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Abstract – Multi-Fiber CompositesTM (MFC’s) produced by Smart Materials Corp behave essentially like thin 
planar stacks where each piezoelectric layer is composed of a multitude of fibers.  We investigate the suitability of 
using previously published inversion techniques [9] for the impedance resonances of monolithic co-fired 
piezoelectric stacks to the MFCTM to determine the complex material constants from the impedance data.    The 
impedance equations examined in this paper are those based on the derivation by Martin [5,6,10].  The utility of 
resonance techniques to invert the impedance data to determine the small signal complex material constants are 
presented for a series of MFC’s.  The technique was applied to actuators with different geometries and the real 
coefficients were determined to be similar within changes of the boundary conditions due to change of geometry.  
The scatter in the imaginary coefficient was found to be larger.  The technique was also applied to the same actuator 
type but manufactured in different batches with some design changes in the non active portion of the actuator and 
differences in the dielectric and the electromechanical coupling between the two batches were easily measureable.   It 
is interesting to note that strain predicted by small signal impedance analysis is much lower than high field stains.  
Since the model is based on material properties rather than circuit constants, it could be used for the direct evaluation 
of specific aging or degradation mechanisms in the actuator as well as batch sorting and adjustment of manufacturing 
processes.   
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                                                                       I. INTRODUCTION 

 
 Multi-Fiber Composites[1,2,3] have found use in a variety of aerospace, industrial, automatic, and 
consumer applications where flexible low profile actuation is desired[ 4]. These MFC’s are used in a variety of 
applications that require relatively high force and larger displacement than single element piezoelectric transducers 
can produce for a given voltage excitation.  These include micro-positioning systems, vibration control, Energy 
harvesting, shape control, structural health monitoring and ultrasonic transducers.  The solution for the zero bond 
length stack was derived by Martin [5], [6] for the case of piezoelectric.  His model was derived from Mason’s 
equivalent circuit of n layers connected mechanically in series and electrically in parallel as shown in Figure 1.   

 
Figure 1.  Equivalent circuit representation of a stack with the mechanical ports of each equivalent circuit 
representing a layer connected in series and n electrical ports in parallel. For stacks with aspect ratios length/width < 



 

5 material constants are effective.  The MFCTM has a similar structure with each input representing the positive and 
negative electrodes on the fibers on the MFC and the left and right acoustic ports connect the acoustic ports of the 
MFC layer to the previous and next layer. 
 

Figure 2.  A CAD rendering of an MFC and a close up showing the individual fibers and the positive and negative 
electrodes.  
 

II. THEORY 
 

The first order equations used to determine the effective elastic, dielectric, and piezoelectric constants in the 
low frequency limit based on the 3-1 composite theory of Newnham et al.7 was published by Wilkie et al.[8]  These 
equations use the volume fraction of the fiber and the matrix material and their elastic constants in the strain 
direction to calculate the effective material constants of the composite structure.  These equations suggest a slight 
reduction in the piezoelectric properties from the bulk ceramic material however they do not account for dispersion 
and non linear effects in the ceramic and matrix material.   

The overall structure of the MFC’s is similar to the structure of a multilayered stack.  In the MFC’s we have 
electrodes layers connected in parallel but rather than covering plates of piezoelectric connected mechanically in 
series they connect a liner array of fibers that are mechanically connected in series to the array of fibers above or 
below.  To a first order approximation the theory for the MFC’s should be the same as for Martin’s general solution 
for the admittance of a piezoelectric multilayered stack of  plate area A,  published earlier [5,6,9,10].  For n layers 
and total length nL is 
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and DD sv 33/1 ρ=  is the acoustic velocity at constant electric displacement.  The constants 33
D
3333  ,s  , dTε  are the free 

permittivity, the elastic compliance at constant electric displacement and the piezoelectric charge coefficient, 
respectively.  
In the MFC’s the area A is the cross sectional area of the fibers and polymer between the electrodes.    In the stack 
equations above it was assumed that the electrodes are zero thickness but in reality the electrode thickness is non-
zero and will change the resonance frequency and the measured elastic constant.   In addition the lack of a large 
aspect ratio (L/w) also can produce changes in the resonance frequency.   In the case of the MFC’s the electrodes are 
on the sides of the fibers however due to the large dielectric constant the field lines turn in and produce fields in the 
piezoelectric that are primarily perpendicular to the electrodes.   Due to the lack of the ideal geometry and the fact 
that the coefficients are for a composite the coefficients determined from the MFC’s are to be considered “effective” 
and this geometry of resonator cannot be used easily to determine the baseline material properties of the piezoelectric 
material.     
 

