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BROADSEARCHFORUNSTABLERESONANTORBITSINTHE
PLANARCIRCULARRESTRICTEDTHREE-BODYPROBLEM

RodneyL.Anderson,∗StefanoCampagnola,†andGregoryLantoine∗

Unstableresonantorbitsinthecircularrestrictedthree-bodyproblemhaveincreasingly
beenusedfortrajectorydesignusingoptimizationandinvariantmanifoldtechniques.Inthis
study,severalmethodsforcomputingtheseunstableresonantorbitsareexploredincluding
flybymaps,continuationfromtwo-bodymodels,andgridsearches.Familiesoforbitsare
computedfocusingontheJupiter-Europasystem,andtheircharacteristicsareexplored.Dif-
ferentparameterssuchasperiodandstabilityareexaminedforeachsetofresonantorbits,
andthecontinuationofseveralspecificorbitsisexploredinmoredetail.

INTRODUCTION

Thecomputationofunstableresonantorbitsinthecircularrestrictedthree-bodyproblem(CRTBP)hasin-
creasinglybeenusedasabasiccomponentoftrajectorydesignusingbothinvariantmanifoldsandoptimiza-
tiontechniques.Inparticular,thesetypesoforbitshavebecomemoreofafocusfortourdesigninmulti-body
environmentsasthree-bodyeffectshavebeenincorporatedearlierinthemissiondesignprocess.Inthepast,
tourdesignwithintheseenvironmentshasreliedheavilyontwo-bodyorpatched-conicmethods,1–3andsome
effectsofthethree-bodyproblemhavebeenincludedusingavarietyoftechniques4,5includingoptimization
tools.6,7

EarlyworkthatindicatedthatunstableresonantorbitscouldbeusefulinthisprocesswasdonebySchroer
andOtt.8TheybuiltonBolltandMeiss’s9studybytargetingtheinvariantmanifoldsofresonantorbitsto
reducetransfertimeforEarth-Moontransfers.AndersonandLothenshowedthattheinvariantmanifolds
ofunstableresonantorbitswereimportantinballistic,10impulsive,11andlow-thrusttrajectories.12Resonant
orbitsthemselveshavebeenuseddirectlyasinitialguessesincombinationwithoptimizationalgorithmsto
successfullydesigntoursbyLantoine,Russell,andCampagnola.13Theinvariantmanifoldsofthesetypesof
resonantorbitshavealsobeenusedtodesigntrajectoriesthattraversemultipleresonancesfortheendgame
problem,14acrossmultipleCRTBPs,15andforapproach.16,17 Resonantorbitshavebeenexaminedinthe
Earth-Moonsystem18andusedforvarioustransfers19includingtransferstolibrationpointorbits.20Barrab́es
andǴomezexaminedsecondspeciessolutionsobtainedfromp−qresonantorbitsfortheplanarandspatial
cases.21–23Three-dimensionalresonantorbitshavealsobeenexploredbyVaqueroandHowell.24Studiesof
othertypesofperiodicorbitsintheCRTBPhavebeenundertakeninthepastbyHenon,25,26Broucke,27,28

Str̈omgren,29Szebehely,30andRussell31amongothers.

Thevarietyofsuccessfulapplicationsofthesetechniquestotrajectorydesignindicatesthatobtaining
adeeperunderstandingofresonantorbitswillbeafruitfulavenuetopursueinfurtherdevelopingthese
methods.Thefactthatthesetechniqueshavebeensosuccessfulalsosuggeststhatthedynamicalchannels
computedasaresultofunderstandingtheseresonantorbitsmayprovideamorefundamentalunderstanding
oftransportwithinthesolarsystemwithbroaderapplicationswithincelestialmechanics. Aspreviously
stated,specificsetsofunstableresonantorbitshavebeenpresentedinthepastwiththefocusonthetypes
oforbitsrelevanttospecificapplications.Inthisstudy,anexplorationofnewresonantorbitsandtechniques
forcomputingthemarepresentedwithanemphasisondescribingresonantorbitcharacteristicsfordifferent
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systemsandenergies. Varioustechniquesforcomputingunstableresonantorbitsarefirstdiscussed,and
orbitswithcloseapproachestothesecondaryinthesystemareemphasized.Theseincludecontinuationfrom
caseswithsmallmassparameters,gridsearches,andaflybymaptechnique.Boththeflybymaptechnique
andthegridsearchcanbeusedtovisuallysearchthespacefornewtrajectoriesthatmaybeuseful.Specific
familiesareexaminedinmoredetailandcharacteristicsofthesefamiliesarediscussed.Thecontinuationof
severalfamiliesoforbitsarethenanalyzedinmoredetail.

BACKGROUND

CircularRestrictedThree-BodyProblem

Alloftheperiodicorbitspresentedinthispaperarecomputedinthecircularrestrictedthree-bodyproblem
(CRTBP).30Inthismodelthemotionofaninfinitesimalmassiscomputedinasystemwithtwomassive
bodiesorbitingoneanotherincircularorbits.Theequationsofmotionoftheinfinitesimalmassmaybe
writteninarotatingframeas

ẍ−2̇y=
∂Ω

∂x

ÿ+2̇x=
∂Ω

∂y

z̈=
∂Ω

∂z

(1)

where

Ω=
x2+y2

2
+
(1−µ)

r1
+
µ

r2
(2)

and
r1= (x+µ)2+y2+z2,r2= (x−1+µ)2+y2+z2. (3)

Therotatingframeisalignedwiththemassivebodieswiththexaxispointingfromthelargerbody(thepri-
mary)tothesmallerbody(thesecondary).Theyaxisthenpointsinthedirectionofmotionofthesecondary,
andthezaxiscompletestheright-handedcoordinateframe.Themassoftheprimaryis1−µ,andthemass
ofthesecondaryisµ.Thecoordinateframeiscenteredonthebarycentersothattheprimaryislocatedat
x=−µ,andthesecondaryislocatedatx=1−µ.Inthispaperthemajorityoforbitsarecomputedinthe
Jupiter-EuropasystemwithsomeinteriorresonantorbitsgivenintheJupiter-Ganymedesystem.Thevalues
usedhereforthesesystemsaregiveninTable1.

