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Ahigh-fidelitysimulationisdevelopedtotestthetheorythatrelativerangeandrange-
rate measurementsbetweenasatelliteinageosynchronousorbitandasatelliteinor-
bitabouttheEarth-MoonL1point maybeusedtoimprovethenavigationaccuracyof
bothsatellites,comparedwithground-onlytracking. Recentresearchhasdeterminedthat
satellite-to-satelliterange measurementsbetweenthesetwoorbitsaresufficienttoperform
absolutestateestimationaswellasrelativestateestimationofbothsatellites–atechnol-
ogyknownasLiAISON(Linked AutonomousInterplanetarySatellite Orbit Navigation).
ThisstudyquantifiestheimprovementinaccuracywhenLiAISONisusedtosupplement
groundtrackingofoneorbothsatellitesinaveryrealisticsimulation. Orbitdetermination
techniquesshowthattheinclusionofLiAISON measurementswithgroundtrackingobser-
vationscangreatlyimproveabsolutepositionandvelocityestimatesforbothsatellitesin
geosynchronousorbitandabouttheEarth-MoonL1point.

I. Introduction

Throughtheuseofsatellite-to-satellitetracking(SST),newnavigationtechniqueshaverevealedthe
abilitytoperformaccurateabsolutenavigationofoneormoresatellitesinagivenconstellation.Satellite
navigationforlowEarthorbit(LEO)hasbeenrevolutionizedthroughtheGlobalPositioningSystem(GPS)
andtheuseofaccurateatomicclocksfortimekeeping.SomeofthesuccessfulaspectsofGPShavebeen
extendedtoarelativelynewnavigationtechniqueknownasLiAISON(LinkedAutonomousInterplanetary
SatelliteOrbitNavigation).1,2 LiAISONhastheabilitytoextendsomeaspectsofGPStoorbitsinnew
regimesbeyondLEOforwhicha minimumoftwosatellitesinaLiAISONconstellationareallthatis
necessarytoperformabsoluteautonomousnavigation.
LiAISONnavigationtypicallyinvolvestwoormoresatellitescollectingrelativetrackingdatatodeter-

minetheabsolutepositionsandvelocitiesofeachvehicleinspaceovertime.Inmostapplications,relative
measurementsonlypermitasystemofvehiclestodeterminetheirrelativestates. Forinstance,anynor-
malconstellationofEarthorbiterscouldrotatetheentireconstellationabouttheEarthandachievethe
samerelativetrackingmeasurements.LiAISONnavigationworksbecausethespacecraftconstellationisin
anasymmetricgravityfield:onethatinvolvesboththeEarthandthe Moon. Atime-seriesofsatellite-
to-satellitemeasurementsinsuchasystemisuniqueandfixedtothepositionsoftheEarthand Moon.
Therefore,LiAISONnavigationresultsinthedeterminationofbothsatellites’absolutetrajectoriesusing
relativemeasurements.
TheLiAISONnavigationtechniquehasbeenshowntobeverybeneficialwhenappliedtothenavigation

oflunarsatellites,includinglowlunarorbitersandlunarlibrationorbiters.1–8Thistechniquehasbeenshown
togeneratebetternavigationaccuracythantypicalground-onlytracking.Ithasbeenrecentlyhypothesized
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thatthebenefitsofLiAISONmayapplytoEarthorbitingsatellitesaswell. Thisstudyhaselectedto
analyzethebenefitsofLiAISONappliedtogeosynchronousEarthorbitersbecausethosesatelliteshave
ahighdemandforimprovednavigationaccuracy. ThenavigationofgeosynchronousEarthorbit(GEO)
satellitesischallengingbecausetheirpositionsdonotchangerapidlyovertimerelativetotheirground
trackingstations. GEOnavigatorsrelyoncomplex measurementssuchasopticaltrackinginorderto
achievepositionaccuraciesaslowas10meters.9

Adedicatednavigationsatelliteanywherenearthe Moonhasahugeadvantageovergroundstations
whenitcomestotrackingGEOsatellitesusingradiometricdata. WheretherangebetweenaGEOsatellite
andagroundstationistypicallyveryconstant,therangebetweenaGEOsatelliteandasatellitenearthe
Moonisverydynamic.Further,theuniquenessofahaloorbitabouttheEarth-MoonL1pointgeneratesa
clear,dynamicsignatureintherelativeSSTobservations.Clearsignalsinthedatacanbeusedtolockonto
thepositionandvelocityofbothsatellites.
Thispaperexaminesanewnavigationconceptindetail,studyingthebenefitsofsupplementingstandard

groundtrackingmeasurementsoftwosatellitesintheEarth-Moonsystemwithrelativesatellite-to-satellite
trackingobservationsmadebetweenthesesatellites.Aconcurrentstudyhasdemonstratedtheviabilityof
theLiAISONtechniqueappliedtoaconstellationoftwosatellites,whereoneisinorbitaboutthelunarL1
pointandtheotherisatGEO.10,11Thispaperquantifiestheimprovementinaccuracythatonemayexpect
bysupplementingconventionalradiometricgroundtrackingwithLiAISONmeasurements.
Thisstudydevelopshigh-fidelitysimulationstoquantifythebenefitsofLiAISONappliedtotracking

GEOandL1satellites.Thescenariobeginswithtypicalground-onlytrackingtoestablishabaselinenavi-
gationaccuracyofbothsatellites.Thisground-onlytrackinginvolvesradiometricdatatoremainconsistent
throughoutthestudy.LiAISONmeasurementsarethenintroducedtoquicklyimprovethenavigationac-
curacyofbothsatellites. Thesimulationsincludedynamicalmodelingerrors, measurementerrors,and
measurementbiases. Furthermore,themeasurementsincludelargemeasurementgapstosimulateother
activitiesbeingperformedbyeachasset. Atrackingscheduleanalysisisperformedoverawiderangeof
possibleobservationpassgaps. Theresultsarecomparedtobothcontinuousground-onlytrackingand
LiAISONtracking.

II. LiAISONNavigation

AutonomousSSTreliesonanabilitytoestimatetheabsolutepositionsofaspacecraftwithouttheuse
ofgroundstationobservations. Todoso,thesize,shape,andorientationofthesatellite’sorbitmustbe
observablefromthemeasurementsavailablebetweenthelinkedspacecraft.Theobservabilityofthesystem
dependsononeofthesesatellitesoccupyingauniquetrajectory.Thedeterminingfactorinwhetheraunique
trajectorycanexist,andthuswhetherLiAISONispossible,istheaccelerationfunctionactingontheorbiter.
Nouniqueorbitsexistinasymmetricaccelerationfield,oneinwhichthefunctionanditstimederivative
aresymmetric.Eveninregionswithdesiredasymmetricperturbations,uncertaintiesintheforcemodeland
observationnoisecancounteracttheseeffectsintheaccelerationsandpreventSSTorbitdetermination.As
aresult,theasymmetricaccelerationeffectsmustbegreatenoughtooutweightheuncertaintiesandforce
modelissuesthatarise.
AccelerationfunctionswithsufficientasymmetryforLiAISONareprovidedbythree-bodysystemsthat

giverisetolibrationpointorbits(LPOs).Thethird-bodyperturbationoftheMoonissufficienttoprovide
theasymmetrynecessaryforlocallyuniquetrajectoriestoexist. Duetotheeffectsofthegravitational
forcesofthe MoonandEarth,lunarLPOscanonlyhaveoneorientationwithrespecttothissystem.L1
andL2LPOsarespecificallywellsuitedforLiAISONbecausetheyarelocallyuniqueandresideinregions
wheretheasymmetryoftheaccelerationsisstrong. Undertheseconditionsaspacecraftatoneofthese
Lagrangepointscanuniquelyandabsolutelydeterminethestateofasecondsatelliteusingcrosslinkrange
measurementswithoutground-basedobservations.
SeveralpapershavedemonstratedthebenefitsofLiAISONnavigationappliedtosatelliteconstellations

attheMoon.ThisefforthasbeenmotivatedbyNASA’saimtodevelopapermanentpresenceattheMoon.
Hilletal.exploredthecasesof2–4satellitesplacedincombinationsoflowlunarorbitsandlibrationorbits
abouttheEarth-MoonL1and/orL2points.

