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COMPARISON OF LOW-ENERGY LUNAR TRANSFER
TRAJECTORIES TO INVARIANT MANIFOLDS

Rodney L. Anderson∗ and Jeffrey S. Parker∗

In this study, transfer trajectories from the Earth to the Moon that encounter the Moon
at various flight path angles are examined, and lunar approach trajectories are compared
to the invariant manifolds of selected unstable orbits in the circular restricted three-body
problem. Previous work focused on lunar impact and landing trajectories encountering the
Moon normal to the surface, and this research extends the problem with different flight path
angles in three dimensions. The lunar landing geometry for a range of Jacobi constants
are computed, and approaches to the Moon via invariant manifolds from unstable orbits are
analyzed for different energy levels.

INTRODUCTION

The design of Earth-Moon transfer trajectories is a problem with a rich heritage that has been approached
with a wide variety of techniques. These techniques in combination with ever-changing mission requirements
have produced an even greater number of possible trajectories ranging from the direct trajectories of Apollo1

to more indirect trajectories making heavy use of multi-body dynamics. In addition to transfers to lunar
orbit or the lunar surface, many previous conceptual mission designs have included the use of libration point
orbits in the three-body problem for use in transfer to the Moon or to achieve operational orbits around the
Moon. Now, the first mission to operationally fly on a lunar libration orbit, ARTEMIS,2, 3 has successfully
demonstrated the feasibility of lunar libration orbit trajectories, and the two planned GRAIL4–6 spacecraft will
follow low-energy trajectories as part of their mission. With the increased use of these types of trajectories in
mission design, it becomes important to examine the possible connections between unstable libration orbits
and other locations of importance such as the lunar surface. Often the trajectories of interest are not those that
travel directly to the unstable orbits, rather they are guided by the invariant manifolds of the unstable three-
body orbits. Using the invariant manifolds as guides for potential trajectories provides mission designers a
method for reducing the complications involved with design in this highly nonlinear dynamical environment.
This work seeks to place low-energy lunar transfers to the surface in context with these invariant manifolds
to enable mission designers to more easily develop trajectories in this multi-body environment.

Some framework and understanding already exists in regard to the relationship between invariant manifolds
of unstable orbits and the Moon. Much of the work to design low-energy trajectories from the Earth to the
Moon has focused on the use of libration point orbits along with their stable and unstable manifolds.7–10

Koon, Lo, Marsden, and Ross examined this problem for the planar case,11 and Parker studied approach
cases to lunar libration orbits using invariant manifolds in his dissertation.12 Baoyin and McInnes analyzed
some specific cases of transfers from libration points and planar Lyapunov orbits to the lunar surface.13 In
particular, they searched for the Jacobi constant that would provide complete coverage of the lunar surface
by the invariant manifolds of the selected Lyapunov orbit. Kirchbach et al.14 looked at the characteristics
of the invariant manifolds of a Lyapunov orbit as they intersected the surface of Europa in the context of
the escape problem. Alessi, Gómez, and Masdemont15 examined the locations of the Moon reachable by
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the stable manifolds of a range of halo orbits and square Lissajous orbits. They computed the intersections
of these invariant manifolds with the surface of the Moon with the expectation that they could be used for
astronauts to escape to a libration point orbit if necessary.

In this work, we explore unstable orbits along with their invariant manifolds and examine the computed
lunar approach trajectories within the context of the resulting invariant manifold pathways. It has been known
since Conley’s research16 that libration orbits act as a gateway through which transiting trajectories must pass
for certain energies. The specific details of how these transiting trajectories behave as they approach the Moon
relative to the invariant manifolds are of interest here. A focus of this study is the exploration of the practical
aspects and implications of this knowledge in the Earth-Moon system for mission design applications. In our
previous work,17 we examined Earth-Moon ballistic transfer trajectories to the lunar surface with trajectories
impacting the Moon at varying angles for the planar case and normal to the surface for collision orbits18, 19 in
the three-dimensional case. These results for trajectories encountering the Moon normal to the surface were
obtained using techniques previously implemented in Anderson and Lo.20 This analysis is extended here to
examine three-dimensional cases with additional flight path angles at the lunar surface. Next, the invariant
manifolds of selected unstable orbits in the circular restricted three-body problem (CRTBP) are computed
for different Jacobi constants, and their approach characteristics at the Moon are analyzed. These invariant
manifolds are then compared to the previously computed trajectories and used to provide a context for these
lunar approach trajectories.

MODELS

The analyses in this study are carried out within both the CRTBP and the ephemeris problem. The CRTBP
generally provides a good approximation to the ephemeris problem, and a variety of tools and symmetries
exist within this problem that make it convenient for initial analysis. While trajectories similar to those that
exist within the CRTBP generally exist within the ephemeris problem, it does not necessarily capture all
those trajectories that exist in the ephemeris problem as the result of perturbations of additional bodies.17 The
ephemeris model is therefore used in the analysis to include these additional trajectories that are especially
important in the low-energy regime.