Table1. MassratiosfortheJupiter-EuropaandJupiter-GanymedeCRTBPsystems

System µ
Jupiter-Europa 0.0000252664488504
Jupiter-Ganymede0.0000780369094055

Fiveequilibriumpointsarefoundintheproblemwiththreecollinearpointslocatedalongy=0andtwo
triangularequilibriumpointslocatedanequaldistancefromtheprimaryandthesecondary.Theconstantof
motionfortheCRTBPisreferredtoastheJacobiconstantandiscomputedusing

C=2Ω−V2=x2+y2+
2(1−µ)

r1
+
2µ

r2
−ẋ2−ẏ2−ż2. (4)

Single-ShootingMethodandContinuation

PeriodicorbitsintheCRTBPmaybecomputedusingoneofthesymmetrypropertiesoftheCRTBP.32,33

Usingthisproperty,ifanorbitintheplanarCRTBP(PCRTBP)intersectsthey=0lineperpendiculartothis
lineintwodifferentpoints,theorbitwillbeasymmetric,periodicorbit.Thispropertyprovidesthebasisfor
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asingle-shootingalgorithm34,35thatusesthevariationalequationstoupdateaninitialguessforaperiodic
orbituntilatrulyperiodicorbitisobtained.Thealgorithmusedtocomputetheorbitsinthisstudyisan
adaptationofthissingle-shootingtechnique.

Severaldifferentcontinuationmethodsareusedforthisstudy.Thesimplestmethodistotakeasolution
obtainedusingthesingle-shootingmethodandincrementtheinitialsolutionusingsmallstepsinx.After
incrementing,theprevioussolutionisusedastheinitialguessforthenewsolution,andtheneworbitis
computedwiththisinitialguess.Iftheorbitisnotveryunstableandthestepsizeusedforxissmall,this
techniqueoftenworkswell.Iflargerstepsizesaredesired,thenanextrapolationusingdatafromprevious
solutionsmaybeused.Forsituationswherefoldpointsoccurinthecontinuation,thepseudo-arclength36

continuationmethodsimplementedinAUTO37areused.

UnstableResonantOrbits

Thisstudyisprimarilyconcernedwithunstableresonantorbitsalthoughthetechniquesdiscussedhere
maybeusedtocomputestableresonantorbits,andsomestableresonantorbitsarepresentedduringthe
analysis. Wearespecificallyinterestedinunstableresonantorbitsbecausetheypossessinvariantmanifolds
thattheoreticallyprovidefreetransfersbetweendifferentunstableorbitsintheCRTBP,andtheyhavebeen
foundtobeusefulforinitialguessesinoptimizationalgorithms.Thetypeofresonancethatisthefocus
ofthispapermaybedescribedasmeanmotionresonancewhichmaybemosteasilyunderstoodinatwo-
bodycontext.Inthetwo-bodyproblem,thistypeofresonanceoccurswhentheperiodsoftwoorbitscanbe
relatedbyanintegerratio.Ifapointmassisplacedonanellipticalorbitinthethree-bodyrotatingframeso
thatittravelsaroundtheprimaryptimesintheinertialframeforeveryqtimesthesecondarycompletesa
revolutionaroundtheprimarywherep,q∈N,thentheellipticalorbitwillbeperiodicintherotatingframe.
Theresonantintegers,themeanmotions,andtheperiodsofthepointmassandthesecondarymayberelated
by

p

q
=
np
nq
=
Pq
Pp
. (5)

Theformp:qisusedtodesignateresonancesinthispaper,whichisthesameaspointmassrevolutions:
secondaryrevolutions.Exteriorresonancescorrespondtotrajectoriesthathaveaperiodgreaterthanthatof
thesecondarywhileinteriorresonancesaredefinedasthosethathaveaperiodlessthanthesecondary.Loops
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developattheapsesofsomeofthesetrajectoriesintherotatingframeforparticulareccentricitiesandaidin
determiningthepotentialresonanceofthetrajectory.Samplesofthetypeofbehaviorthatmightbeobserved
forresonantorbitsintherotatingframecomputedinthetwo-bodyproblemaregiveninFigure1. The
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(c)5:7,e=0.2 (d)5:7,e=0.1

Figure1.Selectionoftwo-bodyresonantorbitsplottedintherotatingframetoillus-
tratetheircharacteristics.Notethattheorbitin(b)isafirstorderresonance,while
theotherorbitsaresecondorderresonances.

expectedloopscanbeobservedforeachresonantorbit,andthenumberofloopscorrespondstothenumber
ofperiapseorapoapsepassagesoftheinfinitesimalmass.TheinteriorresonantorbitloopsinFigure1(a)
occuratapoapse,andtheexteriorresonantorbitloopsoccuratperiapse.Noticethatforsomeeccentricities
theloopsdonotoccur.SeeMurrayandDermottforafullerexplanationofthesecharacteristics.38
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Mostofthesecharacteristicsapplytobothtwo-bodyandthree-bodyresonantorbits,butinthecaseof
thethree-bodyproblem,theperiodsarenolongerrelatedbyastrictintegerrelationship.Inthiscasethe
relationshipbecomesapproximateasgivenbyMurrayandDermott:38

pnp≈qnq. (6)

