceunits)
Tref 1Jan201700:00:00ET≤Tref≤31Jan201700:00:00ET
τ 0◦≤τ≤360◦

p ”Exterior”
∆tm 180days

Figure14 Astatespacemapthatshowstheperigeealtitudeofeachgeneratedtra-
jectoryasafunctionofTrefandτ.Thedarkestregionsincludethecombinationsof
TrefandτthatyieldusefulBLTs.

illustratethetrajectoriesthatmaybegeneratedusingtheseparameters.

FamiliesofBLTsmaybeidentifiedintheBLTstatespacemapshowninFigure14bytracing
thosecombinationsofTrefandτthathaveaperigeealtitudeofsomedesirablevalue,e.g.,185
km.Figure16showssamplesofthecombinationsofTrefandτthatgenerateBLTswithinjection
altitudesof185km.Thepointsdisplayedinblackcorrespondtotrajectoriesthattraversecloserto
EL2thanEL1andviceversa.Table4presentsasummaryofthecharacteristicsofasampleofthe
BLTsidentifiedinFigure16.EachoftheseBLTsisamemberofafamilyofsimilartrajectories,
whosecharacteristicsvarysmoothlyawayfromthosepresentedinthetable.Therearecertainly
manyfamiliesofBLTsunrepresentedinthetable.

ThequickesttransferidentifiedinFigure16requiresfewerthan83daysbetweentheinjection
andthepointwhenthetrajectoryhasarrivedwithin100kmofthelunarhaloorbit. Thevast
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Table4 AsummaryofthecharacteristicsofasampleoftheBLTsidentifiedinFigure16.
∗Thereferenceepochisgivenasadurationoftime,indays,awayfrom1Jan201700:00:00
EphemerisTime.

∆Reference τ EL1/ C3 Transfer #Earth #Lunar InjectionInclination(deg)

# Epoch∗(days) (deg) EL2 (km2/s2) ∆t(days) Flybys Flybys Equatorial Ecliptic

1 12.060302 334.519 2 −0.2902 133.76 0 0 23.225 28.192
2 12.211055 333.736 2 −0.3457 132.91 0 0 131.701 151.274
3 14.170854 283.655 2 −0.3444 118.36 0 0 51.319 69.045
4 15.226131 271.069 2 −0.4944 108.76 0 1 32.329 51.431
5 15.829146 279.419 2 −0.4296 171.62 0 0 85.326 103.860
6 20.351759 238.347 2 −0.6556 130.11 0 0 115.737 137.694
7 20.351759 239.232 2 −0.5856 145.20 0 0 21.877 22.738
8 22.311558 221.171 2 −0.6904 137.51 0 1 35.973 13.527
9 23.819095 206.901 2 −0.7153 129.17 0 0 22.180 10.275
10 20.050251 180.970 2 −1.8533 171.79 0 1 97.684 92.972
11 25.025126 164.113 2 −1.9222 146.35 0 1 20.490 4.271
12 27.286432 137.373 2 −2.0307 176.72 0 2 38.302 36.809
13 28.190955 168.405 2 −2.0880 122.46 2 2 19.325 30.359
14 28.040201 185.608 2 −1.0318 145.08 0 1 34.251 11.315
15 28.040201 185.630 2 −1.6144 145.75 0 2 103.995 126.244
16 0.000000 55.325 2 −0.9032 179.35 2 1 143.590 121.792
17 0.150754 63.382 2 −0.6429 97.90 0 0 23.372 0.836
18 0.452261 54.781 2 −0.6608 132.55 0 0 145.538 168.969
19 1.507538 66.990 2 −1.1266 113.39 0 1 166.454 144.152
20 8.592965 59.539 2 −0.8393 178.32 0 1 99.214 87.676
21 8.592965 59.962 2 −0.6791 165.37 0 0 14.732 20.434
22 6.030151 144.580 2 −0.6940 170.11 0 3 23.140 17.669
23 27.889447 53.118 2 −0.9637 140.22 1 2 11.452 28.632
24 28.040201 15.470 2 −0.4261 172.37 0 1 27.743 40.712
25 28.190955 34.787 2 −0.5891 105.30 0 0 148.336 171.495
26 28.341709 43.756 2 −0.5740 96.55 0 0 20.962 3.797