Circular Restricted Three-Body Problem

Many of the trajectories and periodic orbits used in this analysis are computed in the CRTBP.21 In this
model, a larger body (the primary) and a smaller body (the secondary) are assumed to rotate about their
center of mass in circular orbits, and the motion of a third infinitesimal mass is modeled in this system. The
equations of motion are formulated in a rotating frame where the x axis is aligned with the position of the
primary and secondary, and the positive x axis direction is defined in the direction from the primary to the
secondary. Dimensionless quantities are used so that the primary has mass 1 − µ, and the secondary has
mass µ. The value for µ is defined by µ = m2/(m1 + m2) where m1 is the mass of the primary, and m2

is the mass of the secondary. The distance between the primary and the secondary, the mean motion, and
the gravitational constant are all unity. The primary is located at x1 = −µ, and the secondary is located at
x2 = 1− µ. The equations of motion in the rotating frame may be written as
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and
r1 =

√
(x− x1)2 + y2 + z2

r2 =
√

(x− x2)2 + y2 + z2.
(3)

A constant of motion referred to as the Jacobi constant is defined by

C = x2 + y2 +
2(1− µ)

r1
+

2µ

r2
− ẋ2 − ẏ2 − ż2. (4)

For particular values of the Jacobi constant, certain regions, known as forbidden regions, exist where the
infinitesimal mass may not travel. Five equilibrium points, referred to as Lagrange points, exist in the CRTBP.
The two Lagrange points primarily used in this study are L1 and L2 where L1 exists on the line between the
primary and the secondary, and L2 is on the far side of the secondary from the primary. Various types of
unstable periodic orbits, several of which are computed in this study, are known to exist around these points.
A useful symmetry is also known to exist in the CRTBP which extends the results of this analysis to other
trajectories. Using this symmetry, it is known that if (x, y, z, ẋ, ẏ, ż, t) is a solution in the CRTBP, then
(x,−y, z,−ẋ, ẏ,−ż,−t) is also a solution. Given this information, if a trajectory is reflected about the x-z
plane, a valid trajectory may then be obtained by traveling reverse in time. Approach trajectories to the Moon
may then be computed from departure trajectories and vice versa. An additional symmetry that will be useful
to reduce the amount of computations required for some of the spatial analyses in the CRTBP also exists.
For this symmetry, if (x, y, z, ẋ, ẏ, ż, t) is known to exist, then (x, y,−z, ẋ, ẏ,−ż, t) is also a solution. See
Miele22 or Szebehely21 for more detailed information on these symmetries. The constants used in this model
and the rest of the analysis are listed in Table 1. Several useful Jacobi constants, including those computed at
the Earth-Moon Lagrange points, are listed here to place the results presented later in the paper in context.

CL1 = 3.1883411054012485

CL2 = 3.1721604503998044

CL3 = 3.0121471493422489

CL4 ,CL5 = 2.9879970524275450

CAvg(L1,L2) = (CL1 + CL2)/2 = 3.1802507779005262

(5)

Table 1. Constants used in the CRTBP and this analysis.

Quantity Value

GMEarth (km3/s2) 398600.43623333969
GMMoon (km3/s2) 4902.80007622774
µ 0.012150584270572
RadiusEarth (km) 1737.40
RadiusMoon (km) 6378.14
PeriodMoon (sec.) 2360591.5104

Invariant Manifolds

Invariant manifolds of unstable orbits play an integral role in many trajectory options for transfers to the
lunar surface, and their computation is essential for the comparisons described in this work. They may be
computed for a variety of different orbit types, but the focus here is on computing the stable (Ws) and unstable
(Wu) invariant manifolds of libration point orbits about the L1 and L2 libration points including Lyapunov and
halo orbits. It is well known that these libration orbits act as a gateway through which trajectories transiting
between different regions in the low-energy regime in the CRTBP must pass.16 It is therefore expected that
they will serve as guides to further understand these transiting trajectories.
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Stable (unstable) manifolds of an unstable periodic orbit may be described as those trajectories that ap-
proach the selected orbit as time approaches∞ (−∞). They are computed by integrating the state transition
matrix for one complete period of the orbit (called the monodromy matrix) and examining the stability char-
acteristics of this matrix. The local unstable (stable) direction may be computed from the eigenvector of the
eigenvalue with a magnitude greater (less) than one. The stable (unstable) manifolds may be globalized by
taking offsets of approximately 10−6 in the direction of the desired eigenvector for each point along the orbit
and integrating backward (forward) for a selected period of time.23

Ephemeris Model

While the CRTBP is conceptually useful for understanding trajectories in three-body systems and it pro-
vides an accurate tool for the initial design of trajectories, the design of real-world trajectories eventually
must incorporate accurate information about the position of all bodies from the ephemeris model. For this
investigation, the precise orbital characteristics of the Moon are taken into account as well as perturbations
from the Sun. The Moon’s orbit varies from the assumptions of the CRTBP in that its mean inclination rel-
ative to the ecliptic is 5.145396◦, and its mean eccentricity is 0.05490.24 The Moon’s mean distance from
the Earth is approximately 3.844× 105 km, and it varies from about 363296.44 km to 405503.56 km.24 The
specific ephemeris model chosen for use in this study is the JPL DE421 Planetary and Lunar Ephemerides.25

More detailed information on lunar constants and the geometry related to the JPL Lunar Ephemeris 403 may
be found by referring to Roncoli.26 For this analysis, only the Sun, Earth, and Moon are included in the
integrations, and each of these bodies are modeled as point masses.