1,3,5,6 Apotentialmissionwasexaminedindetail,including
onlytwosatellites:oneina100-kmpolarorbitaboutthe Moonandtheotherinalibrationorbitabout
theEarth-MoonL2point.

3 TheresultsdemonstratedthatsatellitesmaybenavigatedattheMoonusing
realisticconstraintsandachieveaccuraciesontheorderof100metersorlessforhaloorbitersand10meters
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orlessforlowlunarorbiters.Anygroundtrackingpasseswouldonlyimprovethesolutions.
ThescenarioexaminedinthispaperextendstheconceptsofLiAISONnavigationbeyondconstellations

fixedatthe Moon. Thisstudyconsidersplacingonesatelliteinageosynchronousorbit,sincethereis
significantinterestinimprovingthenavigationofGEOsatellites;futurestudieswillexamineotherorbits,
includinglowEarthorbits,lunartransfers,andinterplanetarytrajectories.ItmaybethecasethatNASA’s
lunardevelopmentwarrantsadedicatednavigationsatellite;thisstudydemonstratesthatsuchasatellite
maybeabletooffersubstantialbenefitstoEarth-orbitingsatellitesaswell.
InordertomakeanaccurateanalysisofaLiAISONnavigationsolutionbetweenanL1andGEOcon-

stellation,anunderstandingofcurrentnavigationaccuraciesforbothregimesisnecessary. FortheGEO
regime,mostcommercialoperatorstrackGEOsatellitestowithinakilometerinposition. Morestringent
requirementsarenecessaryfortheTDRSSsystem.Apositionnavigationaccuracyoflessthan100metersis
required,thoughinpracticepositionnavigationsolutionstendtobeaccuratetowithin30meters.12Sabol
hasshownthatrange-onlyobservationscanbeusedtoperformorbitdeterminationtowithin30metersin
positionforGEOsatellitesbyusingseveraldifferenttrackingstations.13Moreauetal.haveshownthatone
couldtrackGPSsignalsfromGEOforapositionaccuracyofabout15meters.14 Tombascoshowedthat
opticaltrackingcouldreducetheuncertaintyofaGEOorbittowithin10meters.9

NavigationofsatellitesinLunarLPOshasonlyrecentlybeendonethroughtheARTEMISmissionin
late2010through2011.15,16Theprimarymeasurementtypeforthismissionwasradiometrictrackingdata
fromtheDeepSpaceNetwork(DSN),theUniversalSpaceNetwork(USN),andtheBerkeleyGroundStation
(BGS).17,18TheDSNnavigationdatausedfortheARTEMISmissionwasrangeandDopplermeasurements
withatrackingpassscheduleof3.5hoursofdataeveryotherdaymakinganattempttoalternatestations
fromthenorthernandsouthernhemispheres. Navigationsolutionswereobtainedforeachsatelliteonthe
orderof100metersinpositionandapproximately1mm/sinvelocity.
TheeffectivenessofLiAISONisevaluatedusingorbitdeterminationsolelycomposedofrangeandrange-

ratemeasurementsbetweentwoparticipatingspacecraft. Adedicatednavigationsatelliteanywherenear
theMoonhasanadvantageovergroundstationsfortrackingGEOsatellitesusingradiometricdata. While
mostsatellitesareonlyvisiblefromgroundstationsatcertaintimes,includingthoseorbitingaroundthe
L1point,alinkbetweenaGEOandL1satellitehasnearlycontinuousvisibility.Figure1demonstratesthe
nearcontinuousdynamicrangemeasurementsbetweenanexampleGEOsatelliteandasatellitetraversing
anLPOabouttheEarth-MoonL1pointversustherangeofaGEOorbittrackedbyagroundstation.One
canseeclearsignalsinthedatathatmaybeusedtolockontothepositionandvelocityofbothsatellites.
TodemonstratetheadvantagesandcapabilitiesofaLiAISONarchitecture,asimulationinvolvingtwo

satellites,oneinalunarL1LPOandtheotheratGEO,isexamined.Observationswithrealisticerrorsand
uncertaintiesweregeneratedforthesatelliteconstellation.Thesatelliteorbitsweredeterminedusingahigh
fidelityintegrationandgravitymodeling.AconventionalKalmanfilterwasusedtoprocesstheobservations.

Figure1. Satelliteconstellationgeometryfortruth modelsimulationsforLiAISONandgroundtracking.
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III. Dynamical ModelandLinearization

Modernorbitdeterminationalgorithmscommonlyemployapropagationofthestateanduncertainty
alongareferencetrajectoryfollowedbymeasurementprocessinginordertoobtainamoreaccurateestimate
ofthesatellitesstate. Amajorityoftheorbitdeterminationmethodsusealinearizationofthestatesin
ordertopropagatestatedeviationsandtheiruncertaintiesovertimealongaspecifiedreferencetrajectory.
Inthissection,thetheoryoftheassociateddynamicalequationsforthereferencetrajectoryarederivedand
thenlinearizedforuseinaconventionalKalmanfilterthathasbeenderivedinSectionV.

A. SatelliteStateDynamics

Inthiswork,anattemptismadeatestimatingthestateoftwosatellites,theirsolarradiationpressure
(SRP)coefficients,andassociatedbiasesinthemeasurementequations. Asimplifiedstatevectorisused
thatcontainsbothsatellites’positionsandvelocitiesaswellastheconstanttermspreviouslymentionedas
giveninEq.1. Therangebiastermρbiasdoesnotaffectthesatellitestatedynamicsbutispartofthe
estimatedstateandisusedinthefilterandmeasurementequations.

X= rT1 vT1 rT2 vT2 δCR,1 δCR,2 wT1 wT2 ρTbias

T

. (1)

Thefirstfourelementsofthestatevectorarethepositionandvelocities(bothvectorshaveadimension
of3)ofthetwospacecraftintheGeocentricCelestialReferenceFrame(GCRF).Theremainingelementsof
thestatevectoraredeviationsfromapriorivaluesoftheSRPreflectivitycoefficients,empiricalacceleration
vectorsforbothsatellites(eachvectorhasadimensionof3),andtherangebiasesbeingestimatedforeach
observationlink(atotalof5inthiswork).
ThetimeevolutionofthestatevectorXisgivenbyasystemofnonlinearfirstorderdifferentialequations.