∆Reference τ EL1/ C3 Transfer #Earth #Lunar InjectionInclination(deg)

# Epoch∗(days) (deg) EL2 (km2/s2) ∆t(days) Flybys Flybys Equatorial Ecliptic

27 2.110553 245.420 1 −0.5465 91.66 0 0 20.003 4.747
28 2.412060 247.372 1 −0.6290 172.42 1 0 54.249 30.825
29 2.110553 251.704 1 −0.6311 178.46 1 2 59.547 36.213
30 2.261307 255.586 1 −0.5150 154.75 0 0 65.164 44.035
31 6.934673 122.568 1 −0.7340 165.38 0 0 20.624 28.138
32 6.783920 138.709 1 −0.5098 164.58 0 2 124.809 129.384
33 11.457286 38.141 1 −1.1299 167.55 0 2 39.917 26.275
34 14.170854 65.695 1 −0.5599 143.25 0 0 19.771 14.374
35 14.170854 70.107 1 −0.6869 123.22 0 0 106.493 129.791
36 14.170854 73.417 1 −0.6246 115.20 0 0 87.048 110.261
37 16.733668 222.850 1 −0.7658 179.64 0 1 137.534 126.323
38 16.733668 223.945 1 −0.6178 171.17 0 0 11.994 14.627
39 17.035176 192.365 1 −1.5154 156.53 1 1 28.596 51.902
40 22.160804 108.406 1 −2.0107 129.17 0 1 18.754 5.377
41 23.819095 87.587 1 −0.6915 167.13 0 0 50.748 32.372
42 28.190955 313.713 1 −0.4043 177.60 0 0 140.309 130.765
43 28.492462 285.732 1 −0.4568 109.17 0 1 10.097 14.214
44 3.165829 227.614 1 −1.9572 169.47 7 2 153.358 172.197
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Figure15 ThesamestatespacemapshowninFigure14withexampleBLTsshown
aroundtheperimeter.

majorityofthetransfersshownrequirealaunchenergyintherangeof−0.75km2/s2≤C3≤−0.35
km2/s2.Thetransfersthatincludealunarflybyoftenrequirelesslaunchenergy,particularlythose
thatinvolvealunarflybyontheoutboundtrajectorysoonafterinjection.SeveralBLTshavebeen
identifiedthatrequireaC3aslowas−2.1km2/s2,implementingalunarflybyatanaltitudeof
approximately2000km.Figure17showstherelationshipbetweentherequiredinjectionC3and
thetransferduration;Figure18comparestherequiredinjectionC3withthelowestlunarperiapse
altitude.OnecanseeaclearcorrelationinFigure18thatthecloseratrajectorygetstotheMoon
duringthetransfer,thelowertheinjectionC3maybe.AdditionallunarflybysorEarthphasing
orbitsmayhelpprovidethegeometryneededforaparticularmission.

TheBLTstatespacemapshowninFigures14–16willrepeatperfectlyfromonesynodicmonth
tothenextinthePatchedThree-BodyModel,sincethemodelissymmetric.Thecharacteristics
oftheBLTstatespacemapgeneratedintheDE421modelofthesolarsystemwillvaryfromone
synodicmonthtothenext,althoughsimilarfeatureswillrepeat.Figure19showsamapofthe
perigeealtitudeoftrajectoriesgeneratedfromthesamesetofparameterspresentedinTable2,but
forawiderrangeofTrefandτ:Trefisvariedoverthreemonthsandτisvariedovertwohaloorbit
revolutions.Onecanseethesamefeaturesfromcycletocycle,butthedetailsofthestatespacemap
vary.Significantvariationsareobservedbetweenthefirsthaloorbitrevolution(0◦≤τ≤360◦)
andthesecond(360◦≤τ≤720◦),mostlyasaconsequenceofthenon-zeroeccentricityofthe
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Figure16 CombinationsofTrefandτthatgenerateBLTswithperigeeinjectionsat
analtitudeof185km.Thepointsdisplayedinblackcorrespondtotrajectoriesthat
traverseclosertoEL2thanEL1;pointsshowningraytravelclosertoEL1thanEL2.