Giventhisapproximaterelationship,itissometimeshelpfultoobservetheorbitintersectionsinaPoincaŕe
section.11,39Thistechniqueisespeciallyhelpfulforstableorbits,whichcanbeobservedatthecenterof
islandsrepresentingquasi-periodicorbitsinthechaoticsea.Unstableresonantorbitsintersectwithinthis
chaoticsea,butoncetheintersectionshavebeencomputed,theymaybecomparedtothestableresonances.
IntheCRTBP,theinfinitesimalmassonaresonantorbitwillingeneralnotreturntothesamepointafterq
revolutionsofthesecondary,andthiseffectwilltypicallybelargerforthosetrajectoriesthatloiternearthe
secondary.Thedifferenceinperiodcanleadtosomedifficultiesinfindingtheresonancefortheorbit.

DeterminingtheresonanceofanorbitintheCRTBPissometimesmorechallengingthanitappearsat
first.ThedifficultyarisesfromthefactthattheperiodvariesfromanexactintegerratiointheCRTBP.
Forthoseorbitsthatmaybecontinuedfromexistingorbitsinthetwo-bodyproblem,theresonancemay
bedefinedbasedontheexactresonanceofthatorbitinthetwo-bodyproblem.Iftheosculatingperiod
ofsuchanorbitisfoundatalocationwherethepointmassisfarfromthesecondary,theperiodisoften
neartheintegerratiooftheselectedresonance.Notethattheperiodfoundherehastypicallybeenusedto
designatetheresonanceofanorbitformissiondesignpurposes.Theperiodisnotnecessarilyalwaysnear
theexpectedintegerratio,however,andastheorbitiscontinuedacrossthemassparameterandacrossJacobi
constanttheperiodcanvarynoticeably.Whentheosculatingperiodoftheorbitiscomputedwithrespectto
thebarycenter,theperiodwillalsojumpsignificantlyifanycloseapproachestothesecondaryoccur.For
thoseorbitsthatarecomputedvianumericalsearch,thedesignationoftheresonancebecomesmoredifficult.
Typically,theassignmentofaresonanceisbasedonacombinationoftheosculatingperiodcomputedfar
fromthesecondaryevaluatedacrossthefamilyandthenumberofperiapsesthathaveoccurredforthepoint
mass.Selectingtheresonancebecomeslessprecisehoweverwhenunusualorbitsarefoundthatmaymake
multiplepassesnearthesecondary.Ingeneral,itisusefultokeepboththeosculating,distant,two-body
periodandtheactualperiodoftheselectedorbitinmind.

Anotherquestionintheanalysisofresonantorbitsthatnaturallyarisesishowshouldtheybeclassified?
Someclassificationschemesalreadyexist,althoughmanythatexistfortheCRTBParetailoredmorefor
librationpointorbitsorsimplerorbitsthanthosethatarebeingstudiedhere. Broucke27introducesone
classificationschemebasedonthelocationoftheperpendicularintersectionsofaperiodicorbit.Usingthis
classification,interiorresonantorbitswouldbeclass2orbits,andexteriorresonantorbitswouldbeclass3
orbits.

Onefurtherquestionwhenexploringresonantorbitsiswhichresonantorbitsareofthemostinterest?Inthe
Jupiter-Europasystemitwasknownfromearlyworkwithpatched-conicmethodsthatthe3:4-5:6resonant
sequencewasimportantforapproachestoEuropa,40andspecificunstableresonantorbitswereshowntobe
importantinthisprocess.11Otherresonantorbitshavealsobeencomputedfordifferentsystemsincluding
JupiterandvariousJovianmoons,10–13,41–43theEarth-Moonsystem,18–20andSaturn-Titan.19,24,43Comets
havealsobeenknowntofollowresonances,44,45andthegeneralideaofusingresonancewasalsofoundin
standardtechniquesbasedontwo-bodyorpatched-conicmethods.46Thedominanttypeofresonantorbit
computedfortheseisderivedfromanequivalenttwo-bodyorbit,andoftenhasaloopnearthesecondary.
Specificresonantorbitshavebeennoticedhoweverthatpossessmultipleloopsnearthesecondary.These
typesoforbitshaveparticularcharacteristicsthatmakethemmoresuitableforapproachtrajectories,and
themultipleloopsmaymakethemidealforspacecraftattemptingtoobservethesecondary.Asmentioned
previously,onefocusofthispaperistoexaminethesetypesoforbits.