PLANAR ANALYSIS

In our previous work, lunar impact trajectories encountering the lunar surface at a variety of flight path
angles were examined to determine their origin given a 200 day integration backward in time. A chaotic
set of points were computed that generally formed in bands based on the origin of the trajectory with some
structure observed in each band. Results were plotted for different Jacobi constants using the coordinates α

x

+y

Lunar
Surface

Figure 1. Diagram showing location and orientation of velocity vector as it intersects
the lunar surface. The xy axes shown here are centered on the Moon in the same
orientation as the axes in the rotating frame.

and θ as illustrated in Figure 1. The variable α corresponds to the location of the impacting trajectory on the
surface of the Moon, and θ corresponds to the angle of the impacting trajectory with 0◦ being normal to the
surface. Trajectories with different combinations of α and θ are integrated backward in time for 200 days
and color coded gray to indicate a lunar origin in this time period, blue to indicate an Earth origin, and white
to indicate no intersections with the primaries. The structure observed in these points is examined in the
following plots by comparison with the invariant manifolds of planar Lyapunov orbits to determine whether
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the invariant manifolds may act as a guide for mission design to understand the behavior of these impactor
trajectories. Two sample Lyapunov orbits found in Anderson and Parker17 are replotted here in Figure 2. The
Jacobi constants for these orbits were chosen so that the invariant manifolds of the Lyapunov orbits just graze
the surface of the Moon. The Jacobi constants where the Lyapunov orbits cover the surface of the Moon were
computed by Baoyin and McInnes13 as approximately C = 3.12185282430647 for an L1 Lyapunov orbit and
C = 3.09762627497867 for an L2 Lyapunov orbit. Kirchbach et al.14 compared the invariant manifolds of
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Figure 2. Manifolds of libration orbits computed for Jacobi constants where the
manifolds are tangent to the surface of the Moon.

an L1 Lyapunov orbit using this technique for the escape case in the Jupiter-Europa system for a single value
of Jacobi constant. They confirmed for this case that the invariant manifolds act as a boundary between the
escape and non-escape cases as expected from Conley’s theory. It is natural to question whether the invariant
manifolds also act as boundaries between those trajectories originating from different bodies or elsewhere,
and this question is explored here. Specifically, the same technique is used to examine impact trajectories
using the invariant manifolds of both the L1 and L2 Lyapunov orbits in the Earth-Moon system over a wide
range of Jacobi constants. The insights gleaned from this planar analysis are then used to aid in understanding
the more complicated spatial problem.

In order to obtain an overview of the variation of the invariant manifold’s intersections with the surface
of the Moon, the Lyapunov orbits and their corresponding unstable manifolds were computed for a larger
range of Jacobi constants in the CRTBP. A selected subset of the plots for several Jacobi constants are shown
in Figure 3. One of the initial questions to be answered in computing the invariant manifolds is related to
how long the integration duration should be. For mission design purposes, the approach from the Lyapunov
orbit should typically be less than the duration of 200 days allowed for transfers from the Earth to the Moon.
However, sufficient time should be allowed for the invariant manifolds to intersect the surface of the Moon
and result in useful structure. A series of analyses were used with different integration times ranging from
50 to 200 days, and plots with sufficient structure were chosen for each Jacobi constant. The selected time
duration for the integration of the invariant manifolds is noted for each plot with the most common duration
being 25 dimensionless time units or approximately 109 days. Note that the longer integration times often
showed more of the points of the invariant manifolds around additional structures not necessary for the current
analysis, but filling these points in densely would require significantly more computational effort. In each
case, the background points indicating the origin of the trajectory were all integrated for 200 days.

Examining the results in Figure 3, it is apparent that the manifolds are influential in dividing types of
motion of the trajectory into different categories. The trajectories coming in to impact the lunar surface from
other regions at CL2

and CAvg(L1,L2) are bounded by the invariant manifolds of the L1 Lyapunov orbit. This
is similar to the results seen in Kirchbach et al. When both the L1 and L2 Lyapunov orbit invariant manifolds
are shown for lower Jacobi constants, it is apparent again that they play a significant role in dividing the
regimes of motion. In several cases, the invariant manifolds of the L1 orbit bound one side of the lunar origin
trajectories, and the invariant manifolds of the L2 orbit bound the other side of these trajectories in the plot.
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(a) C = 2.6, Duration = 200 days (b) C = 2.8, Duration = 109 days

(c) C = 3.0, Duration = 109 days (d) C = 3.1, Duration = 109 days

(e) C = CL2
, Duration = 200 days (f) C = CAvg(L1,L2), Duration = 200 days

Figure 3. Comparison of the origin of the trajectories at each α, θ point to the in-
variant manifolds of the L1 and L2 Lyapunov orbits. Gray indicates the trajectory
originated at the Moon and blue that it originated at the Earth. Red points are the
intersection of the L1 unstable manifold with the Moon, and orange corresponds to
the L2 unstable manifold.

For the C = 2.6 case, the invariant manifolds of the L1 orbit segregate the most predominate set of Earth-
origin trajectories from the rest. It is apparent from this result that the invariant manifolds play a significant
role in transfers between bodies. More specifically, the invariant manifolds form a boundary between the
trajectories originating at the Earth and those originating at the Moon. It should be noted that these invariant
manifold points only show up when the integration time is increased to approximately 200 days. It is also
interesting that although the manifolds form boundaries in the plots, they do not always strictly separate the
points coming from different origins. This has to do in part with the length of time that the trajectories and
manifolds are integrated and the particular region of interest. One of the reasons for this will be discussed
next.