Figure17 TherelationshipbetweentheinjectionC3valueandthedurationofthe
transferforeachBLTidentifiedinFigure16.Thepointsdisplayedinblackcorre-
spondtotrajectoriesthattraverseclosertoEL2thanEL1.
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BLTs with 
Lunar Flybys 

BLTs with no 
Lunar Flybys 

Figure18 TherelationshipbetweentheinjectionC3valueandthelowestlunar
periapsealtitudeduringeachballisticlunartransferidentifiedinFigure16. The
pointsdisplayedinblackcorrespondtotrajectoriesthattravelclosertoEL2than
EL1.

Moon’sorbitabouttheEarth-Moonbarycenter.

BallisticlunartransfersbetweentheEarthandahaloorbitwithreferenceepochsthatspanthe
courseofanentireyeararecomparedinasinglestatespacemapbywrappingthetransfersintoa
synodicmonth.Figure20comparesthelocationsofBLTsinsuchamap,identifyingtherelationship
betweenTrefandτacrossanentireyear,wheretheabscissaaxisoftheplotdisplaysthedurationof
timebetweenTrefandthebeginningofthecurrentsynodicmonth,ratherthanTrefdirectly.

ThefeaturesobservedinmanyperformancecharacteristicsoftheidentifiedBLTsrepeatfrom
synodicmonthtomonth.Figure21showstherelationshipbetweentherequiredinjectionC3and
thetransferdurationforeachidentifiedBLTinayear,shadedaccordingtotheBLT’ssynodic
month;Figure22comparestheinjectionC3withtheminimumperilunealtitude.Onecanseevery
discernablepatternsintheBLTparameterrelationshipsthatrepeatineachsynodicmonthshown.

Thelargestvariationsobservedfromonesynodicmonthtothenextcorrespondtodifferences
intheBLTinjectioninclination,inbothequatorialandeclipticreferenceframes,asillustratedin
Figure23.ItisapparentwhenstudyingtheplotsshowninFigure23thatBLTsdeparttheEarth
fromorbitalplanesatnearlyanyinclinationduringeachsynodicmonth.Itisexpectedthatthe
equatorialinclinationoftheBLTinjectionpointswillvaryfromonesynodicmonthtothenext
duetotheEarth’sobliquityangle,however,significantvariationsalsoexistfrommonthtomonth
whenobservingtheBLTinjectionpoints’eclipticinclinationvalues.Thevariationsinthegeometry
duringtheyearhaveamorepronouncedeffectwhenthetrajectoriesflyneartheEarthorMoon.

Discussion

ThetechniquesdescribedheretoproduceandanalyzeBLTstatespacemapsmaybeextended
tobuildstatespacemapsoftransfersbetweentheEarthandanyunstablethree-bodyorbitinthe
Earth-Moonsystem.Thispaperhaslimitedthescopeofthisexplorationtoaveryspecifictypeof
transfer:onethatisdesignedtotransferfrom185kmabovetheEarth’ssurfacetoaspecificLL2
haloorbitviathatorbit’sexteriorstablemanifoldusingonlythetangentialinjectionmaneuverand
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Figure19 ThesamestatespacemapshowninFigure14extendedtocover90days
ofreferenceepochsandtworevolutionsofthehaloorbit.

nomorethan180daysoftransfertime.ClearlythepotentialtradespaceofBLTsisverylarge.
Nevertheless,eventhelimitedscopeofthispaperidentifiedalargenumberoffamiliesofBLTs,
departingfromtheEartheachandeverydayatnearlyanyinjectioninclination.

Thetechniquespresentedheremaybeappliedtotheproblemoftransferringaspacecraftfrom
anyarbitraryorbitontoatrajectorytotheMoon.Itmaybethecasethataspacecraftisalready
insomeorbitabouttheEarthandmustthentransferontoalow-energyBLT–thishasbeenthe
casewiththetwoArtemisspacecraft.1InthecaseofArtemis,thetwospacecraftwerestationedin
highorbitsabouttheEarthpriortoanyconsiderationofhowtheywouldtransferontoalow-energy
lunartransfer.ABLTstatespacemapmaybecateredtotheseuniqueneedsbytracingcontoursin
themapsofBLTparametersthatcorrespondtothespecificmissionrequirements,e.g.,contoursof
altitudeandequatorialinclinationthatintersecttheinitialorbit.

