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Time-varying range differences due to
geometry are the largest components of

signal delay and phase variations. . Problem Statement and Motivation

All phases and delays are estimated via
ultra-precise predicts and real-time
measurements, which however

are subject to error.

Small residual delay (A ) and phase (9) Consider an RF signal of the form
errors due to predict and equipment
inaccuracies, thermal instabilities,
and tropospheric variations

lead to losses in the
combined signal.

s(t)=Ref2P 5, (e’ | where 5,(0)=d(ne”, d(r)=+1

and define "average power" as

15 P=ReV2P 5, (0 " || = 2Pa* ()(Rele" ) =

AR(f) = ,
2Pcos’(at +6) = 2P{L[1+cos(2wt +20)]},, = P

R, ()~ R, (t)//

Alternately, we can define "average power" as the squared

magnitude of the of the complex envelope:

"= Pld* (e’ e )= P

s = NP5, )™

The math is much simpler with the complex envelope model.
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Im Unmodulated Array Signal Power
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Conventional derivation for zero-mean, Sl, equal-variance, Normal random phase:

-0 /20;

Let 6,and 6, be SI Vi#k, andlet p(8,)= , where o, is the variance of each.

L_e
1[2770‘2

NN — 0— 0
=P| N+ ZZe 100l ’[9"(’)] =P| N+Y > /MO %O because 6,6, are SI

zlkl i=1 k=l

e J‘zwm

Averaging with respect to the Gaussian density yields:

0 © 0
+j0 j +j0 _-0%/20} o J‘ -0%/20} 0% /202 —c2/2
e’V =—— e’ do = cos(@)e” dO+—— | sin(£8)e df=e
\l27z0'5 1/27[0'5 ( ) \2 0'0 (
—00 —00

Substituting, the average Uplink Array Power is given by:

— N N 7 o’ 5
|s(t|8)]F =P| N+) > 0 /%) :P(N+N(N—1)e‘“”)

i=l k=1
k#i

—_— —0
lim [5(¢/0) 7’ (N+ N(N-De | , ) PN’ = max|s(t|0) ]

—_— 5 . —29
lim | s(z|0) 7’ (N+ N(N =1)e™ |02%): PN =min|s(¢|0)]
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Average Received Uplink Array Power: General Solution (Gaussian Approximation)

One-dimensional Gaussian density

Assume 0 is a Gaussian random 2
vector with probability density 1.8} &2 = 1120 _

1.6} -

exp[-+(0—-0)A,' (0-0)"]
p(e): p 2( N/z) 0 (1/2 ) 1.4} n
m) A,
1.2} i
J— —_ J— 1- .

0:(6’1»‘92»""‘91\1)9 0:(919929"'a91v) 110

0.8 i
Ay =E{(0-0)(0-0)}, 06 " 1

0.4} 1/2 -
KA 1 ) W
l@,k =E1(0, —0)(0, =0, )} 0T 100 50 0 50 100 150

0, deg
G;I 91 2 glN
_ _ A or - A oy
Ay =E{0-0)"(0-0)}, A,=| > TH B A =0
: : . : " /ngj 0
[ 9N,2 O-;N i
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For Gaussian 0, the characteristic function is defined as :

My(v)=E{exp[jv0' ]} =exp(-LvA, v +,jv0O")

0. : 0
For example, with v=(v,,v,), 0’ = [9’ }, e/t %) = E{exp[jv0’],_}= M, (v=1)
k

Consider the linear transformation ¢’ = A@”, hence ¢’ =A0"

M, (V)= E{e" } = E{e/"Y" 1 =exp(-1 VA A, ATV + jvA0")

Alternately,
A, = E{o' @} =E{A0" (A0") } =E{A0'0A"} = A0'0A" = A A A"

yielding the same result :

M,(v)=E{e" }=exp(—3v A,V + VA0 ) =exp(—1 VA A, ATV + jvAB)