Some of the characteristics of these boundaries and the way in which trajectories follow the invariant
manifolds in position space may be further explored by examining some cases involving specific trajectories
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in more detail. One interesting case occurs for C = 3.1 in Figure 3(d) where the trajectories transition from
lunar origin trajectories to trajectories with no origin over the 200 day time span while crossing the line
formed by the L2 Lyapunov orbit unstable manifold. They then transition back while crossing the L2 manifold
again. A particular case may be taken by moving across α from 130◦ to 180◦ while holding θ = −3◦.
Selected trajectories computed along this line are shown in Figure 4. For this case, the selected L2 manifold
trajectories bound most of the trajectories originating elsewhere (shown here as black), while the lunar-origin
trajectories lie on either side of the manifolds at the initiation of the backward integration. The invariant
manifold trajectories act as a boundary between the trajectory types as they circle around the Earth twice
in the rotating frame until the trajectories traveling backward in time approach the Moon once again. At
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Figure 4. Comparison of selected trajectories plotted in position space for the C =
3.1 case to unstable manifold trajectories of the L2 Lyapunov orbit. The trajectories
are selected from the line at θ = −3◦ with 130◦ < α < 180◦. The two trajectories on
Wu

L2
are the ones intersecting nearest the selected line.
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this point, the invariant manifolds approach the L2 Lyapunov orbit, the lunar-origin trajectories encounter
the Moon, and the other trajectories generally travel through the L2 gateway and away from the Moon. One
exception to this is a trajectory lying just outside of the guiding invariant manifold trajectories. Given its
location it might be expected that it would be a lunar origin trajectory, however, it passes just above the
surface of the Moon, spends some time in the neighborhood of the Moon, and returns to the interior region.
This behavior is worth describing in more detail. The invariant manifolds are guiding the trajectories, and
indeed only those trajectories starting between the manifolds could originate through the L2 gateway. The
trajectory of interest was forced to remain in the vicinity of the Moon, but here, the important independent
parameter of the Moon’s radius comes into play. If the Moon possessed a larger radius, this trajectory would
have originated at the Moon. If the Moon’s radius were smaller, other trajectories would be observed that
failed to originate at the Moon. This indicates that the invariant manifolds can guide the trajectories and keep
them in a region where they are likely to impact a body, but impact may not always occur depending on
the constraint of the body’s radius. This behavior leads to some fuzziness in the boundaries observed in the
previous plot. It can also be seen that if the trajectories are integrated long enough they are likely to return
to encounter the Moon at an earlier time. Once these exterior trajectories return, other structures may be
observed indicating that additional dynamical structures may be at play in the trajectories’ behavior.

An additional case was selected to analyze the effects of two different manifolds on the trajectories, and
the results are given in Figure 5. For this case, selected trajectories were taken from the bend indicated in
the inset of Figure 5(a). Single trajectories from the invariant manifold of both the L1 and L2 Lyapunov
orbits were taken from the bends in the curves. Trajectories selected from the lunar-origin trajectories and
just outside this region were then integrated and plotted as shown in Figure 5. This case is more complicated
than the previous case, but the guiding effect of the invariant manifolds may still be observed. For this case,
the integration for the lunar impacting trajectories is started as shown in the inset of Figure 5(b), and as the
integration progresses, the trajectories travel once around the Earth in the rotating frame. As the trajectories
approach the Moon, the trajectories between the manifolds are found to originate at the Moon. Those on
the other side of the L1 Lyapunov orbit travel through the L1 gateway into the interior region, and those

(a) Trajectory Overview (b) Closer View

Figure 5. Comparison of trajectories on the unstable manifolds of the L1 and L2 Lya-
punov orbits to selected trajectories impacting the Moon for C = 3.0. The points used
to compute the trajectories were taken from the box in the inset of (a). They included
a trajectory from each manifold on the bend of the curve and points selected by hand
between the manifolds (that originate at the Moon) and just outside the manifolds.
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on the other side of the L2 Lyapunov orbit travel through the L2 gateway to the exterior region. Again, the
trajectories that originate at the Moon would be affected by the radius of the Moon, but the invariant manifolds
generally guide the trajectories to where they have a greater chance of an encounter with the Moon.

In general the dynamics are more complicated and difficult to analyze in position space than in the lunar
surface intersection plots. It is clear, however, from this two-dimensional analysis that the invariant manifolds
are influential in guiding the Earth and Moon-origin trajectories from their respective origins. These results
imply that similar mechanisms may be at work in the three-dimensional problem, and this topic is the focus
of the remainder of this study.

THREE-DIMENSIONAL ANALYSIS

The planar CRTBP provides a convenient framework in which to understand and visualize the relationship
between invariant manifolds and lunar approach trajectories, but the design of real-world equivalent trajecto-
ries often requires a landing at either higher or lower latitudes. Indeed, many of the recently proposed landing
sites at the Moon are at northern or southern latitudes,27 and one of the locations that is currently a focus for
a lunar lander is more southern latitudes in the Aitken Basin. In this analysis, lunar landing trajectories are
analyzed over the three-dimensional surface of the Moon, and the approach geometry of the trajectories in
three dimensions is analyzed. The approach trajectories following the invariant manifolds of various spatial
libration point orbits are then compared to these lunar landing trajectories.