Inthiswork,thetimeevolutionsofthepositionandvelocityvectorsofaspacecraftaregiventhefollowing
dynamics:

ṙi
v̇i
=

vi
ag(t,ri)+aSRP(t,ri)+an-body(ri,r⊕3)+[γ]

T

RTN
wi
, (2)

whereag(t,r)isthegravitationalaccelerationsduetotwo-bodyandEarth’snon-sphericalbody.Inaddi-
tiontothegravitationalacceleration,SRPaSRP(t,ri),n-bodyperturbationsan-body(ri,r⊕3),andempirical
accelerationswi,areactinguponthespacecraft.TheEarth’sgravitationalpotentialincludingthetwo-body
termiscommonlygivenintermsofsphericalharmonicsas

U(x,y,z)=
µ

r
1+

∞

l=2

l

m=0

R

r

l

Pl,m(sinφgc){Cl,mcos(mλ)+Sl,msin(mλ)}. (3)

ThenormalizedCartesiansphericalharmonicmodelisusedinthisworkforthecalculationoflocalgrav-
itationalacceleration.19 ThenormalizedCartesianmodeldoesnotrelyonsphericalcoordinatesanddoes
notcontainanysingularitiesasseenintheclassicalformulation. Theaccelerationvectorfromspherical
harmonicsisgiveninInternationalTerrestrialReferenceFrame(ITRF)andmustberotatedbacktoGCRF.
TheconversionfromtheEarth-centered,Earth-fixedreferenceframetotheEarth-centeredinertialreference
frameiscomputedthroughthe1976IAUPrecession,1980IAUNutation(noIERScorrectionsareused),
Earthrotationparameters,andpolarmotion.20

Thesolarradiationpressuremodelusedisbasedonaconstantarea,constantreflectancemodel. The
shadowmodeluseddeterminesanapproximatevalueofthepercentageoftheSun’sfacethatisvisiblefrom
thespacecraftlocation.TheradiiofthebodiesusedintheshadowmodelaretakenfromtheJPLDE405
(Ref21and22)ephemeris,andthesolarradiationpressureisadjustedbasedonthedistancefromthesun.
TheaccelerationduetoSRPisgivenby

aSRP=PSRPCR
A

m

rsat
|rsat|

, (4)
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whereCRisthereflectivityofthespacecraft,A isthecross-sectionalareaofthespacecraftfacingtheSun,
misthemassofthespacecraft,rsatisthevectorfromthecenteroftheSuntothespacecraft,andPSRP
isthesolarradiationpressureoftheSun.ThevalueusedforPSRP isabout4.5298×10

−6PaatoneAU.
ThevariationinPSRPforvariousdistancesfromthesuniscalculatedby

PSRP=PSRP,AU
(149,597,870km)2

|rsat|2
. (5)

Inadditiontothecentralbodynon-sphericalgravitationalacceleration,thegravitationeffectsofmultiple
bodies(n-body)aredetermined.ThiscanincludeextraperturbationsduetotheSun,Moon,orotherplanets
inthesolarsystem.Theaccelerationan-body,iduetothegravitationalattractionofbodykofthen-bodies
isgivenby

an-body,k=−µk
rk,sat
r3k,sat

+
r⊕,k
r3⊕,k

, (6)

whereµkisthegravitationalparameterofthek
thbody,rk,satisthevectorfromthek

thbodytothesatellite,
andr⊕,kisthevectorfromthecentralbodytothek

thbody.Thepositionofcelestialbodiesiscomputed
fromtheJPLDE405ephemerides.21,22

Thelocalempiricalaccelerationdisturbancesexperiencedbyeachofthesatellitesaremodeledasfirst-
orderGauss-Markovprocesses.Theprocessisgovernedbythefollowingequationsofmotion

ẇi=−βiwi+ui(t), (7)

wherewiisthelocalempiricalaccelerationvector,βisavectorofcorrelationtimeconstants,andu(t)is
whitenoisewithE[u(t)]=0andEu(t)uT(τ)=σ2δ(t−τ).Theaccelerationdisturbances,wiaregiven
inalocalcoordinateframethatcoincideswiththeSRPdirection.Therotationmatrix[γ]

RTN
definesthe

rotationfromthelocalradial,transverse,andnormal(RTN)frametotheGCRFframe.TheRTNframe
transformationisgivenby

uR =
rsat
|rsat|

uT = uN×uR (8)

uN =
uR×[0,0,1]

T

|uR×[0,0,1]T|

whereuR,uT,anduN areunitvectorsintheRTNframe. ThetransformationmatrixrelatingtheRTN
andGCRFframeisthus[γ]

RTN
=[uR,uT,uN]

T
.ThelocalaccelerationdisturbancesintheRTNframecan

nowbetranslatedintotheGCRFframe.
TheremainingtermsinthestatevectorXareconsideredtobeconstants.Thecontinuous-timedynamics

oftheseconstantsthustaketheform

δ̇CR,1=0, (9)

δ̇CR,2=0, (10)

and

ρ̇bias=0. (11)

Thestatedynamicsgiveninequationsabovecanbeassembledandwrittenintheconvenientcontinuous-
timemodeloftheform
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Ẋ(t)=f(t,X(t),u(t)), (12)

whereu(t)isazero-meanGaussianwhiteprocessnoisevector.Thiscontinuous-timedynamicalequationis
afirstorderordinarydifferentialequationthatcanbesolvedusingavarietyofintegrationmethods.

B. LinearizedStateDynamics

Theorbitdeterminationfilterusedinthisworkrequireslinearizationofthedynamicsandmeasurement
modelsaboutanestimate.AconventionalKalmanfilterisusedinwhichthetrajectoryislinearizedabout
themostcurrentbestestimate. Thisfilterrequiresthepartialderivativesofthestatewithrespecttoan
initialstatefromtktotk+1.Thenecessarylinearizationparametersarethestatetransitionmatrix

Φ(tk+1,tk)=
∂X(tk+1)

∂X(tk)
, (13)

andtheprocessnoisetransitionmatrix

Γ(tk+1,tk)=
∂X(tk+1)

∂u(tk)
. (14)

Thestatetransitionmatrixisobtainedbyintegrating

Φ̇(t,tk)=A(t)Φ(t,tk) (15)

subjecttotheinitialconditionsΦ(tk,tk)=IalongwiththereferencetrajectoryX
∗(t).ThematrixA(t)is

evaluatedalongthereferencetrajectoryX∗(t)andisgivenby

A(t)=
∂F(X∗,t)

∂X
, (16)

whereF(X∗,t)isthetimederivativeofthestatevectorX(t).TheseJacobianmatricescanthenbeusedto
linearizethedynamicsasseeninEq.17.

Xk+1−X̄k+1 =Φ(tk+1,tk)Xk−X̂k +Γ(tk+1,tk)uk, (17)

whereX̂kistheaposterioristateestimateatthesampletimetkandX̄k+1istheaprioristateestimateat
thesampletimetk+1.

IV. Measurement ModelandLinearization

MeasurementprocessingisnecessaryinorderfortheKalmanfiltertoupdatethestateanduncertainty
estimate. TheKalmanfilterusedinthisanalysisrequiresameasurementmodelanditslinearizedform.
Thissectionintroducesthetheorybehindthenonlinearmeasurementmodelusedinthisstudyalongwith
thelinearizationofthemeasurementmodelalongitsreferencetrajectory.