CONTINUATIONFROMTWO-BODYORBITS

Oneofthemorestraightforwardwaystocomputeunstableresonantorbitsistocontinueknownsolutions
fromthetwo-bodyproblemintotheCRTBP.ThesetypesofsolutionsarediscussedingeneralbyH́enon,
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andthegeneratingorbitsusedtocomputethesetypesoforbitsareclassifiedasfirstspecies,secondkind.25

Itisstraightforwardtocomputeaninitialstateforanorbitwiththedesiredresonanceusingthetwo-body
equationsofmotionbyfirstcomputingthesemimajoraxisas

a=
P

2π

2/3

=P2/3n (7)

wherePnisthenormalizedperiodofthedesiredorbit(Pn/Psecondary=Pn/2π).Thenthedimensionless
velocitymagnitudeatperiapseorapoapseonthey=0linemaybecomputedas

|v|= 2
−1

2a
+
1

x
.
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Withthisinitialguess,theorbitsmaybecontinuedusingmasstoobtaintheorbitinthedesiredsystem.This
methodisgenerallyrobust,butitonlyproducesaparticularsetoforbitsthatarederivedfromthoseobtained
inthetwo-bodyproblem.Sometimesthisinitialguessmaybeusedasaninitialguessforanorbitinthe
CRTBPwiththemassratioofinterest,butoftenconvergenceissuesarise,andtheresultingorbitisnotatthe
desiredresonance.
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Figure2.SelectionofexteriorresonantorbitsintheJupiter-Europasystem(rotating
frame)atC=3.0obtainedfromgeneratingorbitsclassifiedasfirstspecies,second
kind.

Themajorityoforbitsusedasresonantorbitsfortourdesignintheliteratureappeartofallinthiscategory,
andseveralcomputedexamplesaregiveninFigure2forexternalresonancesintheJupiter-Europasystem.
AsampleofsomeinteriorresonancescomputedfortheJupiter-GanymedesystemaregiveninFigure3.It
canbeseenfromtheseplotsthattheseorbitsingeneralpossesssimilarcharacteristics.Forthesecases,they
allhaveasinglelooporcloseapproachtothesecondaryonceeachperiod.
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Figure3. SelectionofinteriorresonantorbitsintheJupiter-Ganymedesystem(ro-
tatingframe)atC=2.99obtainedfromgeneratingorbitsclassifiedasfirstspecies,
secondkind.

GRIDSEARCHUSINGASINGLE-SHOOTINGMETHOD

Whilethemajorityofresonantorbitsthathavebeenusedsofarfortrajectorydesignarecontinuedfrom
two-bodyorbits,amorecomplextypeoforbitsobtainedusingnumericalsearcheshavebeenfoundtobe
usefulforparticularapplications.41Inparticular,oneorbitnearthe5:6resonancefoundusingagridsearch
wasfoundtobeparticularlyrelevanttounderstandingtheplanarEuropaorbiter’sapproachtoEuropain
AndersonandLo.11,41,47AportionofthefamilycorrespondingtothosetypesoforbitsisshowninFigure
4(a)fortheJupiter-Europasystem,andasimilarfamilyisshowninFigure4(b)fortheJupiter-Ganymede
systematadifferentresonance.Itcanbeseenfromtheflybycharacteristicsthatthesetypesoforbitsmay
havepotentialapplicationsformissiondesignandobservationsofthesecondary.Ithasalsobeenshownthat
theinvariantmanifoldsofthisorbitcouldbeusedtocomputeadirectapproachtoEuropa.16Itisthesearch
forthesetypesofresonantorbitsthathasmotivatedthemajorityofthecurrentwork.

Agridsearchmethodbuiltaroundasingle-shootingalgorithmisdiscussedhereingeneralandasample
oftheresultsarepresented.Afinesearchusingthesemethodsresultsinalargenumberoforbitsthatcanbe
culledusingvariouscriteriatoreducethedatabase.Theresultingorbitsmaythenbeexaminedvisuallyto
searchfororbitsthatmaybeofinterestforaparticularapplication.Thefirstcriteriagenerallyusedhereis
thatthesearchislimitedtounstableorbits,andbecauseflybyorbitsareofthemostinterest,thefocusison
trajectoriesthatmakecloseapproachestothesecondary.

Agridsearchmaybeperformedusingseveraldifferentapproaches.Theresultsineachcasewillvarybased
ontheinteractionoftheinitialguessandthedifferentialcorrectionsalgorithm,andtheresultingsolutions
mayappearindifferentareasdependingonthemethod.Oneoptionistostartwithafixedvalueforxwith
ẋ=y=0.Variousvaluesoḟymaythenbeusedasinitialguessesforaperiodicorbit.Theinitialguess
isusedwithasingle-shootingmethodtoconvergeonaperiodicorbitthatissymmetricwithrespecttothe
y=0line.xmaythenbeincrementedandtheprocessrepeated.Ineachcase,theintersectionnumberwith
they=0lineatwhichaperpendicularcrossingissearchedforneedstobespecifiedasaninputforthe
single-shootingalgorithm.Theconvergedsolutionsforeachinitialguessofxandẏmaythenbeevaluated
todeterminetheircharacteristics.Inthissearchweareprimarilyinterestedinunstableorbitswithlower
time-of-flights(TOFs),andtheorbitsareevaluatedusingthesecriteriaalongwithavisualinspection.

Inhisstudy,Brouckegivesanestimateoftherangeoḟyvaluesthatshouldbesearchedbasedonthedesire
forthetwo-bodyenergytobelessthanzeroas

−x0− 2(
1−µ

r1
+
µ

r2
)≤ẏ0≤−x0+ 2(

1−µ

r1
+
µ

r2
) (9)

Forthisstudythough,ourfocusisonunstableorbitswithcloseapproachestothesecondary,sowhilethis
rangewasausefulguide,itwasoftenfoundthatasmallportionoftherangewasofthemostinterest.For
theseanalyses,aninitialbroadrangewitharoughgridwasofteninitiallysearched,andthenafinergridover
areasthatappearedtogiveperiodicorbitswasusedtoexamineparticularareasoforbitsinmoredetail.
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(a)Jupiter-Europa5:6ResonantOrbitFamily

(b)Jupiter-Ganymede3:4ResonantOrbitFamily

Figure4. Exampleoforbitfamiliesindifferentsystemsatdifferentresonanceswith
similarcharacteristicsofloopsintheorbitnearthesecondary.