Earth-Moon Landing Geometry

The landing geometry of trajectories traveling from the Earth to the Moon is of particular importance
for mission design. In our previous paper17 we analyzed trajectories encountering the Moon normal to the
surface to determine whether these trajectories originated at the Earth within the previous 200 days. Given
this elevation angle constraint, only some locations of the Moon’s surface were found to be accessible from
the Earth. For this analysis, trajectories were allowed to approach each point on the lunar surface from all
directions. These directions were specified relative to the surface at each point. The azimuth angle (Ω) is
measured clockwise from north where north is the lunar orbit’s north pole, rather than the Moon’s north pole
to be consistent with the results from the CRTBP. The elevation angle (φ) is measured positive above the
Moon’s surface with a trajectory encountering the Moon’s surface normal to the surface having an elevation
angle of 90◦. (Note that this is different from θ used for the planar case, but it was chosen to be more
consistent with typical mission design parameters.) While the previous analysis was ideal for impactors, the
trajectories computed here are applicable for a wide range of mission types traveling to the lunar surface.
Additional parameters for each trajectory related to the original characteristics relative to the Earth may be
computed as in our previous paper, but the focus here is on characterizing the approach geometry. For the
following analysis the trajectories were computed over the surface of the Moon using 1◦ increments in α
and β. The same definition is used for α that is used in the planar problem in Figure 1. β is measured like
latitude and is positive above the x-y plane. Two different grids were used for the azimuth and elevation
angles. In each case, the elevation angle was varied in even increments, and the steps taken in azimuth angle
were specified initially for an elevation angle of 0◦. The number of azimuth points were then decreased
with cos(φ) so that the number of points decreased with elevation angle. Both a fine grid and a coarser grid
were used in this analysis. For the fine grid case, 1◦ increments were taken at 0◦ elevation for Ω, and 1◦

increments were used for elevation. For the coarser grid, 10◦ increments were used for Ω at 0◦ elevation, and
3◦ increments were used for elevation. This coarser grid was found to provide a good approximation that
conveyed the overall trends of the fine grid, while allowing for a more reasonable computation time. Even
with this coarser grid, computing trajectories over the entire surface in the ephemeris problem for each Jacobi
constant required approximately seven days running in parallel on 40 processors. Unless otherwise stated,
this coarser grid is the one used throughout the analysis.

As an initial step in the analysis, the set of trajectories were computed in the CRTBP for a Jacobi constant of
2.6. The trajectories were computed for both the fine grid and the coarser grid. A comparison of the maximum
and minimum elevation angles resulting in trajectories that originate at the Earth is shown in Figure 6. Using
the symmetry about the xy plane mentioned earlier, it can be seen that the northern and southern latitudes

9



(a) C = 2.6, Maximum Elevation Angle, Coarse Grid (b) C = 2.6, Minimum Elevation Angle, Coarse Grid

(c) C = 2.6 Maximum Elevation Angle, Fine Grid (d) C = 2.6 Minimum Elevation Angle, Fine Grid 

 

Elevation Angle (deg.)
0 15 30 45 60 75 90

Figure 6. Maximum and minimum elevation angles for trajectories originating at
the Earth and encountering the Moon at each point on the surface. These cases are
computed in the CRTBP for C = 2.6. Results from two different grids (in elevation
and azimuth angle) are shown.

will be reflected for the elevation plots in the CRTBP. Note that the azimuth angles would need to account for
the reflection if they are plotted, and although similar results would be expected in the ephemeris problem,
the variations in the ephemeris require that the northern and southern quadrants be computed independently.
Using this symmetry the values computed for the northern and southern hemispheres were reflected in Figure
6 to save computation time. By comparing the plots, it can be seen that, as might be expected, the finer grid
captures more trajectories at higher and lower elevation angles that originate at the Earth, however, the overall
trends in the data remain the same for both grids. In each case the range of elevation angles from minimum
to maximum is higher near α = 90◦ and lower near α = 270◦. Referring back to Figure 1, the 90◦ direction
corresponds to the leading edge of the Moon, and the 270◦ direction to the trailing edge. The coarser grid is
used in the remainder of this analysis, so it should be remembered that details in the plots may change with a
finer grid, but the overall trends can still be observed.

An analysis of trajectories for a Jacobi constant of C = 2.8 confirmed our earlier result for trajectories
encountering the Moon normal to the surface of the Moon that no Earth return trajectories were found for
this Jacobi constant or higher ones in the CRTBP. However, it is expected that Earth-origin trajectories with
velocities consistent with higher Jacobi constants in the CRTBP will exist in the ephemeris problem because
these trajectories may use the Sun’s perturbations to travel from the Earth to the Moon. Those higher Jacobi
constants, especially those approaching the values near CL1 and CL2 are especially relevant for the computa-
tion of the invariant manifolds of libration point orbits which is useful for the comparison later in this study.
The elevation angle range results are shown in Figure 7 for Jacobi constants ranging from C = 2.6 to 3.1 in
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(a) C = 2.6, Maximum Elevation Angle, 0◦ < φ < 90◦ (b) C = 2.6, Minimum Elevation Angle, 0◦ < φ < 72◦

(c) C = 2.8, Maximum Elevation Angle, 12◦ < φ < 90◦ (d) C = 2.8, Minimum Elevation Angle, 0◦ < φ < 60◦

(e) C = 3.0, Maximum Elevation Angle, 45◦ < φ < 90◦ (f) C = 3.0, Minimum Elevation Angle, 0◦ < φ < 27◦

(g) C = 3.1, Maximum Elevation Angle, 57◦ < φ < 90◦ (h) C = 3.1, Minimum Elevation Angle, 0◦ < φ < 15◦ 