A. Measurement Model

Asimplifiedmeasurementmodelisusedforthisresearch. Thefilterinthisworkusesanidealizedrange
andrange-ratemeasurementbetweenthetwosatellites.Acomplexmodelthatsolvesfortimeofflightand
clockerrorsisnotnecessaryforthedeterminationiftheproposednavigationsolutionisfeasible.Thus,we
usetheidealizedrangeandrange-rateequationstodetermineifthenavigationsolutionisatallpossible.
Anidealizedrangebetweentwosatellitesisgivenas

ρ= (r1−r2)·(r1−r2)+ρbias+ρnoise, (18)

wherer1andr2arethepositionvectorsofthetwosatellites.Thetermsρbiasandρnoiseareerrortermsin
theidealizedrangeequation.Theidealizedrange-ratebetweentwosatellitesisthus
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ρ̇=
ρ·̇ρ

ρ
+̇ρnoise, (19)

whereρ=r1−r2isthepositionvectorofonesatellitewithrespecttotheotheranḋρ=ṙ1−ṙ2isthe
relativevelocitybetweenthetwosatellites.Theerrortermintheidealizedrange-rateequationisthusgiven
aṡρnoise.
Similarlytothesatellite-to-satelliteidealizedrangeandrange-rateequations,asetofequationsfor

groundbasedtrackingcanbederived. Forthissetofequations,thepositionandvelocityvectorsofthe
secondsatellite,r2andṙ2,canbereplacedbythepositionandvelocityvectors,rsandṙs,ofaground
stationinGCRFcoordinates.Inthiswork,thethreemainDSNstationsarechosen: Goldstone, Madrid,
andCanberra. ThesestationstracktheLunarL1orbiter. Anothergroundstation,locatedinCalifornia,
trackstheGEOsatellite.Anelevationmaskof10degreesisusedforeachtrackingstation.

B. Linearized MeasurementEquations

Similartothedynamicalmodel,thefilterusedinthisstudyrequiresalinearizedobservationmodel.The
filterrequiresthepartialderivativesofthemeasurementmodelwithrespecttothestatethatislinearized
aboutthemostcurrentstateestimate. Themeasurementequationforthissystemcanbewritteninthe
form

Y=h(X,u)+ν. (20)

Thenonlinearobservationequationh(X,u)isafunctionoftherangeandrange-rateequationspreviously
defined.Theobservationfunctioncanberewrittenas

h(X,u)=ρLiAISON ρ̇LiAISON ρTground ρ̇Tground
T

. (21)

TheJacobiansrequiredforthefilterarethus

H̃X,k=
∂h

∂Xk
and H̃u,k=

∂h

∂uk
. (22)

Sincethelinearizedmeasurementequationsarenotdependentontheprocessnoiseuk,theJacobian
H̃u,k= 0. TheJacobianwithrespecttothestatehoweverisnonzeroand mustbecalculatedeither
analyticallyornumerically.Inthiswork,ananalyticalpartialderivativeissimpleandcanbecomputed.
Thepartialderivativeswithrespecttothesatellite’spositionandvelocityaswellasthegroundstations
positionandvelocityarenotgivenherebutareeasilycomputed.Thepartialderivativeofthebiasandnoise
termsaregivenas

∂h

∂ρbias
=1 and

∂h

∂ρnoise
=0. (23)

Thiscompletesthenecessarydefinitionsofthelinearizedmeasurementequations.

V. KalmanFilter

Inthiswork,aconventionalKalmanfilter(CKF)isusedtoestimatethestateofthesatellitesandthe
constantparametersgiveninEq.1.TheCKFisasequentialprocessingalgorithmandallowsonetomimic
realtimeobservationprocessingasmoremeasurementsarereceived. Thealgorithmusedisderivedfrom
Ref.23.IfX∗(t)isareferencetrajectorythatisnearthetruthtrajectoryinthelinearregime,thenonecan
defineastatedeviationvectorx(t)as

x(t)=X(t)−X∗(t). (24)

Anestimateofthestatedeviation, x̂k,forasequentialKalmanfilterandtheassociatedcovariance
matrix,Pk,canbepropagatedforwardintimetkby

x̄k+1=Φ(tk+1,tk)̂xk, (25)
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P̄k+1=Φ(tk+1,tk)PkΦ(tk+1,tk)
T+Q̄(t), (26)

Q̄(t)=Γ(tk+1,tk)QΓ(tk+1,tk)
T, (27)

wherex̄k+1 andP̄k+1 aretheaprioriestimatesofthestatedeviationandcovariancematrix,Q̄(t)isthe
processnoisecovariancematrix,andthelinearizedstatedynamicswerepreviouslygiven. Eq.27canbe
calculatedandiswellknownincontrolsandorbitdeterminationliterature.23However,inthisstudythea
prioriprocessnoisecovariancematrixneedstoberotatedfromtheRTNframetotheGCRFframe.Since
theequationsthatdefinethematrixQ̄(t)definedinRef.23aregiveninaspecificframe.Here,thatframe
isdefinedasbeingtheRTNframeandthusarotationoftheprocessnoisecovariancematrixfromthelocal
RTNframetotheGCRFframeisnecessary. ThisisaccomplishedbythefollowingrotationsoftheRTN
processnoisecovariancematrix:

Q̄
GCRF

=








[γ]
T

RTN
Q̄(r,r)[γ]RTN [γ]

T

RTN
Q̄(r,v)[γ]RTN [γ]

T

RTN
Q̄(r,a)

[γ]
T

RTN
Q̄(v,r)[γ]RTN [γ]

T

RTN
Q̄(v,v)[γ]RTN [γ]

T

RTN
Q̄(v,a)

Q̄(a,r)[γ]RTN Q̄(a,v)[γ]RTN Q̄(a,a)







, (28)

wherethesubscriptsr,v,andadenotetheposition,velocity,andaccelerationrespectivelyforthelocal
RTNprocessnoisecovariancematrix. Eachofthesubmatricies,Q̄(·,·),hasadimensionof3×3inthe
RTNcoordinateframe. Withthisinformation,theaprioristatedeviationandcovariancematrixcanbe
calculated.
AssumingthatanobservationYk+1existsattimetk+1,thelinearizedobservationequationisgivenby

yk+1=H̃k+1xk+1+ k+1, (29)

whereyk+1 istheobservationdeviationsfromthecomputeobservationsalongthereferencetrajectory
yk+1=Yk+1−Y(X

∗
k+1,t),k+1istheobservationnoise,and̃Hk+1isthelinearizedmeasurementequations

previouslydefined.Theobservationnoise, k+1,isassumedtohavethefollowingstatistics:

E[k+1]=0, (30)

and

E[k+1
T
k+1]=Rk+1. (31)

Thebestestimateofthestatedeviation,xk+1,canbeobtainedby

x̂k+1=x̄k+1+Kk+1[yk+1−H̃k+1x̄k+1], (32)

wheretheKalmangain,Kk+1,isdefinedby

Kk+1=P̄k+1H̃
T
k+1 H̃k+1P̄k+1H̃

T
k+1+Rk+1

−1

. (33)

Theaposterioristateestimate,X̂(t),canthenbeobtainedby

X̂k+1=X
∗
k+1+x̂k+1. (34)

Theaposterioricovariancematrixcanthenbecomputed.InordertopreventPk+1fromlosingitssymmetric
condition,theJosephformulationisusedandisgivenby

Pk+1=(I−Kk+1H̃k+1)̄Pk+1(I−Kk+1H̃k+1)
T+Kk+1Rk+1K

T
k+1. (35)

ThisformulationofPk+1willalwaysyieldasymmetricmatrixbutitmayloseitspositivedefinitecondition
forpoorlyobservedsystems.
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VI. LiAISONTruth ModelSimulations

AtruthmodelsimulationoftheLiAISONconfigurationisnecessaryinordertodeterminetheeffec-
tivenessoftheproposedfilter.Inthetruthmodel,atimehistoryofthetwosatellitesstatesareobtained
throughnumericalintegrationoftheequationsofmotionpreviouslydefined.Thesimulationthengenerates
SSTobservationsbetweenthetwosatellitesandafictitiousDSNnetwork. TheDSNnetworkconsistsof
radiometrictrackingfromGoldstone,California,Madrid,Spain,andCanberra,Australia.Asingleground
stationtrackingtheGEOsatelliteislocatedinSkyValley,California. Oncethetruthsimulationisgen-
eratedwiththeobservations,thefilteranalysiscanbeperformed.Figure2showstheLiAISONscenario
configurationforthisstudyandthetrackinglinksbetweenthetwosatellitesandtheground.