Victor Vilnrotter Copyright 2010 California Institute of Technology. Government sponsorship acknowledged. 6
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— 1 0
Example 1: Let 0=(6,,6,), 0=(6,,6,), Az{o JzAT

Aa 0-922
A6 L ofal_[a AR - 1 0 '@ _ (31_
0 -1]6, -0, 0 -1]6, -0,
2 1 0o 1 0] [ o2 -
A Oy, Aa AT = Oy, Aa _ Oy, Ay
ﬂ'],z O-;z 0 -1 ﬂ'l,z O-;z 0 -1 | /11,2 0-22

- o _ —
e/ —exp(—LvAA, ATV + jvAOT) | =exp[-i(o; +0, —24,,)+j(6,—6,) =M, (v=1)
With 6,, =(6,.6,). 6,,=(6,.6,)., A=diag(l-1)

o, A 27 ) 0
A9_|: 0 ’2:|’ O-;l-:(gi_gi)z i:1929 j’I,Zz(gl_gl)(ez_gz)

M, (v=1)=exp[-1vAA, A"V +jvA0] ]=exp[-5(c, +0; —22, )+ j(6,-0,)]

[

0 NP N N N N
|S(t|0) |2 — ﬁzejgi(f) :P(N+Zzej[9i([)_9k(t)] j:P(N_i_ZZM(PIk(v:l)j
i=1 i=l ki i=l ki '

\ J
I

N(N-1) terms

Victor Vilnrotter Copyright 2010 California Institute of Technology. Government sponsorship acknowledged. 7



IEEE AEROSPACE CONFERENCE, MARCH 2012
Power Spectrum of Uplink Array Signals

Jet Propulsion Laboratory

California Institute of Technology

Note that N(N —1) is always even. Half the terms contain (6. — 6, ), the other half

contains j(6, —0,). Therefore we can re - write the double sum as :

N N N-1 N N-1 N
ZZM(Pi,k (V = 1) = ZZM(Pi,k (V = 1) + ZZM(Pi,k (V = 1)
i=1 II;:J i=l k>i k=1 i>k
0, —0)=—(6,-6,)
N-1 N , , L N-1 N , \ 5 ——— J
=Y > exp[-1(0; =24, +0, )+ j(60, =01+ Y > expl—5 (o, =24, +0,)—j(6,-6,)]
i=l k>i k=1 i>k

N-1 N _
=23 Y exp[—L(o7 ~24, +07 )lcos(@ — )]
i=l k>i ’

Complete Solution for the Gaussian phase model):

| 5(¢]0) |26 = P(N+§:ZN:M(M (v= 1)} = P(N+ ZNZ_:IZN:eXp[—%(O'; +0, =22, )cos(6, —@)j

i=l k+#i i=l k>i
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Special Cases:

1. Equal mean values:
If =0, Vik then (.—6,)=0, M, [v=1]= exp[—%(aé_ +0'92k -27,,)] and

0 N N
1O =P\ N+2 D expl—3(0; +05~27)

i=1 k=1

k#i

2. Uncorrelated phases:

If igik =FE(06,)=0 Vik then M%k [v=1] =exp[—%(0'§i +O'§k )] and

! N N
|s(|0) =P| N+>.> exp[-L(c, +0;)

i=l k=1
k#i

3. Equal variances:
If Géz,i:a;k:a; Vi, k then M(Pik[v=1]=exp[—0'§] and

S0P =P| N+ expl-03] |= PN+ NV -1

i=1 k=1
k+#i

4. Deterministic Phase (zero-variance case):

. . - N-1 N . .
If op =0, =4, =0 Vik then M, (®)=2cos[(6,-6,)] ands(]| 0) = P(N+ 2> > cos(6, - ek)]

i=l k>i
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More Realistic Tikhonov Model (Sl, equal-variance case):

