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Motivation and related work

Non-binary and binary LDPC codes were invented by Gallager
50 years ago.

Early work in modern coding theory by MacKay and Davey
(1998) recognized the superiority of non-binary LDPC codes
over binary LDPC codes.

Curiously, the majority of the subsequent results on
graph-based codes and iterative decoding has focused on
binary codes.

Recent exciting results Poulliat, Fossorier, Declercq (2008),
and Liva, Paolini, Scalise, Chiani, Costantini,
Matuz(2011-2012) on design and analysis of non-binary LDPC
codes.
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Motivation and related work

Our previous results:

EXIT chart analysis (Milcom 2011); weight enumerator
polynomials and ensemble analysis (ISIT 2011, ITW 2011,
ISIT 2012); typical minimum distance properties (ITA 2012);
non-binary protograph-based LDPC codes for short blocks
(ITW 2012).

This work:

Design of short non-binary protograph-based LDPC codes
over lower field size for lower complexity.
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Non-Binary Protograph-Based LDPC Codes

The basic building block is a protograph (Thorpe, 2003).
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Fig. 1. An illustration of the steps in a PB NB code construction.

each edge ei ∈ E in the mother protograph produces the set Ei

of edges in the daughter graph where Ei = {ei,1, . . . , ei,N},
and the edge ei,j for 1 ≤ j ≤ N connects the variable
node vk,j and the constraint node cl,j if the edge ei con-
nects the variable node vk and the constraint node cl in the
mother protograph. We denote the resultant daughter matrix
GN = (V N , CN , EN )

Definition 1 (PB NB code): Given the mother protograph
G = (V, C, E), a (G, N, {sk}k, {πi}i) PB NB code is
constructed from the daughter graph GN = (V N , CN , EN )
by scaling each edge k in GN by a nonzero element sk of
GF (q) for 1 ≤ k ≤ N · |E|, followed by permuting the edges
in the set Ei according to πi for each 1 ≤ i ≤ |E|. �

This process is illustrated in Figure 1 for the construction of
a PB NB code based on the mother protograph with nv = 3,
nc = 2 and N = 3. An alternative illustration is provided in
Section VII.

Definition 2 (PB NB code ensemble): The (G, N, q) PB
NB ensemble is the collection of all (G, N, {sk}k, {πi}i)
PB NB codes with all possible choices of sk’s as non-zero
elements of GF (q) (for 1 ≤ k ≤ N × |E|) and {πi}’s as all
possible N -permutations (for 1 ≤ i ≤ N ). �

When the field size q = 2, the construction naturally reduces
to the binary case, previously analyzed in the literature [1].

By construction, parallel edges are allowed in the proto-
graph and in the derived graphs. It is understood than in
practice such edges in the resultant graph should be avoided.

B. Non-binary quantities of interest

We now quickly recall the terminology relevant for the anal-
ysis of non-binary graph-based codes and provide definitions
necessary for the later analysis.

Let Gq = (Vq, Cq, Eq) denote a bipartite graph describing a
q-ary LDPC code, with the usual notation of Vq denoting the
set of variable nodes, Cq denoting the set of constraint nodes,
and the set Eq describing the edges between the nodes in Vq

and Cq . In the non-binary case, each variable node in Vq can
have any value in GF (q), and each edge in Eq is weighted
by a non-zero element of GF (q).

For the graph Gq , we say that the constraint node cj of
degree m is satisfied if

�m
i=1 si,jxi = 0 ∈ GF (q), where si,j

is the weight given to the edge connecting the variable node

xi and the constraint node cj . If
�m

i=1 si,jxi �= 0 ∈ GF (q)
we say that the constraint node cj is unsatisfied.

Codeword weight enumerators are known to be useful for
bounding the performance under the maximum likelihood
(ML) decoding. We therefore consider the Hamming weight
of a q-ary string which is the number of its non-zero entries.

Under the message passing decoding, it is also recognized
that certain non-codewords characterize the performance. We
summarize some of them as follows.

Definition 3 (Trapping set in GF(q)): For the graph Gq =
(Vq, Cq, Eq), an (a, b) trapping set Ta,b is a subgraph of Gq

induced by a variable nodes in Vq , such that in the induced
subgraph there are b constraint nodes that are unsatisfied (with
respect to these a variable nodes). �

Definition 4 (Stopping set in GF(q)): For the graph Gq =
(Vq, Cq, Eq), an (a, b) stopping set Sa,b is a subgraph of Gq

induced by a variable nodes in Vq , such that there are b
constraint nodes in the induced subgraph, and such that in this
subgraph every constraint node has at least two neighboring
variable nodes. �

While the definitions are seemingly the same as in the binary
case, as we shall see shortly, care must be taken when the non-
zero objects of interest are being counted over GF (q).