Itshouldbenotedthattheprocessofconstructingalow-energyBLTintheDE421modelisnot
strictlysmooth.Themultipleshootingdifferentialcorrectoriteratesuntilatrajectoryisgenerated
thatiscontinuousinpositionandvelocitywithinsometolerance.Ingeneral,averysmallchange
inaninputparametertothedifferentialcorrector,e.g.,Az,willyieldaverysimilartrajectory.
However,therearerarediscontinuitiesbetweentrajectoriesthataretheoreticallyadjacentinafamily
ofBLTs–discontinuitiesthatresultfromadistinctchangeinthenumberofiterationsrequiredin
thedifferentialcorrectionprocess.Inaddition,round-offerrormaypresentslightdiscontinuitiesin
thecharacteristicsofafamilyofBLTsduetotheunstablenatureoflow-energyBLTs,theirduration,
andtheirpotentialinteractionswiththeEarthandMoon.Finally,theparametersthatproduceaBLT
ononemachineusingoneintegrationschememaynotproducetheexactsametrajectoryonanother
machineusingdifferenthardwareand/orsoftwareduetotheunstablenatureoflow-energyballistic
lunartransfers.
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Figure20 ThecombinationsofTrefandτthatyieldBLTsduring12months,relative
tothebeginningofeachsynodicmonth.Thefirstmonth,whichstartsatareference
epochof1Jan201700:00:00EphemerisTime,isshowninthelightestshadeandeach
consecutivesynodicmonththereafterisplottedinadarkershade.

Figure21 TherelationshipbetweentheinjectionC3valueandthedurationofthe
transferforeachBLTidentifiedinFigure20. Thefirstmonth,whichstartsata
referenceepochof1Jan201700:00:00EphemerisTime,isshowninthelightestshade
andeachconsecutivesynodicmonththereafterisplottedinadarkershade.
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Figure22 TherelationshipbetweentheinjectionC3valueandthelowestlunar
periapsealtitudeduringeachballisticlunartransferidentifiedinFigure20.Thefirst
month,whichstartsatareferenceepochof1Jan201700:00:00EphemerisTime,is
showninthelightestshadeandeachconsecutivesynodicmonththereafterisplotted
inadarkershade.

Figure23 Theequatorial(left)andecliptic(right)inclinationoftheBLTinjection
pointforeachBLTidentifiedinFigure20.Thefirstmonth,whichstartsatareference
epochof1Jan201700:00:00EphemerisTime,isshowninthelightestshadeandeach
consecutivesynodicmonththereafterisplottedinadarkershade.

APPLICATIONSTOPRACTICALMISSIONDESIGN

Low-energyballisticlunartransfersareagoodtrajectorychoiceforroboticmissionstotheMoon.
Theydonotrequireanynewtechnology;theirtransferdurationsareoperationallyrealistic;and
theymaybeusedtoeitherreducethefuelrequirementsofamissionorincreasethepayloadmass
ofthesystem.A100-daytransferislongenoughtoprovidesufficienttimeforspacecraftcheck-
out,trajectorycorrectionmaneuvers,andsafetyreviewspriortoacriticaleventuponarrivalatthe
Moon.Low-energyBLTsbetweentheEarthandlowlunarorbitsorthesurfaceoftheMoonrequire
lessenergythanconventional,directtrajectories.Missionstolunarthree-bodyorbits,suchashalo
orbits,receivethegreatestbenefitsbytheimplementationofaBLT.ABLTtoanunstablehalo
orbitdoesnotrequirealargeorbitinsertionmaneuver–directtransfers,ontheotherhand,require
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orbitinsertionswith∆Vsupto500m/sormore.Finally,low-energyballistictransfersmayalso
beconstructedfromlunarorbitstotheEarthusingthesametheory.Inthosecases,low-energy
transfersmaybemoreflexiblewhentargetingaspecificentryconditionuponarrivalattheEarth.