Pocos0;
Assume that 6, are Statistically Independent of &, Vi # k,and let p(6,)= 7l - <0, <, where p, is proportional to 5.
T Ly(Py
—‘9 0 . . .
- 5 N N A Tikhonov, or von Mises density
S(f | 9) | \/_Z ej9 () =Pl N+ ej[ef(f)]e*/[gk(f)] )
=1 =
l k#g' 1.8 b
NN gy 1.6 E
=P| N+ Z Ze’[gf(”] e 1% | because 8,0, are SI 1ol ]
i=l k=l
k#i 1.2F 4
1 - -~
Averaging with respect to the Tikhonov density yields:
0.8 4
f 0.6 b
[O(pg)eijﬁ :i Ieijeepocos(H)de :
—r 0.4 i
0
02k 0 1/27 |
cos(H)ep SDdQ + L J.sm(+ " d0 =1,(p,) . . . .
- 0 -150 -100 -50 0 50 100 150

0, deg

2
The average Uplink Array Power is given by: I5(¢9) |29 -p N+ZN:iej[a,(z)lge—j[ek(z)]e :P[NJFN(N_D{ 11(,00)} J
e 1,(py)
i=l k=1 0 4

k#i

. —
lim [s(t[0)F = PN+ NN =DIL,(0,)/ (Pl ..) = PN* = max] (¢ )

tim [5(:[0)F = PN+ NV =D1Z,(2,)/ I,(py)],, )= PN = min| (¢ [0) P
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For N=2, 3 it makes sense to assume that phases are equally-correlated and of
equal variance, in which case the average power at the spacecraft reduces to:

sZ|0F =P N+iiexp[—%(0'§k +op ~22, )] |= PN+ N(N ~Dexp[~(c7 - 2,)])

i=l k=1
k#i

1 T T T — L T T
2,=09 —["X

oor AT
(\i / / /19 = 05 ____________________________
) 08 =00 i
o 0.7 ',’ // /// .
o "‘ ,/ // 2
2 o0l [/ / exp[—(o; — 4)] i
a i /
3 osl
c o/ -
g E "‘ I/

4 [ ) L) (P 1
o [ 1 0
© P N=2
© -
o 02/ |
(n'd / ,:’

01} / _

0 Y/ L 1 1 1 1 1 1 ] ]
0 1 2 3 4 5 6 7 8 9 10
p=0,
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Modulated Uplink Array Signals, Negligible phase Error

ihtotal (t) = 6(t_iAapplied) = é[t _(iAtmeJriAres )]7 z'A A A

res —i S applied — i S true

Delay impulse response:

h(t)=0(t—,A,,); impulseresponse of "residual error" measured from " true delay"

i—res

hi (t) S(t_iAres)
—7 ‘

i A applied i“res

A

A, =R/c

. 1
i true
05—
o
05—
-
L L
2400 2600

Example of received “ +1“ data sequence (solid blue), and delayed version (red dash)

7

Antenna “i”

L L L L L L L L L
28

3000 3200 o 4000 4200 4400

At the spacecraft, delayed versions of received signals add: s(¢|A) = Z s;(t—A) = Z So()*h,(2) =s,(t) * Z h(t)=s,(t)*hy(2)

Bl NE
W H
mlin B

| | | | | |

2500 3000 3500 4000 4500 5000

Sum of “ +1“ data sequence and it's delayed version, with A=—-1"/2; T =32samples
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Transfer function of the Uplink Array channel:
Hy(jo) = Flh:0}= 2 Fih 0} = X H (o)
h()=5(t=A), = H(jo|A)=exp(—joh,), H;(jo|A)=2 exp(—joh,)
s(t|A)= Zs,-(t—Ai) =5,(t) * hy (1) Fis@t|A)} = Fls, (zr)}y;l2 (jo|A)
Classical Definition of Power Spectral Density: P (w) = E| S,(@) = E| F{s, ()

2
s

Periodogram: I(w|A)= |f{s(t | A)}>|2 = |S0 (a))|2|HZ (jo)