 

Elevation Angle (deg.)
0 15 30 45 60 75 90

Figure 7. The minimum and maximum elevation angles of trajectories originating at
the Earth for each point on the lunar surface. These trajectories are computed in the
Earth-Moon ephemeris system including the Sun’s perturbations.
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the ephemeris problem. Note that, as in our previous paper,17 the Jacobi constant for the ephemeris plots is
used as a shorthand for a particular set of velocities computed around the Moon in the CRTBP. These same
velocities are attached to the Moon in the ephemeris problem referenced to the instantaneous orbital plane
of the Moon’s orbit around the Earth. The symmetry used to simplify the computations in the CRTBP is no
longer present for the ephemeris problem, and trajectories were directly computed for the entire plot. Once
the trajectory is integrated backward from the Moon, the Jacobi constant of the trajectory will vary in both
the Earth-Moon and Sun-Earth systems.

Comparing the results from Figure 6 for the Jacobi constant case of 2.6 in the CRTBP and the ephemeris
problem results reveals that they are quite similar. The maximum and minimum elevation values still occur at
approximately the same locations on the surface for each case. However, several new bands of high elevation
angle cases occur for the ephemeris case near α = 180◦ for the maximum elevation angle case and from
approximately α = 290◦ to 360◦. Additional bands also seem to exist for the minimum elevation angle
case, especially for high and low latitudes. It is natural to expect from past work that these bands may
represent trajectory options that exist as a result of the Sun’s influence, and it is interesting that these types
of bands remain up through C = 2.8. An interesting topic planned for future study is to determine how these
characteristics vary with a finer grid. However, the comparison performed here is with the same grid in each
case, indicating that these additional trajectories exist.

As the Jacobi constant increases even more as seen in Figures 7(e) through 7(h), the range of elevation
angles for lunar landing at each point seems to increase even more. The location of the peaks also seems
to shift, and for the maximum elevation angle plots, the peaks move to the right or eastward with increasing
Jacobi constant. When a Jacobi constant of 3.1 is reached, the maximum elevation angle for points containing
a trajectory originating at the Earth never drops below 57◦, and the minimum elevation angle for the same
points never goes over 15◦. It is important to mention that although the points look dense across the surface
in the plots, this is because of the size of the plot and the points used for plotting. There are individual
points on the surface where no Earth-origin trajectory exists for this grid, but there are always nearby points
where such a trajectory exists. For real-world mission design, a small ∆V can be used to target slightly
different points, and the surface of the Moon is practically covered for mission design purposes. It has also
been found for particular points that if a much finer grid is used, typically some Earth-origin trajectories are
found, and these points will be included in future studies. The points with no Earth-origin trajectories for
this grid are not included in the elevation angle ranges listed in the plots. These results for higher Jacobi
constants agree generally with the normal trajectory cases seen in our previous work. The additional range of
geometries available for landing at these energies appears to be a result of the increasingly chaotic nature of
the system as the Jacobi constant approaches the values at the L1 and L2 libration points. In other words, the
trajectories are more able to take advantage of chaos to arrive at different elevation and azimuth angles. This
also indicates that these Jacobi constants are of particular interest for comparison with the invariant manifolds
of libration orbits. One interesting statistic to examine is the maximum number of trajectories at a particular
point that originate at the Earth. Although this number is generally quite low, there are some points where
it peaks. The maximum number of trajectories at a particular point is listed in Table 2 for different Jacobi
constants. The higher values are found for a Jacobi constant of 2.6 and 3.1. The C = 2.6 results include more
direct trajectories that still exist in the CRTBP and do not require the Sun’s influence, and the C = 3.1 results
include those trajectories that are heavily influenced by the Sun. The total number of Earth-origin trajectories
follows the same trend. These numbers are a function of the grid that is being used and can be refined by
using a denser grid, however they do align with the results from the trajectories computed normal to the lunar
surface seen in our earlier work.

Because the trajectories are computed in the ephemeris problem for the cases just discussed, the results
will naturally vary with the initial epoch of the integration. A sample of the results was computed for four
different epochs around the Moon’s orbit at seven day increments (approximately one-quarter of the Moon’s
orbit) to determine how they might vary with the initial epoch. Representative results for a Jacobi constant
of 2.8 are shown in Figure 8. The salient features of the plots remain generally the same for each epoch
in that the maximum values still occur near α = 90◦ and the minimum values occur near α = 270◦. The
January 7 and 21 cases have more locations with higher elevation angles, especially near α = 270◦, mixed
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Table 2. Maximum number of Earth-origin trajectories at a single point on the lunar surface including
the corresponding location and the total number of Earth-origin trajectories for various values of
Jacobi constant.

Jacobi Constant Maximum at a Point Location (α, β) Total Number

2.6 27 (193◦, -36◦) 290,672
2.8 16 (213◦, -18◦) 114,684
3.0 14 (225◦, -11◦) 162,061
3.1 36 (192◦, 7◦) 298,621

(a) January 1, 2015 (b) January 7, 2015

(c) January 14, 2015 (d) January 21, 2015 

 

Elevation Angle (deg.)
0 15 30 45 60 75 90

Figure 8. Comparison of maximum elevation angle results around the lunar orbit at
seven day intervals for C = 2.8.

in with lower elevation angle points. These two cases appear better positioned to take advantage of the Sun-
Earth libration point dynamics, which could increase the range of elevation angles that may be obtained for
approaching the Moon. Overall though, given this comparison, it is expected that the results from this study
may be extrapolated to other epochs without drastically changing the outcome.