Figure2. Satelliteconstellationgeometryfortruth modelsimulationsfor LiAISONandgroundtracking
viewedintheEarth-Moonrotatingframe.

ThetimeevolutionofthestatedynamicsaresolvedusingtheTurboProporbitintegrationpackagefor
orbitpropagation.24TheTurboPropsoftwareprovidesthenecessarynumericalintegrationcapabilitiesfor
thegenerationofthetruetrajectoriesandthefiltertrajectories.Thehigh-fidelitytruthmodelusedinthis
paperisintegratedwithaDOPRI8(7)13integratorwithvariablestepsizecontrol.25Arelativetoleranceof
10−14wasusedwithaninitialstepsizeof10seconds.

A. L1Truth Model

TheequationsofmotionfortheL1truthmodelhavebeenintegratedintheGCRFcoordinatesystem.The
L1satellitedoesnotuseasphericalharmonicmodelforitsrepresentationofEarth’sgravitationalpotential,
rather,Earthisassumedtobeapointmass.ThisisconsideredtobeareasonableestimationsincetheL1
orbitisatleast300,000kmfromEarth.Thirdbodyperturbationsarealsoaddedtotheequationsofmotion
withalloftheplanetsbeingusedaswellastheMoonwhosestatesaregivenbytheJPLDE405ephemeris.21

AsimplifiedmodelforSRPgiveninEq.4isusedwithanarea-to-massratioof0.01m2/kgandacoefficient
ofreflectivity,CR,of1.0.Table2givesallofthestandardLiAISONsimulationmodelsusedinthisanalysis
withappropriatereferences.
Thehaloreferenceorbithasbeengeneratedusingatwo-stepprocess. First,asetofstateshasbeen

generatedusingananalyticalexpansiondescribedbyRichardsonandCary.26Thereferenceepochforthe
firststateintheserieshasbeensettoJanuary1,2020ET(EphemerisTime),thez-axisamplitude,Az,has
beensetto35,500km,andtheinitialphaseangleoftheorbit,φ,hasbeensettozerodegrees.Table1gives
thesettingsusedtogeneratethehaloorbitsusedinthisstudy.Thesetincludesfourstatesperrevolutionof
theapproximatehaloorbitandfourrevolutionsaboutL1.Ref.27describesthebenefitsgainedbyadding
additionalbufferstatestothisset;hence,anadditionalrevolutionofL1withfourcorrespondingstatesis
appendedtobothendsoftheset,increasingthenumberofstatesintheseriesto24.
Thissetofstatesisthendifferentiallycorrectedintothehigh-fidelitydynamicalmodelpreviouslyde-

scribedwiththirdbodyperturbationsgivenbytheJPLDE405ephemerisusingamultipleshootingdiffer-
entialcorrector.28,29Thedifferentialcorrectoradjuststhepositionandvelocityofeachstate,suchthatthe
integratedtrajectoryfromonestatetothenextresultsinpositionandvelocitydiscontinuitiesnogreater
than10−6kmand10−9km/s,respectively.Thesediscontinuitiesarefarbelowtheleveloferrortypically
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Table1. L1quasi-haloorbitparameters.

Parameter Value Comments

Az 35,500km Thez-axisamplitude

φ 0◦ Theinitialphaseangleoftheorbit

tref 1/1/202000:00:00ET Thereferenceepoch,ephemeristime

observedinthenavigationofhaloorbiters;hencetheresultingtrajectoryisoperationallyballistic.17Once
converged,thefirstandlastrevolutionaboutL1arethenprunedoff,asdescribedbyRef.27,leavingfour
continuousrevolutionsaboutL1.

B. GEOTruth Model

TheGEOsatelliteusedinthisstudyisplacedoverthewesternhemispheretobevisiblefromU.S.ground
stations. TheinitiallatitudeandlongitudeoftheGEOsatelliteis0.10963degNand80.26889deg W
respectively. GEOtruthmodelequationsofmotionhavealsobeenintegratedintheGCRFcoordinate
system.A20×20sphericalharmonicgravityfieldrepresentationofEarthgivenbyGRACEGravityModel
02(GGM02C)isused.30 Thirdbodyperturbationsarealsoaddedtotheequationsofmotionwithallof
theplanetsbeingusedaswellasthe MoonwhosestatesaregivenbytheJPLDE405ephemeris.21 A
simplifiedmodelforSRPgiveninEq.4isusedwithanarea-to-massratioof0.01m2/kgandacoefficient
ofreflectivity,CR,of1.0.Table2givesallofthestandardLiAISONsimulationmodelsusedinthisanalysis
withappropriatereferences.

C. MeasurementGeneration

LiAISONSSTmeasurementsaretakenbetweentheGEOsatelliteandtheL1
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satelliteduringa9dayperiod.
Bothgeometricrangeandrange-ratearetakenbetweenthetwosatellitesasdescribedinEq.18andEq.19.
ThesemeasurementsarecorruptedbyzeromeanGaussianwhitenoisewithastandarddeviationof1mand
1mm/srespectively. FictitiousDSNrangeandrange-ratemeasurementsarealsotakenduringthistime
frameandcorruptedbyazeromeanGaussianwhitenoisewithastandarddeviationof100mand0.1mm/s
respectively.Figure3showsthetimehistoryofthesemeasurements.

Figure3. Rangeobservationstothe GEOandL1orbiterfromLiAISONandgroundstation measurements.
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Table2. Summaryof modelsusedintheLiAISONsimulations.

Model LiAISONStandard Reference

ReferenceFrame

Conventionalinertialsystem GCRF –

Precession 1976IAU –

Nutation 1980IAU –

Planetaryephemerides JPLDE405 Ref.21,22

Polarmotion IERS –

UT1-TAI IERS –

JED/TDB/TT IERS –

Stationcoordinates Lat.(deg) Lon.(deg) Alt.(km) –

Goldstone 35.247 243.205 1.0711 –

Madrid 40.427 4.251 0.834 –

Canberra -35.398 148.982 0.692 –

SkyValley 33.930 243.610 0.445 –

Referenceellipsoid ae=6378136.3m –

1/f=298.257 –

ForceModels

GM 398600.4415km3/s2 Ref.30

Geopotential GGM02C&3–sigmaclone Ref.30

20×20

Nbody JPLDE405 Ref.21,22

Solarradiation solarconstant –

=4.5298×10−6Paat1AU,

conicalshadowforEarth.