Periodogram variance proportional to “spectral-level-squared” at any frequency (estimator not consistent):

var[l,(w)] < [1, (w)] where I,(w) = |SO (a))|2 Estimator variance reduced by averaging Periodograms:

@) = YIS, @ P S@F: > varl@) | tvarll, (o)

1100} ‘ 2 ‘
1000 Io(a)) = |So (w)| -

900

1000"—L | |
900,10(60) , L=100 —

800~

800
700

wol E Sy (@) —

5001~

7

=]
S

FE[Sy(@) [ —
600
500 -
400 400
300 300
2001 200)-

100 100~

i, o R o YOO TP o P 1 I I I T
4000 4500 5000 5500 i 1 2500 3000 3500 4000 4500 5000 5500
samples samples

L L 1 T o
2500 3000 3500

Examples of Sample Power Spectral Density, for equi-probable data-sequence: a) single Periodogram; b: average of 100 Period grams
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Conditional Uplink Array Channel Transfer Function, N=2:

Example 2: Consider an uplink channel with N = 2,
residual delays A =(A, =0,A,=0.57T) ,0; =0, =4, =0

Hy(jo|ALA)[ =2+ 2iicos[a)(A2 —A)]=2+2cos[@(A, —A,)]

i=1 k>i

sin” (T /2)
(wT /2)°

I(w]|A,A,) =1, (a))‘Hz (]0))‘2 o (2+2cos[w(A, —A))])

I
25— —

L@, L=100 —

A M \
20f— / \ —

E[Sy (o) |H, (o) —
E|Sy(@) — /]

3000 3500 4000 4500 5000

samples
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Delay-averaged Power Spectrum: Conventional derivation
for zero-mean, Sl, equal-variance, Normal random delays:

-N /202

Let A,and A, be SI Vi#k, andlet p(A)= ,where o, is the variance of each.

L_e
,/2710'2

A
2

5L N N N A A 5L N N — A
:|So(60)| N+Zzew (1) =T on (1) :|S0(a))| N+Zze,w Ok o/ (0)

i=l k=l i=1 k=l
k#i k#i

LN
Z e/ N

i=l1

L@ A" =[Sy (@)

Averaging with respect to the Gaussian density yields:

0
+jwA 1 T +joA _~N/20% 1 f -’20} J . ~A )20} —0’c} /2
e =—— Ie e dA =—— jcos(a)A)e dA + jsm twA)e dA=e
\ 2703 m \ 2703
o °

—00

Substituting, the average Uplink Array Power Spectrum is given by:

(@A) = ‘So(a))‘ZL N+iie’mk S ent |2 ‘So(a))‘zL(NqLN(N—l) e“"zf’i)

i=1 k=1
k#1
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LA L N N L N-1 N .
@A) " =[S,@) | N+ > M, (@)]|=|S,(o) (N+2226xp[—%a)2(0'§i ~24,, +0; )]cos[a)(Ai—Ak)])
i=1 k=1 i=l k>i
k#1

1. Equal mean values:

If A,=A, Vik then (A,—-A)=0, M, (®)|,_, _,=exp[-+(o} +03% ~22, )] and

P L N-1 N
(o] A)L’A = |S0(a))|2 (N+ZZZexp[—%a)2(azk +O_Z,- —2/1% )J

i=l k>i

2. Uncorrelated phases:

If 2, =EQAA)=0 Vik then M, (w)=exp[-+o’(c, +0; )] and

LA —2L N-1 N
I(@|A) " =[Sy(@)| | N+2D.> exp[-+a’ (o, +03)

i=l k>i

3. Equal variances:

If o3 =os =0, Vik then M, (®)=exp[-w’c;] and

18" <Jsf” (4233 owl-orat)| s (o] (v Nev-ne )

i=l k>i

4. Deterministic delays (zero-variance case):

J— _ - N-1 N _ _
If o} =0, =4, =0 Vik then M, (®)=2cos[@(A,~A,)] and I(w[A) =|So(a))|2(N+ZZZcos[a)(Ai —Ak)]j

i=l k>i

Victor Vilnrotter Copyright 2010 California Institute of Technology. Government sponsorship acknowledged. 16
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Example 3: Gaussian-integral (Erf) weighted power spectra with 4 delays used for simulation