Using equations 1 to 7, Martin demonstrated that in the limit of large n (n>8), the acoustic wave speed in 
the material was determined by the constant field elastic constant Es33  ( EE sv 33/1 ρ= ).  In the limit of n > 8 an 
analytical equation for the admittance was presented which allowed for direct determination of material constants 
from the admittance data [10].   In this limit the admittance was shown to be: 
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where the series resonance frequency is: 
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In addition to the many layer approximation discussed by Martin, equations 1 to 7 can be shown to reduce to another 
exact analytical solution in the limit of n = 1 or 2: 
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The wave propagates at a speed DD sv 33/1 ρ=  which is a function of the elastic compliance at constant electric 
displacement.  The parallel frequency constant is: 
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Equations 8 and 10 can be used to analyze data for stacks with many layers (n>8) and stacks with n = 1 or 2 using 
Smits’ method [11] to determine the effective complex material properties of the piezoelectric material.  the limit of 
large n, the real and imaginary part of the coupling coefficient determined using equation 8 approaches the value 
determined from the full solution.  For n = 1, 2, the results determined using equation 10 are exact although this 



 

solution is typically not of practical interest for MFC’s.   The standard approach (which is valid for all values of n) is 
to directly fit equation 1 to the data using non-linear regression techniques for complex parameters as has been done 
for bulk [12] and thin film [13]  and stack resonators[9].  The material constants shown in equation 8 are effective 
constants.  To determine the material properties one has to account for the segmentation and divide the d33 coefficient 
by n to get the material d33.  Also the dielectric constant of the material is found by dividing the effective dielectric 
constant by n2.  

An alternative to the full non linear regression to determine the complex coefficients one can use the 
admittance equation shown in equation 8 and Smits method to evaluate the effective complex material constants.  A 
mapping of the critical frequencies in equation 8 to the Butterworth Van Dyke Circuit model allows the use of the 
IEEE standard method [14] to determine the relationships between the resonance frequency fs and the elastic 
constant and the coupling from the resonance and anti-resonance frequency.   The effective real parts of the constants 
and the mechanical Q of a many layer approximation in equation 8 can be determined by matching the best fit to the 
Butterworth Van Dyke circuit constants as is shown in Table 1.  

     
 
Table 1.  Stack effective parameters determined from Butterworth Van Dyke Circuit (C0, C1, L1, R1).            (L 
=stack length, A =effective cross sectional area , ρ = effective density) 
 

Resonance frequency fs 
Anti-resonance frequency fp 

 
Circuit Q ≈ Mechanical Q 

 
Coupling coefficient 

 
Effective elastic constant    
 (m2/N) 

 
Effective dielectric permittivity  (F/m) 

 
Effective piezoelectric constant 
  =  Stroke/volt            (m/V) 

 
 

III. RESULTS 
 

   The actuators measured in this study are shown in Figure 3.  In order to look at the sensitivity of these 
resonance methods we have evaluated the MFC#1 (M8528-P1 – 02F10-0321) using Smits resonance analysis [11] 
about the fundamental and the 5th resonance peak.   The data determined from each of these analyses are shown in 
Table 2 and 3.  The data and the fit to the data are shown in Figure 4 and 5.   From the data it is clear that there is 
substantial dispersion in the material coefficients with the resonator becoming stiffer and mechanically less lossy (Q) 
at higher frequencies.  The piezoelectric response and dielectric constant are also reduced as the frequency is 
increased.  This dispersion could be the result of the elastic properties of the matrix material stiffening as the 
frequency increases, behaving more like a glass than a polymer.  In addition it is clear from the data that the 
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fundamental resonance has sideband resonance nearby due to lateral modes which can distort the analysis.   The 
strain from the resonance measurements at the fundamental resonance extrapolated to high fields for the MFC’s is 
about 10 times less than the measured high field strain.  The reduction is even more significant for the data 
determined from the 5th resonance mode.  Typically the small signal piezoelectric coefficient is about a factor of 2 or 
more smaller than the large signal piezoelectric coefficient in bulk ceramics due to domain effects[15].    From the 
data in Table 2 and 3 we can see a reduction in the small signal piezoelectric response is about 50 percent between 
20 kHz and 200 kHz.  This level of dispersion is generally not seen in bulk ceramic stacks at these frequency ranges.  
This suggests that much of the additional decrease in the small signal strain is due to dispersion in the material 
properties.       
We have looked at two nominal MFC’s with the same overall active dimensions but produced in different batches at 
different times and after modifications were made to the process.  The earlier 17C10 batch had a longer and wider 
overall footprint even thought the active area was similar.  To determine if the technique is sensitive enough to 
determine the effects of minor process changes.   The analysis results for the MFC#2 (M8528-P1 - 17C10-0261) are 
shown in Tables 4 and 5 for the fundamental and 5th resonance mode.       The data and the fit to the 5th resonance is 
shown in Figure 6. 
 