CONCLUSIONS

Low-energyballisticlunartransfers(BLTs)areconstructedinthisresearchusingdynamicalsys-
temsmethods.PreviousworkhasdemonstratedhowtobuildaBLTusingdynamicalsystemstheory
inasimplifiedmodelofthesolarsystem;thisresearchextendsthatworkintothemorerealis-
ticDE421modelofthesolarsystem,providedbytheJetPropulsionLaboratoryattheCalifornia
InstituteofTechnology.

Thisresearchhasdevelopedamethodtobuildlow-energyBLTsbetweentheEarthandunstable
three-bodyorbitsattheMoon,suchashaloorbitsabouteithertheEarth-MoonL1orL2point.It
hasbeenfoundthatthistechniqueprovidesasimplewaytoparameterizeaBLTusingonlysix
parameters.Theseparametersmaybesystematicallyvariedtoidentifyandcategorizefamiliesof
BLTs.GivenknowledgeofthesefamiliesofBLTs,amissiondesignermaybeabletoquicklysurvey
alargevarietyofBLTswhenselectingatrajectoryforaspecificmission.

FamiliesofBLTsmaybeeasilyconstructedandorganizedonaBLTstatespacemap.Ithasbeen
foundthatthesestatespacemapsvaryfromonesynodicmonthtothenextduetotheasymmetric
natureoftherealsolarsystem;yetmanyofthefeaturesdorepeatfrommonthtomonth.These
featuresprovideameanstoquicklyidentifyusefullunartransfersinastatespacemapinanarbitrary
month.
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APPENDIXA:MULTIPLESHOOTINGDIFFERENTIALCORRECTION

Amultiple-shootingdifferentialcorrectorisusedinthispapertolinkmanyunstabletrajectory
segmentstogethertoformasingle,fullycontinuoustrajectory. Thisdifferentialcorrectormay
becharacterizedasaniterativealgorithm,whereeachiterationinvolvestwolevelsofdifferential
correction.Thealgorithmisdescribedindetailintheliterature.14,22,23

Theprocessbeginsbycharacterizingatrajectorybyasetofsegments,separatedbypatchpoints.
Eachtrajectorysegmentiscontinuousinpositionandvelocity,buttheoveralltrajectoryisnot
necessarilycontinuousacrosseachpatchpoint.Thealgorithmiterativelyadjuststhestateofeach
patchpointinordertotransformthesetoftrajectorysegmentsintoasingle,continuoustrajectory.
Thealgorithmcontinuesiteratinguntiltheresultingtrajectorysatisfiesasetofdesiredconstraints,
e.g.,continuitywithinsometolerance.Thetwolevelsofcorrectionaredescribedasfollows.

LevelI.TheLevelIdifferentialcorrectionprocessisasingle-shootingalgorithmthatisdesigned
toupdatethevelocityofeachpatchpointinthecurrentsequenceofsegments,oneatatime,
suchthatthefinalstateofeachsegmentintersectsthepositionandepochofthefollowing
patchpoint.Inthisway,theLevel1processtransformsthesetofdiscontinuoustrajectory
segmentsintoasingletrajectorythatiscontinuousinpositionandtime.Thetrajectorystill
includesvelocitydiscontinuitiesateachpatchpoint.
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LevelII.TheLevelIIdifferentialcorrectionprocessupdatesthepositionandtimeofeverypatch-
pointinthetrajectorysimultaneouslyinordertoreducethesumofallvelocitydiscontinuities
inthetrajectory.Theresultisatrajectorythatisdiscontinuousinposition,buthasareduction
intotal∆VafterthefollowingexecutionofLevelI.

Eachpassthroughthetwolevelsreducesthelevelofdiscontinuityinthetrajectory,providedthat
theprocessisconvergingtowardacontinuoussolution.Additionalconstraintsmayalsobeplaced
onthetrajectorysuchthattheprocessconvergesonatrajectorythatmeetsspecificmissiondesign
goals.23
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