MeasurementModels

Range Instantaneous Eq.18

Doppler Instantaneous Eq.19

VII. NavigationSimulationResults

Theutilizationofatruthmodelsimulationallowsonetobeabletoevaluatefilterperformanceundera
setofidealconditions.Sincethetruthstatesareknownitiseasytoinvestigatefilterperformancebased
oninitialstateperturbations.Inordertoproperlyassessfilterperformanceinarealworldsituation,the
filterequationsofmotionarereducedwhencomparedtothetruthmodelsimulations.Inthissection,the
proposedfilteristunedinordertoobtainreasonableestimatesanduncertaintiesofthestatevectorgiven
inEq.1. AtradestudyofthenecessaryamountofLiAISONandgroundobservationsisalsoexecuted.
Inaddition,ananalysisofobservationschedulingoffsetisconductedtodeterminethebenefitsofhaving
LiAISONandgroundobservationsatdifferenttimes.

11of19

AmericanInstituteofAeronauticsandAstronautics



Table3. Orbitdeterminationfilteruncertainties.

EstimationParameters aprioriuncertainty NumberofParameters

(1-sigma)

Spacecraftposition 1,000m 6

Spacecraftvelocity 1mm/s 6

SRPCoefficient 20% 2

EmpiricalAccelerations 6

Radial 5e-10m/s2 –

Transverse 1e-12m/s2 –

Normal 1e-12m/s2 –

SSTrangebias 3m 1

DSNrangebias 6m 3

GEO-supportinggroundstationrangebias 6m 1

SSTmeasurements

range 1m –

range-rate 1mm/s –

DSNmeasurements

range 100m –

range-rate 0.1mm/s –

GEO-supportinggroundstationmeasurements

range 100m –

range-rate 1mm/s –

A. FilterDynamical ModelandTuning

Thereferencetrajectoryusedinthefiltercontainsdynamicalerrorswhencomparedtothetruthmodel.The
filterdynamicsusethesamedynamicalequationspreviouslyintroduced,however,someoftheparameters
havebeenchangedtointroducemodelingerrors.TheequationsofmotionfortheGEOsatelliteinthefilter
dynamicalmodelconsistofa3-sigmacloneoftheGGM02Cgravitymodel.Thirdbodyperturbationsfor
bothsatellitesarereducedtoonlytheSunand MooninadditiontotheEarthcentralbodyforce. Both
satellitesareperturbedbySRP,however,thecoefficientofreflectivityisinitiallyinerror.Itisassumedthat
thegroundstationlocationsareknownnearlyperfectlyandarenotestimatedorperturbed.
Severalfilterrunswereinitiallyexecutedforacaseinwhichtherewereconstantobservationsthrough

LiAISONandgroundstationsinordertodeterminethenecessaryparametersanduncertaintiestoobtaina
positionsolutionthatwasthemostaccurateaspossible.Theestimatedparametersandaprioriuncertainties
forthefilterrunsaregiveninTable3.Thesevaluesareusedconsistentlythroughouttheanalysisdoneinthis
paperforeachsimulationandfilterrunthatisexecuted.Initialrandomperturbationsofthestateswithin
their3-sigmauncertaintieswereusedduringthefiltertuningprocess.Foreachofthesefilterexecutions,
consistencyandperformanceofthefilterwerecheckedinordertodetermineifthefilterwasperforming
correctly.Thetotaltimesinceepochthatafilterrunisexecutedis9days.Foreachfilterrun,acomparison
tothetruthmodelsimulationisusedtocomparethefilterstateestimatestothetruthstatestodetermine
iftheestimatesarereasonableandwithintheuncertaintybounds.

B. TradeStudy

Inthissectionweinvestigatetheproposedsatelliteconfigurationandfilter’sabilitytoestimatetheparam-
eterslistedinTable3.Over5000filterrunswereexecutedtodeterminetheaccuracyofcertainobservation
schedulesfortheLiAISONsatelliteconfigurationbeinginvestigated.Foreachsimulationthereisaminimum
of3hoursofcontinuousobservationsevery100secondsfromeitherthegroundstationoraLiAISONlink
betweenthetwosatellites. Afterthe3hoursofcontinuousobservations,anobservationgapof“X”hours
exists.Observationgapsrangefrom0hours(continuousobservations)to72hours(i.e.,verysparsedata).
BothLiAISONandgroundstationtrackinggapsarevariedfromcontinuoustrackingtoverysparsewitha
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resolutionof1hourtocreateameshofpossibletrackingschedules.Thetrackingschedulesalwaysstartwith
bothLiAISONandgroundstationtrackingtobeginsimultaneouslyatepoch.Thediagonaloftheproduced
meshwillalwayshaveLiAISONandgroundstationtrackingforeachofthesatellitesattheexactsame
time. Thetrackingschedulesaredescribedbytheconvention(LiAISONTrackingGap,GroundTracking
Gap). Forinstance,theschedule(0,0)iscontinuousLiAISONtrackingandgroundtrackingofboththe
L1andGEOsatellites. Atrackingscheduleof(28,49)has3hoursofconstanttrackingtobeginwithfor
bothLiAISONandgroundtracking,followedbya28hourgapforLiAISONanda49hourgapforground
tracking.
EachoftheseobservationscheduleswasthenusedintheprocessingoftrackingdatathroughtheKalman

filterpreviouslydefined.Figure4showsameshoftheresultingaccuraciesanduncertaintiesobtainedby
thefilterruns.Figures4(a)and4(b)showthepositionaccuraciesdeterminedfromthefilterrunswhen
comparedtothetruthmodelfortheL1haloandGEOsatelliterespectively.Figures4(c)and4(d)showthe
positionuncertaintiesestimatedfromthefilterrunsfortheL1haloandGEOsatelliterespectively. Allof
thevaluesthataregiveninthepositionaccuracyanduncertaintymeshesarecalculatedbycomputingthe
RMSofthedatabetweenthe6thand9th
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daypasttheepoch.Thevaluesgiveninthemesharedetermined
fromthe3D-RMSofthepositionaccuracywhencomparedtothetruthmodelsimulationsand3D-RMSfor
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Figure4. Orbitdeterminationaccuracyand3-sigmauncertaintyforvariousamountsofLiAISONandground
stationtracking.
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thepositionuncertaintiesgivenfromthefilterruns.Theuncertaintyvaluesgiveninthemeshare3-sigma
values. Valuesoveranaccuracyoruncertaintyof500metersforthehaloorbiterand150metersforthe
GEOorbiterarerepresentedbythesamecolor.Thefarcolumnandrowdenotedbyanobservationtracking
gapof∞ correspondstoonlyLiAISONorgroundstationtrackingdata.Thisisprovidedasachecktosee
howaccurateonetrackingmethodiscompletelyseparatefromtheother.Trackingofthehaloorbiterwith
continuousgroundtrackingisthemostaccuratewithanuncertaintyofabout70meters.Continuousground
trackingoftheGEOsatelliteusingonlyradiometricdatafromonegroundstationdoesnotreducethea
priori

0 2 4 6 8 10
1e0

1e1

1e2

1e3

1e4

L1 Satellite
Position Covariance

Time since Epoch (days)

 
3
−
si
g
m
a 
C
o
v
ar
i
a
n
c
e 
(
m)

 

 