Toobtainabetterunderstandingofthesearchprocess,itisusefultoexaminethedetailsofthesolutions
evaluatedforaparticularx.Theresultspresentedherearelimitedtothosewiththenumberofintersections
equaltofour(notincludingtheinitialpoint).Thesametechniquehasbeensuccessfullyappliedtotrajectories
withotherintersections,butitisnotfeasibletopresentallofthoseresultshere.Thedetailsdiscussedherefor
thesecasesarerepresentativeoftheresultsthatareobtainedforothercases.Althoughitmightbeexpected
thatsimilarvaluesoḟyusedasaninitialguesswouldresultinsimilarsolutions,thisisnotnecessarilythe
case.Theactualconvergedorbitdependsonthecombinationofthisinitialguessandthecorrectionalgorithm
thatisused.Resultsforacasewithx=1.01usingthespecifiedsingle-shootingalgorithmarediscussednext.
Rememberthattheseresultsmayvaryfordifferentalgorithms,buttheydoprovideagoodrepresentationof
thetypesofresultsthatmaybeobtained.Aplotshowingtheinitialguessesfoṙy0versusthecorresponding
convergedvalueswith∆̇y0=0.001isshowninFigure5. Here,itwasfoundthatnegativevaluesoḟy0
generallyresultedinstableorbits,soonlytherangecontainingunstableorbitsisshown.Itcanbeseen
fromtheplot,thatnearbyinitialguessesfoṙy0oftenconvergeonthesameorbitwiththesameẏ0.There
aresignificantregionswherethisisnotthecasethough.Forsomenearbyinitialguesses,multipledifferent
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Figure5.Characteristicsoftheconvergedunstableperiodicorbitsforx=1.01and∆̇y0=0.001.

periodicorbitsareobtained.Thisresultmaypartlyarisefromthedynamicsandpartlyfromtheparticular
setupofthesingle-shootingalgorithm.Whatismostinterestingisthatinsomecasesthesameperiodicorbit
willbereachedfordifferentinitialẏ0valueswithdifferentsolutionsobtainedinbetween.Forexample,the
longlineofunstableorbitcasesfroṁy0≈0.35tȯy0≈0.42convergesonthesamesolutionfollowedby
severalcasesreachingadifferentorbitandthenconvergingbacktothesamesolutionwheṅy0=0.45.
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Figure6. PeriodicorbitscorrespondingtothepointsinFigure5(b).Eachorbitis
plottedusingthesamescalewiththeovervieworbitontheleft,andacloseviewnear
thesecondaryontheright.
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AmoreusefulwayofplottingtheresultsistoplottheJacobiconstantversusperiod(P)foreachof
theconvergedresonantorbitsasseeninFigure5(b).Inthiscase,onlytheunstableperiodicorbitsthat
wereobtainedareplotted,anditcanbeseenthat16periodicorbitswerefoundoverthisintervalusingthis
method. Whilesomeofthesolutionsmerelyreproducethoseorbitsthatarefoundusingothermethods,
severalsolutionspossessuniquecharacteristicsnearthesecondary.Asampleofthetypesoforbitsthatwere
computedasaresultofthisnarrowsearchisgiveninFigure6.Sinceweareprimarilyconcernedwith
comparingthetopologicalcharacteristicsofthesolutions,theaxesfortheseplotsareomitted. However,
thescalesarethesameforeachorbittoallowamoredirectcomparison.Examiningorbitsa,c,f,andh
revealsthattheyappeartobesimilartoorbitsthatcouldbefoundusingcontinuationfromtwo-bodyinitial
guesses.Thenumberofperiapsescanbecountedtoaidindeterminingtheresonance,andtheperioditself
canbeusedtoestimatethenumberofrevolutionsofthesecondary.Theratiooftheperiodoforbitato
thesecondaryisapproximately6.064indicatingthattheorbitcompletesfiverevolutionsforeverysixofthe
secondary.Ifthetwo-bodyosculatingperiodistakenaty=0,x<0,itisfoundtobeapproximately
1.201,alsoconfirmingthattheorbitisnearthe5:6resonance.Asimilarcalculationindicatesthatorbitc
isnearthe7:8resonance,butonedifficultywiththismethodforcomputingresonanceisencounteredwhen
comparingtoorbite.OrbiteappearstogenerallyfollowaLypanovorbitnearthesecondarybeforeleaving
thesystemandconsequentlyspendsmoretimeinthisregionmakingtheoverallperiodoftheorbitlarger.
Thenormalizedtwobodyperiodcomputedaty=0,x<0isstillveryneartheperiodofa7:8resonant
orbit(≈1.141),butthesecondaryhasnowcompletedapproximately9.1revolutionsinthistimeperiod.
Andalthoughapproximatelysevenperiapsesareseenfortheorbitintheoverallplot,itisnotclearhowto
counttheperiapsesnearthesecondary.Sointhesecasesitisoftenusefultoaccountforboththeosculating
two-bodyperiodoftheorbitandtheCRTBPperiodinordertoconveyanaccuratedescriptionoftheorbit.