 
Figure 3.  The four MFC actuators measured in this study.  The two MFC’s on the left are nominally the same 
dimensions but from a different batch and after processing changes. 
 
Table 2: The effective material properties for the data of the MFC- 02F10 stack resonator shown in Figure 4.  The 
stack length nL = 0.0875m, Area A = 0.00000825 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
fundamental resonance. 
 

Property Real Imaginary 
Es33  (m2/N) 1.85x10-11 -8.3x10-13 

T
33ε  (F/m) 1.89x10-9 -3.7x10-11 

33d   (C/N) 61.0x10-12 -2.42x10-12 

33k    0.334 -0.0012 
 
 
 



 

Table 3:  The effective material properties for the data of the MFC –2F10 stack resonator shown in Figure 5.  The 
stack length nL = 0.0875m, Area A = 0.00000825 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
5th resonance. 
 
 

Property Real Imaginary 
Es33  (m2/N) 1.49x10-11 -2.4x10-13 

T
33ε  (F/m) 1.68x10-9 -4.1x10-11 

33d   (C/N) 40x10-12 -1.5x10-12 

33k    0.252 -0.0047 
 
 

 

Figure 4. The conductance and susceptance divided by angular frequency for an 8.5 cm, 2.75 cm wide and 0.3 mm 
thick MFC (02F10) as a function of frequency for n=170 layers  The solid line is the data and the dashed line is the 
fit to the fundamental resonance  using equation 8 the data from the fit is in Table 2. 
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The resonance data in Figure 6 is roughly similar to the data in Figure 4 and 5 however there are 
measureable differences in material constants determine from the fit to the data.  The fundamental resonance is 
weaker and noisier than the fundamental resonance in the MFC – 02F10 resonator.   In addition the baseline of the 
G/ω curve which is related to tanδ is seen to have a significant slope.   The piezoelectric response of the earlier batch 
17C10 was found to be smaller and the coupling measured at the fundamental resonance was significantly reduced.    
The properties at the 5th resonance at about 200 kHz seem to align.  It is possible that the extra material on the ends 
and widths enhanced the coupling to the width resonance and obscured the fundamental resonance and reduce the 
coupling. 

  

Figure 5. The conductance and susceptance divided by angular frequency for an 8.5 cm, 2.75 cm wide and 0.3 mm 
thick MFC (MFC-02F10)as a function of frequency for n=170 layers.  The solid line is the data and the dashed line 
is the fit using equation 8 about the 5th resonance and the material data determined from the fit is in Table 3. 

Frequency (kHz)

0 100 200 300 400

B/
ω

 ( S
s/

ra
d)

-6.0e-9

-4.0e-9

-2.0e-9

0.0

2.0e-9

4.0e-9

6.0e-9

8.0e-9

1.0e-8

1.2e-8

1.4e-8

Data
Fit to Data

MFC- 02F10

G
/ω

 ( S
s/

ra
d)

1e-11

1e-10

1e-9

1e-8

1e-7

Data
Fit to Data



 

 
Table 4: The effective material properties for the data of the MFC- 17C10 stack resonator shown in Figure 6.  The 
stack length nL = 0.0875m, Area A = 0.00000825 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
fundamental resonance. 
 

Property Real Imaginary 
Es33  (m2/N) 1.79x10-11 -1.13x10-12 

T
33ε  (F/m) 1.44x10-9 -3.7x10-11 

33d   (C/N) 36.x10-12 -6.5x10-12 

33k    0.226 -0.031 
 
In general the results between the two batches at high frequencies are similar for each of the 17C10 and 02F10 
batches.  The major differences are found at the fundamental resonance.  We chose the 5th resonance to evaluate 
since it is the first resonance that shows no distortion from sidebands. 

Figure 6. The conductance and susceptance divided by angular frequency for an 8.5 cm, 2.75 cm wide and 0.3 mm 
thick MFC (MFC-17C10) as a function of frequency for n=170 layers.  The solid line is the data and the dashed line 
is the fit using equation 8 about the 5th resonance and the material data determined from the fit is in Table 5. 
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Table 5:  The effective material properties for the data of the MFC- 17C10 stack resonator shown in Figure 6.  The 
stack length nL = 0.0875m, Area A =  0.00000825 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
5th resonance. 
 