Tracking Schedule
     (0,0)
     (0,72)
     (72,0)
     (28,49)

uncertainty.ContinuousLiAISONonlytrackingprovidesreasonableestimatesforboththehaloand
GEOorbiterswithanuncertaintyofabout160metersand24metersrespectively.
RelativelycontinuousLiAISONtracking(continuousto20hourgaps)isroughlyequivalenttotheuncer-

taintyobtainedfromagroundtrackingscheduleofcontinuoustrackingto10hourgaps.Inordertoachievea
positionuncertaintyoflessthan200mforthehaloorbiter,agroundtrackeverydayisnecessary.Toachieve
thesameaccuracyforthehaloorbiterusingonlyLiAISONtracking,atrackingschedulewith3hourson
continuoustrackingfollowedbya12hourgapisenough.Thistrackingscheduleresultsintheuncertainty
oftheGEOsatellitepositionbeingabout30meters.Theadditionofathreehourpassofgroundtracking
every3daystoaLiAISONtrackingschemeona12hourgapschedulereducestheuncertaintyofthehalo
orbittoabout50metersandtheGEOorbittoabout10meters. WhilecontinuousLiAISONmeasurements
canobtainreasonablepositionaccuraciesforbothsatellites,theadditionofrelativelyfewgroundtracking
passescangreatlyimprovethesolution.
Ideally,onewouldliketohaveasfewtrackingpassesfromLiAISONandgroundtrackingaspossibleto

obtainanaccuratesolution.Thereexistsanareaofthisanalysisfromwhichrelativelyaccurateestimates
canbeobtainedusingveryfewtrackingpasses.Thetrackingschedulesforthisregionare28-30hourgaps
forLiAISONand48-56hourgapsforgroundtracking.Inthisregionthehaloorbiter’suncertaintyisaround
110meterswhiletheGEOaccuracyisabout35meters. WithveryfewmeasurementsfrombothLiAISON
andgroundtracking,reasonableestimatesofbothsatellitesstatesareobtained.
Figure5showsthetimehistoryofthepositionuncertaintyforvarioustrackingschedulesforafew

interestingcasesthatarisefromthetradestudyanalysis. Thetrackingschedulesshownarecontinuous
tracking(0,0),continuousLiAISONandsparsegroundtracking(0,72),sparseLiAISONandcontinuous
groundtracking(72,0),andapointfromthepreviouslydescribedsparsetrackingregionthatgivesreasonable
estimates(28,49).
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Figure5. Timehistorycomparisonof3-sigmapositionuncertaintyforvarioustrackingschedules.

ThepositioncovariancesshowninFigure5givethefilteredupdatedcovarianceandfilterpredicted
covariancetomakethecomparisoncontinuousforallcases.Asonewouldexpect,thecontinuoustracking
scheduleof(0,0)givesthebestresults.HerebothLiAISONandgroundtrackingarecombinedforcontinuous
observationofthetwosatellites.Finalpositionuncertaintiesareontheorderof10metersfortheL1orbiter
and3metersfortheGEOsatellite.
Thenextmostaccurateestimatescomefromthetrackingschedulesof(0,72)and(72,0).Bothofthese

trackingschedulesproduceroughlythesameuncertaintyforthehaloorbiter.Initially,(72,0)hasless
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Figure6. PositionaccuracyanduncertaintyforLiAISONconstellationforatrackingschedulewithcontinuous
LiAISONtrackingand3hoursofgroundtrackingfollowedby72hourobservationgap(0,72).

0 1 2 3 4 5 6 7 8 9
−100

−50

0

50

100

Time since Epoch (days)

P
os
iti
o
n 
(
m)

L1 Accuracy

 

 

X, 3−sigma
Y, 3−sigma
Z, 3−sigma

0 1 2 3 4 5 6 7 8 9
−100

−50

0

50

100

Time since Epoch (days)

P
os
iti
o
n 
(
m)

GEO Accuracy

 

 

X, 3−sigma
Y, 3−sigma
Z, 3−sigma

uncertaintythan(0,72),butthesecondtrackingpassfromtheDSNaround3dayshelpslowertheuncertainty
tolessthan(72,0).AfterthissecondDSNpass,thetrackingschedule(0,72)alwayshaslessuncertaintythan
(72,0)butthedifferenceisonly10’sofmeters.Thereisalargedifferenceintheuncertainty,however,for
theGEOsatellite.Thetrackingschedule(0,72)fortheGEOsatelliteisthemostaccurateshowingthatthe
LiAISONdatatypedefinedinthisanalysisisbettersuitedforestimatingthestateoftheGEOsatellitethan
theradiometriconlydatafromonetrackingstation.Onecannoticealargedecreaseintheuncertaintyfor
the(72,0)casewhenaLiAISONmeasurementpassisobtainedaroundday3.IfthisLiAISONpassdidnot
exist,theuncertaintyintheGEOsatellite’spositionwouldstayaround500minsteadofreducingto100m.
ThenextLiAISONpassforthiscaseoccursatabout6days,andagain,theuncertaintyintheGEOsatellite

Figure7. PositionaccuracyanduncertaintyforLiAISONconstellationforatrackingschedule with3hours
ofLiAISONfollowedby72hourobservationgapandcontinuousgroundtracking(72,0).
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isreducedsignificantly.Figures6and7showthepositionaccuracyand3-sigmauncertaintiesforatracking
scheduleof(0,72)and(72,0). After3daysofobservationprocessing,theaccuracyanduncertaintyofthe
L1satelliteforbothtrackingschedulesislessthan100m.TheGEOsatellite’saccuracyanduncertaintyfor
the(0,72)scheduleissignificantlylessthanthe(72,0)schedule. The(0,72)GEOuncertaintyislessthan
100mafter1dayofobservationprocessingwhileittakes3daysforthe(72,0)schedule.Theuncertainty
reductionduetotheLiAISONmeasurementupdatesat3and6daysisclearlyvisibleinFigure7.
ThefinalschedulegiveninFigure5is(28,49).Thetrackingscheduleof(28,49)fallswithinaregionof

thetradestudywhere28-30hourgapsforLiAISONand48-56hourgapsforgroundtrackingproducesan
uncertaintyofabout110mand35mthehaloandGEOsatelliteafter9daysoftracking. Thistracking
scheduleof(28,49)obtainspositionuncertaintiesoflessthan100mand30mforthehaloandGEOsatellites
respectivelyafter9daysoftracking. Whiletheuncertaintyishigherforthehaloorbiterwhencomparedto
theothertrackingschedules,theuncertaintyoftheGEOsatelliteiscomparabletoconstantgroundtracking
withsparseLiAISONmeasurements,(72,0).Figure8showsthetimehistoryofthepositionaccuracyand
3-sigmauncertaintyforthetrackingscheduleof(28,49).ThereductioninuncertaintyfortheL1satellitedue
tomeasurementupdatescanclearlybeseen.TheuncertaintyoftheL1
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satelliteiswellabove1kmforthe
first2daysanddoesnotreducetounder100muntil6daysofobservations.TheGEOsatelliteuncertainty
islessthan100mafter2daysofobservationprocessingandreducesdownto30mafter6days.

Figure8. PositionaccuracyanduncertaintyforLiAISONconstellationforatrackingschedulewith3hoursof
LiAISONfollowedby28hourobservationgapand3hoursofgroundtrackingfollowedby49hourobservation
gap(28,49).

Anotherfeaturethatshowsupinthetradestudyanalysesisthegrowthinuncertaintyaround22hours
whichisaresultofaworseningobservationgeometry.Inthetradestudyanalysis,therewasaridgeofmore
inaccuratesolutionsanduncertaintyfortrackingschedulesthatinvolvedaresonanceofaround22hoursfor
boththeL1andGEOsatellites.Anotherresonanceisnoticeableatroughly44hoursfortheGEOsatellite.
TheseresonancesarecausedbyaperiodicconditioninwhichtheLiAISONconstellationisobservingthe
GEOsatelliteatroughlythesamegeometryasthepreviousday.