Finally,itisinterestingtoexaminethebanddorbits.Inboththesecases,theorbitscompleterevolutions
aroundthesecondary,whichispotentiallyverydesirable,anditappearsthatthesetypesoforbitsexistherefor
twodifferentresonances.Althoughtheyappeartobesimilartothecorrespondingorbitsaandc

10 15 20 25 30 35 40 45 50
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2.995

3

3.005

Period

C

,respectively,
theybothhavesignificantlyhigheroverallperiodsasaresultoftheirloiteringtimenearthesecondary.They
arealsobothfoundhereforhigherCvalues(lowerenergies),althoughitislikelypossibletocontinuethem
tolowerCvalues.

Figure7. Characteristicsoftheconvergedunstableperiodicorbitsforx=1.02,
∆̇y0=0.001,and0.0≤ẏ

i
0≤0.5.

Avarietyofdifferentorbitshavebeenfoundforthisparticularx0,andonequestiontoanswerishow
dotheconvergedorbitsvaryasthegridsearchisadjustedinx0?Ifthegridsearchismovedfurtherfrom
thesecondarytox=1.02usingthesamerangeofẏ0,thevarietyoforbitswithloopsnearthesecondary
decreases,andthemajorityoftheorbitsfoundoverthisrangearethetypethatwouldtypicallybefoundby
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3.0007 25.4 3.0030 38.4

3.0034 45.4 3.0036 48.6

Figure8. PeriodicorbitscorrespondingtothepointsinFigure7. Eachorbitis
plottedusingthesamescalewiththeovervieworbitontheleft,andacloseviewnear
thesecondaryontheright.

continuationfromatwo-bodyinitialguess.Thisresultdoesmakesensebecausetheeffectofthesecondaryis
decreasingastheorbitmovesawayfromthesecondary.Notethatsomeadditionalorbittypesmaybefound
bydecreasingthestepsizeofẏ0,buttheseresultsshowtheeffectofmovinginx0usingadirectcomparison.
TheconvergedorbitsforthiscaseareplottedforeachPandCinFigure7,andasampleoftheresulting
orbitsareshowninFigure8.Forthesecases,thetypical3:4and5:6resonantorbitsarerecovered,butthe
unusualorbitswithadditionalloopsarenotfoundusingthisx0and∆̇y0.

Moreinterestingresultsareobtainedifx0ismovedclosertothesecondary.Theresultsforthiscase
withx0=1.005
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areplottedinFigure9.Itisimmediatelyobviousfromtheplotthatmoresolutionswere
capturedbythesearchalgorithm.Ifsomeoftheorbitscorrespondingtothepointsintheplotareexamined

Figure9.Characteristicsoftheconvergedunstableperiodicorbitsforx=1.005and
∆̇y0=0.001,and0.0≤ẏ

i
0≤0.5.

inconfigurationspaceasshowninFigure10,itcanbeseenthatawidervarietyoforbitsareobtained.In
thiscase,representativeorbitsofeachtypearegivenalthoughmoreorbitswithsimilarcharacteristicsmay
existatotherresonances.Thesametypesof3:4and5:6resonantorbitsfoundearlierarestillfoundwiththis
technique.However,someorbitsnowappeartopassthroughx=1.005andmoveintotheinteriorregionfor
themajorityoftheirorbitaroundthebarycenter.AnumberoforbitswithlargerTOFsarefound,andsome
unexpectedorbitssuchastheoneat(3.0025,93.3)arecapturedasaresultofthealgorithm’srelianceonthe
numberofperpendicularcrossingsoftheorbit.Theorbitat(3.0015,48.3)showssimilarcharacteristicsto
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C P C P

2.9943 25.5 2.9976 38.2

3.0015 48.3 2.9988 50.8

2.9993 63.3 2.9997 75.8

3.0011 79.4 3.0029 79.8

3.0015 86.2 3.0025 93.3

3.0012 115.2 3.0004 124.2

Figure10. PeriodicorbitscorrespondingtothepointsinFigure9. Eachorbitis
plottedusingthesamescalewiththeovervieworbitontheleft,andacloseviewnear
thesecondaryontheright.

thoseorbitsfoundnearthe5:6resonancepassingontheothersideofEuropa.Anewtypeoforbitisalso
foundherewithmultipleloopssuchasforthecaseat(3.0011,79.4).Orbitsofthistypewillalsobefound
usingthetechniquesinthenextsection.

Rememberonlyasmallsampleoftheresultsfromthisgridsearchhavebeenshownheregivenspace
constraints.Additionalcombinationsof(x0,̇y0)havealsobeensearched,andvariationsinµandnumberof
intersectionsresultinawidevarietyoforbits.Thisgridsearchmethoddoesrequirethespecificationofthe
numberofintersections,andwhenthenumberofintersectionsbecomeslarge,thealgorithmhasincreasing
difficultyconverging.Itisthereforeconvenienttoinvestigateothermethodsthatallowforsearchesthat
maymoreeasilyfindtrajectorieswithmultipleintersectionsandtrajectorieswithmultipleloopsnearthe
secondary.
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Figure11.ResonantperiodicorbitintheCWICmodel

PERIODICORBITSINTHECWICMODEL

FamiliesofperiodicorbitsinthePCRTBParerepresentedbyone-dimensionalcurvesona3-dimensional
Poincaŕesection.Startingfromoneperiodicorbit,otherorbitsinthesamefamilycanbecomputedusing
continuationmethods.Ifabifurcationpointisfound,theconnectedbranchescanbecomputedaswell.