Property Real Imaginary 
Es33  (m2/N) 1.48x10-11 -2.7x10-13 

T
33ε  (F/m) 1.34x10-9 -5.1x10-11 

33d   (C/N) 35x10-12 -1.4x10-12 

33k    0.245 -0.0032 

 
Figure 7. The conductance and susceptance divided by angular frequency for an 8.5 cm, 0.75 cm wide and 0.3 mm 
thick MFC (MFC-01L10) as a function of frequency for n=170 layers.  The solid line is the data and the dashed line 
is the fit using equation 8 about the 6th resonance and the material data determined from the fit is shown in Table 6. 
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Table 6:  The effective material properties for the data of the MFC –01L10 stack resonator shown in Figure 7.  The 
stack length nL = 0.0875m, Area A = 0.00000225 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
6th resonance. 
 

Property Real Imaginary 
Es33  (m2/N) 2.17x10-11 -9.5x10-13 

T
33ε  (F/m) 1.764x10-9 -5.3x10-11 

33d   (C/N) 61x10-12 -4.5x10-12 

33k    0.311 -0.011 
 
The results of the analysis of the long thin MFC (01L10) and the short MFC (23E11) are shown in Figures 7 and 8 
and in Table 6 and 7.  The data for the long thinner MFC was determined by a fit to the first clean resonance (6th) 
while the material coefficients were determined from the fundamental resonance in the short MFC.  The shorter MFC 
had a larger effective dielectric constant and a lower mechanical Q while the coupling was found to be comparable in 
both MFCs. 

Figure 8. The conductance and susceptance divided by angular frequency for an 2.6 cm long, 1.35 cm wide and 0.3 
mm thick MFC (MFC-23E11) as a function of frequency for n=50 layers.  The solid line is the data and the dashed 
line is the fit using equation 8 about the 1st resonance and the material data determined from the fit is shown in Table 
7. 
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Table 7:  The effective material properties for the data of the MFC –23E11 stack resonator shown in Figure 8.  The 
stack length nL = 0.026m, Area A = 0.00000405 m2 and density ρ = 5400 kg/m3.  The fit was evaluated around the 
fundamental resonance. 
 

Property Real Imaginary 
Es33  (m2/N) 2.09x10-11 -1.82x10-12 

T
33ε  (F/m) 2.48x10-9 -5.0x10-11 

33d   (C/N) 69x10-12 -4.8x10-12 

33k  0.303 -0.005 
 
 
In addition the compliance of the short and thin MFC’s were found to be larger than the MFC’s measure in Tables 2-
5.   This could be due to the increased fraction of polymer material to piezoelectric material in the MFC in these 
configurations.   The resonance analysis above demonstrated that dispersion in the material properties is a major 
factor for the inability of the small signal resonance data to predict the large signal response.   This initial study of 
the resonator geometries suggest that material properties determined from the resonators were remarkably similar 
(excluding the earlier MFC 17C10) given the large change in geometry and that they could be used to distinguish 
process changes during manufacturing.      
 It would be interesting to look at the dispersion in these resonators in more depth since this is critical to the 
predictive ability in the low frequency performance from the small signal resonance analysis.     Future studies which 
we believe may help in sorting out the source of the dispersion include; 
 

1. Inter-batch studies of identical resonators to determine the standard errors of the method, 
2. High field, high frequency studies of resonators under duty cycle(remove thermal effects) to determine 

nonlinear effects,  
3. Build sets of resonators and adjust only the length and keep the width constant and measure the properties 

and see how the change in length changes the effective material properties.  Alternatively only adjust the 
width. 

4. Resonance studies while bonded on substrates.  The network models could be used to account for the 
substrate stiffness and shifts in frequencies. 

 
  

IV. CONCLUSIONS 
 
A model for the impedance resonance of a MFC stack resonator was presented based on the similarities to the 
multilayer stack structure which allowed for non-destructive evaluation of the material properties of the Multi-fiber 
composite.  The model was shown to reduce to standard resonance equations in the limit of many electrode layers.   
In the case where only real coefficients were required a table was presented showing the relationship of the 
Butterworth Van-Dyke Circuit constants and the material coefficients.  A set of multi-layer stack resonators were 
tested and the impedance spectra fit using Smits method on the many layer approximation model shown in equation 
8.   Sizeable dispersion in the material coefficients including the electromechanical coupling was measured.   The 
constants determined from fitting the data to higher order resonances were found to be in general agreement with 
each other.   The small signal material coefficients predicted strain levels that were a factor of 10 less than strain 
levels measured using the low frequency data.  The discrepancy was suggested to be due to both non-linearities and 
dispersion in the effective material constants of the resonator.    It is suggested that future studies look at methods to 
determine the source of the dispersion. 
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