C. SchedulingOffset

Inthepreviousanalyses,thediagonaloftheproducedmeshalwayshadLiAISONandgroundstationtracking
foreachofthesatellitesattheexactsametime. Measurementsoccurringattheexactsametimefromboth
LiAISONandgroundstationsaffecttheperformanceofthefilterinacertainway.Inthissection,we
investigatefilterperformanceforthisdiagonalbyoffsettingthetimesatwhichthemeasurementsoccur.
Simulationsandfilterrunswillalwayshaveequalamountsofmeasurements,3hoursonand“X”hoursoff,
forbothLiAISONandgroundstationtracking.Thetimesatwhichthesemeasurementsaretakenwillbe
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Figure9. LiAISONL1and GEO measurementoffsetanalysis. Solidlinesrepresent3D-RMSaccuracyand
dashedlinesrepresent3-sigmauncertainty.

offsetandcomparedtowhenthemeasurementsaretakensimultaneously.
Thetruthsimulationusedinthisstudyisthesameasbeforewiththesamedynamicalmodels. The

onlythingthathaschangedisthetimesatwhichLiAISONobservationsorgroundstationmeasurements
aretakenoftheL1andGEOsatellites. Observationsgeneratedduringthisanalysisalwaysbeginwith
LiAISONmeasurementstakenforthefirstthreehoursfollowedbyagapofnomeasurementsfor“X”hours.
GroundstationobservationsarecalculatedtostartexactlyhalfwaythroughtheLiAISONobservationgap.
Threehoursofcontinuousgroundstationmeasurementsspacedatanintervaloff100secondsarecalculated.
Preferencetothemaingroundstationthathasthemostvisibilitywithanelevationmaskof10degrees
isgivenastheprimarytrackerofthesatellites. Oncethemeasurementsareobtainedforthatthreehour
period,thegroundstationmeasurementsexperienceagapofexactly“X”hours(thesamegaptimeasthe
LiAISONmeasurements). Theprocessisthenrepeatedtoalwayshavegroundstationmeasurementsto
beginatexactlyhalfoftheLiAISONobservationgap.
Severalfilterrunswereexecutedtodeterminetheeffectsofanobservationoffsetforthediagonalelements

oftheprevioustradestudymesh.SimulationsbeginwithcompletelycontinuousLiAISONandgroundstation
trackingoftheL1andGEOsatellites.Anobservationgapof1houristhenaddeduntilthereisagapof72
hours.Figure9(a)showsthe3D-RMSpositionaccuracyanduncertaintyofthehaloorbiterfortheoffset
observationcaseaswellastheno-offsetobservationcase.TheGEOsatellite’s3D-RMSpositionaccuracy
anduncertaintyisshowninFigure9(b)fortheoffsetobservationcaseaswellastheno-offsetobservation
case.
AfewfeaturesshowupintheoffsetanalysisforthisLiAISONconstellation. Theresultsshowthat

neithersatellite’suncertaintyoraccuracyisimpactedsignificantlybytheschedulingoffset. Thefilter
solutionaccuracyanduncertaintyarerelativelythesameforbothcases. Anotherfeaturethatshowsup
inbothanalysesisthegrowthinuncertaintyaround22hourswhichisaresultofaworseningobservation
geometry.Inthetradestudyanalysis,therewasaridgeofmoreinaccuratesolutionsanduncertaintyfor
trackingschedulesthatinvolvedaresonanceofaround22hoursforboththeL1andGEOsatellites.This
growthinuncertaintyoccursintheoffsetanalysisaswell. Anotherresonanceinnoticeableatroughly44
hoursfortheGEOsatellite.

VIII. Conclusion

AnewLiAISONconstellationconfigurationinvolvingtwosatellites,oneinorbitabouttheEarth-Moon
L1andoneingeosynchronousEarthorbit,hasbeenanalyzed. Thisstudydemonstratesthattherelative
andabsolutenavigationoftwosatellitesatGEOandL1ispossiblethroughtheuseofsatellite-to-satellite
rangeandrange-ratemeasurements.Inaddition,thismeasurementtypecansupplementandsignificantly
improveradiometricmeasurementstakenfromtheDeepSpaceNetworkforsatellitenavigation.
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AcompletestudyofobservationschedulingwasdonefortheGEOandL1LiAISONconstellation.Fil-
teraccuraciesanduncertaintiesobtainedthroughhigh-fidelitysimulationsmatchthatofcurrentNASA
practicesfortheArtemismission.ThesupplementofLiAISONobservationstogroundtrackingpassescan
significantlyreducetheuncertaintyofanorbitdeterminationsolution.Severalcaseshavebeenanalyzed
andcompared.AmongthesewerecontinuousgroundandLiAISONtracking,continuousgroundandsparse
LiAISONtracking,continuousLiAISONandsparsegroundtracking,andrelativelysparsetrackingforboth
LiAISONandground. Whilecontinuoustrackingofbothdatatypesproducedthebestresults,continuous
LiAISONwithsparsegroundtrackingproducednearlythesameaccuraciesascontinuousgroundwithsparse
LiAISONtracking. ThisshowsthattheinclusionofanecessaryamountofLiAISONtrackingcansignif-
icantlyreducethenumberofgroundtracksnecessarytoobtainagivenaccuracy,whichcansignificantly
reducethecostsofgroundtracking.Itwasalsoshownthatthereexistsaregioninwhichviabletracking
scheduleswithrelativelysparsedatacanproducepositionaccuraciesofabout100mforthehaloorbiter
andlessthan30mfortheGEOsatellite.Thesetypesoftrackingscheduleswouldallowforareductionin
DSNtimewithveryminimalinteractionwiththeLiAISONconstellationwhilemaintainingagivenposition
uncertainty.
Asimplestudywasalsoconductedtodetermineiftheeffectofobtainingobservationsatthesame

epochimpactedthesolutionaccuracyanduncertainty.Inthisstudy,atrackingschedulethatcontained
thesameobservationgapswasadjustedtoallowforobservationstocomeinatdifferenttimesbutmain-
taintheobservationgapduration. Therewasnosignificantimpactontheaccuracyanduncertaintyby
acquiringobservationsatdifferenttimes.Duringthisanalysis,interestingfeatureswereenhancedforwhich
poorobservationgeometryonascheduleofroughly22hourswasexperienced.Duringthistimeframe,the
geometryoftheLiAISONandGEOconfigurationissuchthateveryobservationtimetheGEOsatelliteis
beingsampledinroughlythesamepositionandgeometryasitwastheprevioustime. Thisreducesthe
necessaryinformationinordertoobtainamoreaccuratesolution.Itissuggestedthroughthisstudythat
onetrytominimizethetimesinwhichonetakesmeasurementsduringthisperiod.
TheconfigurationandsimulationsstudiedinthispaperarerepresentativeofarealisticLiAISONnav-

igationconfiguration. Theanalysishasbeendoneinahigh-fidelityregimewiththenecessarydynamical
errorsthatplaguetheorbitalregime. Thesedynamicalerrorswereovercometoobtainaccuratenaviga-
tionsolutionsusingonlyradiometricdatafromasatellitebasedattheEarth-MoonlibrationpointL1.It
hasbeenshownthatabsolutenavigationispossibleforaGEOsatelliteandalunarlibrationorbiterus-
ingminimalgroundtracksthathavebeensupplementedwithLiAISONobservationdata. Thisstudyhas
demonstratedLiAISON’spotentialcapabilityasanadditiontotheDeepSpaceNetworktohelpimprove
navigationsolutionsforfuturemissions.
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