Yetfindingdisconnectedbranchesorcomputingaglobalgraphofthemainbranchesisonlypossibleby
samplingawiderangeofinitialconditionsonafinegrid.Inthissection,periodicorbitsarecomputed
inthesimplifiedmodelCWIC(“Conics,whenIcan”),whichapproximatestheCRTBPwellbutisless
computationallydemanding.Millionsofcandidatetrajectoriesarecomputedinlessthanahouronalaptop
machine(1.6GHzIntelCorei5,4GBRAM).Specifictrajectoriesareusedinthenextsectionsasfirst-guess
solutionsforthecomputationofperiodicorbitsintheCRTBP.Giventhescopeoftheproblem,thissection
focusesontheparticularcaseofthe4:5resonanceintheJupiter-Europasystem.

CWIC

CWICisasimplifiedmodeltodescribethemotionofthemasslesspointaroundamajorbody,with
thegravitationalperturbationofoneormoreminorbodies.Theperturbationsareincludedonlywhenthe
spacecraftentersagivenneighborhoodoftheperturbingbody.

Inthissection,wecomputeresonantperiodicorbitsintheCWICmodel;trajectoriesaredividedby
Poincaŕesectionsatapocenter(ifp:q <1)orpericenter(ifp:q >1),andKeplerianmotionisas-
sumedforeacharc,exceptforthosewherethespacecraftapproachestheminorbody.Inthislastcase,Eq.
(1)areintegratednumerically. MoredetailsontheCWICmodelarefoundinCampagnola,Skerritt,and
Russell.48

Figure11showsaschematicp:qresonantperiodicorbitintheCWICmodel,withp=6andq=7.The
numericalintegrationisonlyperformedbetweentheapocenterstatesxaandxb(solidline).TheKeplerian
partoftheorbit(dashedline)consistsofp−1revolutionsintheinertialframewithTisserandconstant

T=
1

a
+ a(1−e2)≈C (10)

andKeplerianperiod2π(̃q/p),wherẽqisarealnumberclosetoq.

Figure11alsoshowsthepointxi,whichisthestateofthespacecraft(p−1)/2revolutionsbeforexa;and
thepointxf,whichisthestateofthespacecraft(p−1)/2revolutionsafterxb.Bydefinition,xiandxfare
alsoapsidalpoints,andsincetheorbitissymmetricandperiodic,xicoincidewithxf.Also,θf=θi=−π.
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Figure15.Comparisonoffamiliescomputedbycontinuationtothepredictionsusing
theCWICmethod. Thecontinuationresultsareinbluewiththeoutputfromthe
CWICmethodplottedaspointsingray.Severalspecificorbitsselectedforfurther
analysisarelabeledwithredcircles.Notethattheredpointsallfallonalineresulting
fromthesameorbitcontinuation,whilethebluelineintheupperrightistheresultof
thecontinuationofadifferentorbit.

theseparticularcases,eventhoughtheresonanceusedforthesearchwasa4:5resonance,theperiodofthe
orbitsthemselvescanvarysignificantly.Asexpected,thisresultisprimarilyafunctionofthenumberofloops
thetrajectoryhasnearthesecondaryandtheamountoftimeitspendsthere.Theosculatingtwo-bodyperiod
farfromthesecondaryremainsnearthe4:5resonance,andexceptforthemultipleloopsnearthesecondary,
thetrajectoryhasthetypicalfourmajorperiapsescommontothe4:5resonantorbits.Notethatthesolutions
atC=3.00094andC=2.99974arethesametopologically,buttheiractualperiodsvarysignificantly.This
resulthighlightsthefactthatorbitswithinthesamefamilymayhavenoticeablydifferentperiodsdepending
ontheJacobiconstant.Oncetheconvergedsolutionshavebeenobtaineditispossibletocontinuethemto
determinehowcloselythefamiliesmatchthepredictionsfromtheCWICmethod.

CONTINUATIONOFORBITSOLUTIONS

Onceparticularorbitsolutionshavebeenfoundusingoneofthesearchalgorithms,theresultingorbit
maybecontinuedusingavarietyoftechniques.Simplertechniquesmaybeusedtoextendthefamilies
overshortintervals,whilethecontinuationtechniquesimplementedinAUTO49arewellsuitedtobroader
explorationsoftheorbitfamilies.Inthissection,simplercontinuationtechniquesareinitiallyusedtoextend
thefamilies,andthepseudo-arclengthcontinuationmethodsinAUTOareusedtodealwithfoldpoints.
Becauseafullexplorationofeachorbitwouldtakemorespacethanisavailablehere,severalrepresentative
casesareexaminedindetailnext.

ContinuationofOrbitSolutionsfromCWIC

Theconvergedsolutionswereusedtosearchforfamiliesoforbitsusingcontinuationwithlinearextrapo-
lationandwiththepseudo-arclengthcontinuationmethodsofAUTO.Acomparisonoftheorbitscomputed
usingthesemethodsandtheresultsfromtheCWICmethodisgiveninFigure15forasubsetoftheorbits.
ItcanbeseenfromtheplotthattheCWICresultsmatchthecontinuationplotsforthosefamilieschosenfor
thecontinuation.Anumberoffamiliesandorbitsstillremainforfurtheranalysis,buttheseresultsindicate
thattheCWICresultswillserveasagoodpredictorofresonantorbits.
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Figure16.SelectedorbitsfromthecontinuationplotsinFigure15.Thelabeledpoints
circledinthatfigurecorrespondtotheorbitsshownhere.