Another important aspect of the approach for mission design is, of course, the azimuth angle of the tra-
jectory. Plotting this information in a global sense is difficult, but a sample of the types of results obtained
for each Jacobi constant may be visualized for a subset of the points in Figure 9. The azimuth angles are
plotted for each point on a grid computed at 30◦ intervals in both α and β. For these plots, the fine grid was
used at each point on the surface which of course produced more trajectory options. The orientation of the

13



0 90 180 270 360
90
60
30
0

30
60
90

 (deg.)

 (d
eg

.)

 

 

El
ev

at
io

n 
An

gl
e 

(d
eg

.)

0

18

36

54

72

90

(a) C = 2.6
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(b) C = 2.8
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(c) C = 3.0
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(d) C = 3.1 

 

Elevation Angle (deg.)
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Figure 9. Azimuth angles at points on a 30◦ grid on the lunar surface. The plotted
lines at each gridpoint are oriented in the proper azimuth direction for each individual
trajectory. The color corresponds to the elevation angle of that trajectory.

lines centered on each point indicates the azimuth angle, and the color is used to designate the corresponding
elevation angle of each trajectory. Note that the ±90◦ cases used azimuths that were rotated differently at
each elevation as a result of the tranformation used to compute them. So the specific results differ, but they
generally show similar trends. It is interesting that there are definite regions where the majority of Earth-
origin trajectories appear to have similar elevation angles. In each case though, there are often just a few high
or low trajectories that result in the extremes seen in the elevation angles plots. This fact is worth keeping in
mind for mission design since a particular elevation angle may only be available in combination with only
a few azimuth angles. In general it appears that higher elevation options are more available as the Jacobi
constant increases, although there are typically at least a few low elevation angle options at each point. The
combinations of available elevation and azimuth angles are evaluated more directly for C = 3.1 in the com-
parison with invariant manifolds, wich will help explain the features seen in these plots a little more directly.
Nevertheless, these plots can provide a broad overview of the available trajectory options.

Invariant Manifold Analysis

The invariant manifolds of libration orbits in the planar problem were found to provide general boundaries
to different regimes of motion in the planar CRTBP. It is expected that similar types of behavior exist in phase
space for the three-dimensional problem. However, with the increase in the dimension of the problem, the
visualization of the invariant manifolds compared to the Earth-Moon landing trajectories becomes drastically
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more difficult. Spatial comparisons are therefore made using the intersection geometry of the invariant man-
ifolds of libration orbits with the Moon and by looking in detail at specific landing locations on the Moon.
For this comparison, halo orbits computed within the CRTBP are used, and a rough comparison with the
ephemeris results is performed. This technique ensures that the velocities at specific points on the Moon are
the same for each case. It has also been found that over the short integration times used for the invariant man-
ifolds to travel from the halo orbit to the Moon, the Sun should have little time to perturb the trajectory, and it
should remain similar to those computed in the ephemeris problem. The transfers to the halo orbits from the
Earth are not analyzed here because techniques for performing these transfers using the Sun’s influence are
summarized in Parker’s dissertation.12 More detailed analysis in the ephemeris problem will be performed in
the future.

As a first step in the comparison, the lunar landing geometry of the invariant manifolds of various halo
orbits is analyzed. Alessi, Gómez, and Masdemont15 examined similar trajectories for escaping the surface of
the Moon to various halo orbits and summarized the areas on the Moon from which such escape trajectories
are possible. We are concerned here with a combination of the landing location along with the landing
geometry, therefore, a similar technique as that used in Figure 9 is employed here. The intersections of the
unstable manifolds of the L1 halo orbits are indicated by a red point, and the intersections for the L2 halo
orbits are orange points. The azimuth angle and the elevation angle are indicated by the direction and the
color, respectively.

The results for a halo orbit at C = 3.1 are shown in Figure 10. It can be immediately seen that for this
energy, the L1 halo orbit manifolds generally fall on the leading edge of the Moon in its orbit, and the L2

halo orbit manifolds fall on the trailing edge of the Moon. As expected, the intersections of the northern
and southern halo orbits are reflected about β = 0. The elevation angles are somewhat lower for the L1

halo orbits than the L2 halo orbits. All together, the unstable manifolds provide relatively broad coverage of
much of the lunar surface, although still significant regions are not intersected by the manifolds. This may be
potentially remedied by examining the manifolds at additional energies. The unstable manifold intersections
with the Moon can change significantly with the Jacobi constant as can be seen for the intersections plotted
with a Jacobi constant of 3.08 in Figure 11. The intersections for the L1 case have divided into two different
regions, and the L2 intersection case has grown tighter together. It should be reiterated that the unstable
manifold intersections can increase if larger time intervals are used for the integration, and these plots focus
on short-duration trajectories. The unstable manifold intersections also change even more as energy continues
to change, but these energies appear to provide some of the most direct transfers.

This analysis shows that the unstable manifolds of halo orbits can provide broad coverage for landing
at various points on the Moon, although not with the nearly complete coverage found from the previous
results. It is also interesting to explore the relationship between the unstable manifolds and these Earth-origin
trajectories from the general analysis. A similar examination to the one made for the planar problem would be
desired, but the nature of the three-dimensional problem makes this drastically more complex. One possible
method for performing this comparison is to examine the origin of the trajectories coming from all azimuth
and elevation angles at each point that the unstable manifolds intersect the surface of the Moon. In this case,
only one unstable manifold intersection is plotted for each point relative to the trajectories coming in from
all angles, but it still allows this point to be placed in context of the dynamics indicated by the source of each
trajectory.