III. CODEWORD ENSEMBLE WEIGHTS

In this section we state the main result that describes the
weight enumerator of the PB NB ensemble. We first provide
the exact weight enumerator of a code induced by a constraint
node, along with an accompanying example.

A. Weight enumerator of a constraint node and of its replicas

Let us begin building the enumerator result by first con-
sidering a constraint node cj with degree mj in the mother
protograph G. We first establish the necessary notation.

It is convenient to view this constraint node cj as a (mj ,
mj − 1) linear block code Cj over GF (q).

Let Kj = q(mj−1) denote the number of codewords in Cj .
Further, let MCj be the Kj×mj matrix with the codewords of
Cj as its rows (whose entries are by construction in GF (q)),
and let MCj

b be the Kj×mj binary matrix obtained by convert-
ing all nonzero entries of MCj to 1. Note that by construction,
some rows of M

Cj

b may be the same. Let the set MCj

b

G = (V ,C ,E )
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Non-Binary Protograph-Based LDPC Codes

The protograph-based non-binary LDPC code is obtained by a
copy-permute-scale operation.
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Graph Cover of Non-binary Protograph LDPC Codes

We introduce the non-binary protograph G = (V ,C ,E ,S) as a
basic building block. It is a natural extension of binary protograph
(Thorpe, 2003).
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Graph Cover of Non-binary Protograph LDPC Codes

The protograph-based non-binary LDPC code is obtained by a
copy-permute operation.
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Protograph for construction of NB codes
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EXIT of NB protograph codes

2 4 8 16 32 64 128 256
0

0.5

1

1.5

2

2.5

3

3.5

GF size

Th
re

sh
ol

ds
 (d

B)
The near capacity thresholds in the BPSK AWGN channel

 

 
regular (2,4) code
rate 0.5 L30R23A code
rate 0.5 L20R42A code
rate 0.5 L20R32A code
rate 0.5 L20R2A code

10 / 20



Outline
Motivation and related work

Non-Binary Protograph-Based LDPC Codes
Graph Cover Ensembles of Non-binary Protograph LDPC Codes

Code construction and performance
Conclusions and Future Work

Selected NB protograph codes over GF(256) and GF(16)
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Cycles of lifted protographs with circulants for construction
of C-NBPB and U-NBPB codes over GF(256)

N / cycle size 8 12 16 20 24 28 32

4 36 96 72 0 0 0 0
8 20 160 634 2304 5184 5632 1464

16 0 208 788 5760 28392 146192 614872

Table: Distribution of cycles for expanded graph with 4 variable nodes
and 2 check nodes by circulant permutation matrices of size N × N.
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Selected primitive polynomial for GF(256)

let α be a primitive element of GF(256)
Let p(x) = 1 + x2 + x3 + x4 + x8 be a primitive polynomial
Primitive element can be represented with a matrix
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Graph cover NBPB (C-NBPB) codes
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Performance of Graph cover NBPB (C-NBPB) codes
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Parity check matrix of U-NBPB codes over GF(256)

Example of parity check matrix of NB protograph code for
(128,64) (in bits)
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Performance of U-NBPB codes over GF(256)
W

or
d 

E
rr

or
 P

ro
ba

bi
lit

y 

Eb/No, dB 

(128, 64) non-
binary 
(128,64) binary 

(256,128) non-
binary 
(256,128) binary 

(512,256) non-
binary 
(512,256) binary 

1.3 dB 

1 dB 
1.15 dB 

17 / 20



Outline
Motivation and related work

Non-Binary Protograph-Based LDPC Codes
Graph Cover Ensembles of Non-binary Protograph LDPC Codes

Code construction and performance
Conclusions and Future Work

Performance of U-NBPB codes over GF(16) compared
with U-NBPB codes over GF(256)
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Conclusions

Conclusions

We constructed graph cover non-binary protograph LDPC
codes. We simply call it Constrained NBPB codes (C-NBPB).

We also constructed non-binary protograph LDPC codes. We
simply call it Unconstrained NBPB codes (U-NBPB).

We designed these codes both for GF(256) and GF(16).

Performance of binary image of proposed rate 1/2 non-binary
protograph codes simulated for three information block sizes
k=64, 128, and 256 bits over BIAWGN channel.

Graph cover non-binary protograph (C-NBPB) codes have
lower complexity for implementation. However in expense of
slightly more complexity the U-NBPB codes have more degree
of freedom. Thus slightly better codes at low error rates can
be obtained.
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Future Work

We will concentrate on non-binary (U-NBPB) codes over
GF(16) for low complexity and good performance.
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