AselectionoftheorbitsfromthecontinuationprocessareplottedinconfigurationspaceinFigure16.
Thechangesintheorbitsoverthecontinuationprocesscanbeobservedfromtheseplots,anditisapparent
thatsomeofthedifferenttypesoforbitsthathavebeenobtainedusingvariousgridsearchesmayinfactbe
related.Casesaandbpossesssimilarcharacteristicsalthoughcaseahassmallerloopsnearthesecondary
(notethechangeinscaleinthecloseviews).Thecontinuationcontinuesuntilorbitsofthetypefoundin
casedarefound.TheseorbitswerealsopredictedfromtheCWICmethod,andtheyareofthesametype
thatmaytypicallybefoundusingcontinuationfromtwo-bodyinitialconditions.Anotherinterestingresult
thoughisthatthecontinuationproceedsthroughthestableorbitfoundincasec.TheCWICmethodwas
setuptosearchforunstableorbits,sothesetypesoforbitswerenotfoundinthissearch.Thefactthatthe
continuationproceededthroughastableresonantorbitisinteresting,anddeservesfurtheranalysis.Amore
in-depthanalysisofthistypeofcaseisundertakeninthenextsection.

Continuationofa3:4ResonantOrbitSolution

Thisanalysisfocusesonthedetailsofthecontinuationofatypical3:4resonantorbitcomputedinthe
Jupiter-Europasystem.Theorbitscomputedthroughthecontinuationprocessarerepresentedasdotsplotted
astheJacobiconstantversusPinFigure17(a).Theorbitsresultingfromthecontinuationareplottedin
configurationspaceinFigure17(b).Ineachcasethestableorbitsareplottedasblue,andtheunstableorbits
areplottedasred.Itcanbeseenfromtheplotsthatthoseorbitsthatareunstablecorrespondtotheorbitswith
aperiapsenearEuropa.Astheorbitsevolvetostableorbits,theperiapsesmovetoeithersideofEuropa,and
theapoapseoftheorbitoccursnearEuropa.

ExaminingthecontinuationplotinFigure17(a)revealsthattwodifferenttypeoforbitsinthecontinuation
existforthesamevalueoftheJacobiconstantoveraselectedrange.Itisinterestingtocomparethesedifferent
orbitsusingaPoincaŕesection,11andsuchacomparisonismadeforC=3.0withasurfaceofsectiondefined
byy=0,x<0inFigure18.Itcanbeeasilyseenthat,aswouldbeexpected,theunstableresonant
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Figure17. Sampleofresultsfromthecontinuationofa3:4resonantorbitinthe
Jupiter-Europasystem.Asubsetofthetrajectoriesinthecontinuationplotaregiven
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Figure18.PoincaŕesectionandcorrespondingorbitsinconfigurationspaceforC=
3.0withasurfaceofsectiondefinedbyy=0,x<0.

orbitliesinthechaoticseawhilethestableresonantorbitisatthecenterofoneofthestableislands.The
periodsoftheorbitsatthePoincaŕesectionindicatethattheunstableandstableorbitsarenearthe3:4and4:5
resonances,respectively.IfthePoincaŕesectionsaregeneratedclosertothetransitionbetweenthetwoorbits
thetwoorbitscanbeseentoapproachoneanotherasexpectedinFigure19(a).Theunstableresonantorbit
comesclosertothestablequasi-periodicorbitatthisenergyasthetwoorbitsapproachoneanotherinthe
continuation.Theorbitsintheplaneapproachoneanotherandbothapproachamorecircularorbitasshown
inFigure19(b).Theseresultssuggestthatfindingunstableresonantorbitsbycontinuationofstableresonant
orbitsmaybeafeasiblemethodforfindingtheseorbits.Withtheuseofthepseudo-arclengthtechniquesthis

17



1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.1 1.05 1
0.25

0.2

0.15

0.1

0.05

0

0.05

0.1

0.15

0.2

0.25

x

ẋ
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Figure19.PoincaŕesectionandcorrespondingorbitsinconfigurationspaceforC=
3.0258withasurfaceofsectiondefinedbyy=0,x<0.

processdoesseemtobepossibleforspecificcases.Thisprocesshasbeencompletedforthegivenexample
bystartingwiththeconvergedstablesolutionandcontinuingtotheunstableresonantorbits.

CONCLUDINGREMARKS

Severaldifferenttechniquesforcomputingunstableresonantorbitshavebeenexplored,andasampleof
thelargerangeofpossibleresultshavebeenpresentedforspecificcases.Thesingle-shootinggridsearch
methodsuccessfullyproduceduniqueorbitsacrossawiderangeofresonancesthatcanbeusedasseedsto
computenewfamilies.Itwasfoundthatitisideallysuitedfortrajectorieswithfewerintersectionsbecauseof
numericallimitations.Theflybymaptechniqueaddressedthisissueandwasshowntosuccessfullycompute
familiesoftrajectoriesatthe4:5resonancewithmultipleintersections.Theresultswerefoundtoserveas
usefulinitialguessesforconvergencetotrulyperiodicresonantorbits.Continuationofspecifictrajectories
werealsoshowntocloselymatchtheresultsfromtheflybymaptechnique.Finally,itwasshowntobe
feasibletousethecontinuationprocesstocomputeunstableresonantorbitsfromstableresonantorbitsfor
particularcases.

FUTUREWORK

Futureworkwillincludetheexplorationofadditionalsystemsandfamilieswithboththesingle-shooting
methodandtheflybymapmethod.Thefeasibilityofcomputingunstableresonantorbitsusingdifferent
continuationmethodswillalsobefurtherexplored.Additionalresultsfromothersystemsandresonances
willalsobedocumentedaspartofourbroaderstudy.
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[25]M.Hénon,GeneratingFamiliesintheRestrictedThree-BodyProblem,Vol.52ofLectureNotesin
Physics.NewYork:Springer,1997.
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