An initial comparison with this technique was made in Figure 12 using points from the L2 northern halo
orbit at C = 3.1 since the unstable manifold intersections move across a broad portion of the Moon, and we
are interested in trajectories that may travel through the L2 gateway to be influenced by the Sun. The results
are plotted with each plot corresponding to one of the unstable manifold intersections with Moon. For these
plots a fine grid stepping in one degree increments in both azimuth and elevation angle was used. Although
the unstable manifold points are computed in the CRTBP, and the remaining points are computed in the
ephemeris, the results are intriguing. The unstable manifold points in each case often lie on the boundary of
the Earth-origin and lunar-origin trajectories. The primary set of Earth-origin trajectories appear to form a line
or circle as the position is moved across the surface of the Moon, and comparing these results to Figure 9(d)
sheds some light on why elevation angles are grouped together in that plot. In all cases, the unstable manifold
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(a) L1 Northern Halo
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(b) L1 Southern Halo

(c) L2 Northern Halo
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(d) L2 Southern Halo 
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Figure 10. Unstable manifold intersections of the specified orbits with the Moon for
C = 3.1. The labels in (c) are used to designate the plots in Figure 12.
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(a) L1 Northern Halo
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(b) L2 Northern Halo 
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Figure 11. Unstable manifold intersections of the specified orbits with the Moon for C = 3.08.

point lies between this main set of Earth-origin trajectories and the larger band of lunar-origin trajectories.
Although there is no line of unstable manifold points to separate the regimes of motion as in the planar
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problem, the unstable manifold still appears to lie on the general boundary between the two trajectory types.
The fact that such a relationship exists in the dynamics is an argument that the CRTBP unstable manifolds
are a good approximation over short times to the unstable manifolds found in the ephemeris, but more work
is needed to verify this statement.

Finally, it is interesting to examine several trajectories plotted in position space corresponding to the lunar
surface intersections. Several trajectories selected from either side of the unstable manifold intersection in
Figure 12(b) are plotted in Figure 13. Here it can be seen that the Earth-origin trajectories do indeed travel
through the L2 gateway during the transfer while the lunar-origin trajectories do not. Remember that the L2

manifold is computed in the CRTBP, but it provides a guideline as to how the manifolds would behave in the
ephemeris problem. If the Earth-origin trajectories are followed further to their source, it can be seen that they
approach the L1 point of the Sun-Earth system and then either encounter the Earth directly or use phasing
orbits to do so. It appears that this set of trajectories is following the invariant manifold pathways connecting
the Sun-Earth and Earth-Moon libration orbit invariant manifolds found in Koon, Lo, Marsden and Ross,11

Parker and Lo,8 and Parker.12 It also appears that the main band of Earth-origin trajectories follows this route,
and that similar pathways may be targeted from each selected point on the Moon.
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Figure 12. The origin of trajectories plotted for various azimuth and elevation angles
computed for several intersection points of the L2 northern halo unstable manifolds
(indicated by the orange diamond) with the lunar surface. Each subfigure corre-
sponds to the associated point as labeled in Figure 10(c). (C = 3.1)
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Figure 13. Comparison of the selected Earth-origin, lunar-origin and invariant man-
ifold trajectories in the Earth-Moon and Sun-Earth rotating frames. The L2 unstable
manifold trajectory is superimposed on the plot because it is computed in the CRTBP.

CONCLUSIONS

The characteristics of Earth and lunar-origin trajectories encountering the lunar surface at different ele-
vation angles have been quantified and compared to the invariant manifolds of libration orbits in both the
planar and three-dimensional problem. In the planar problem, the unstable manifolds of Lyapunov orbits
were shown to generally bound the different regimes of motion between the trajectories with different ori-
gins. The boundaries were explored, and it was shown that some points may cross the boundary as a result
of factors such as the radius of the Moon and the chosen integration time. A wide range of elevation angles
were shown to be available for landing at different points on the Moon for different Jacobi constants in the
three-dimensional problem with higher elevation angles generally available on the leading edge of the Moon
and lower elevation angles possible on the trailing edge. The invariant manifolds of halo orbits were shown
to provide coverage of a large portion of the Moon’s surface with small changes in Jacobi constant allowing
a wider coverage. The particular approach of the unstable manifolds of the L2 northern halo orbit was found
to lie generally on the boundary between the set of Earth-origin trajectories and a band of lunar-origin tra-
jectories. The Earth-origin trajectories from a particular sample appear to transit through the L2 gateway and
travel near the Sun-Earth L2 libration point on their journey from the Earth.

FUTURE WORK

The results from this study bring up many possible avenues for future work. A more refined grid in
the ephemeris problem will likely allow a more detailed analysis of the possible connections between the
Earth and the Moon. Different integration times for the different trajectories can be explored in addition to
examining different epochs for the initial epoch in the integration. The halo orbits generated in the CRTBP
for the comparison can also be generated in the ephemeris problem for a more detailed comparison. Finally,
additional mission design parameters can be generated to aid in selecting particular trajectories for specific
missions, and Earth departure characteristics can be generated.
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