A —~A, =0
A~A,=T/3

A —-A,=2T/3(
A -A, =T

w, =erf(1/24/2) =0.3827
w, =erf (1/72)—erf (1/2+/2) = 0.6827 - 0.3827 = 0.3
w, =erf (3/242) —erf (1/4/2) = 0.8664 - 0.6827 = 0.1837
w, =1.0—0.8664 = erf () —erf (3/2+/2) = 0.1336

p(A)

45—

L@, L=100 —
T ES, () |H; (o) —
I H G —

3600 3800 4000 4200 4400 4600

samples

T T T T T
i sqrt{mL}, L=100— sqrt{E‘SO(a))‘z‘Hz(ja))f}—

sqrt{{H, (jo)'} —

3200 3400 3600 3800 4000 4200 4400 4600 4800 5000
samples

Victor Vilnrotter
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=2

Fractional power, N

Example 4: Impact of delay error on the Power Spectral Density of Uplink Array Signals

35— O, = 0156T —
o H(jo| A A .
i Sy} —/ ) 2 N=2 |

osl E|Sy ()| |Hs (jo)| — _
0 e e - | | e

600 700 800 900 1000 1100 1200 1300 1400 1500

samples

Varied o, according to the equation

o, =1007°*8 "V 1<k<5

yielding standard deviations :
o, =107, 3.54T7, 1257, 0.442T, 0.156T

Severe decrease in BW of coherent component,
as the delay-error standard deviation increases

Victor Vilnrotter
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Statistically Independent delay and phase vectors

s(t]0,A) = \/FZej‘g’so(t—Ai) = \/ﬁso(t)*iew"é(t—Ai) = \/Fso(t)*ﬁz(t)

Hy(jo

N N
B,A) = Z.T{hl(t ‘ HiaAi)} = Zﬁz(]a) | QiaAi) = Zejgie_iji = Ze_j(wAi_gi)
i i i=1 i=1

assuming that A and 0 are SI,

— 7A N N SE—— N N
‘Hz(ja)lﬂ,A)‘ :N+Zzej(el——ek>e—m(A,-—Ak) :N+Zze](0i_9k)MAi,k (®)

i=1 k=1 i=1 k=1
k#i k#i
Goloa] =N+Y XTI M, (@)= N+Y DM, (=DM, (@
i=1 k=l i=1 k=l
ki k#i

A0 N-1 N
~ 2 —og +05 —24g )10’ (08,2, , +04 —~ = e
‘Hz(ja)|9,A)‘ =N+ZZZe 200 =2 )7 (o, A“"MA")]COS(@,.—Hk)cos[a)(Ai—Ak)]
i=1

k>i

Victor Vilnrotter
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2
Diagonalization of the Covariance matrix: A= {0 2“2}
A o

The correlated delays can be decorrelated via a simple unitary transformation (rotation).
The columns of the unitary matrix are the eigenvectors of the covariance matrix, which

can be determined by first solving for the eigenvalues :

o’ —a, A

det[A —al]= =0; (c’—a) -1 =0, (c’—a)’=1; oc'—a==*1

A o’ —«a

The two eigenvaluesare: «, =c”—A1, «a,=0"+A. Let the two orthogonal eigenvectors

belonging to the two distinct eigenvalues be designated as B, = (5,,, 5,)" and B, = (5., B) >

and solve by recalling that eigenvectors of a covariance matrix are merely scaled, not altered :

o? ﬂv—_ﬂn_ :_(0'2"'/1)@1_ _O'zﬂ11+l,312_ :_(02"‘1):811 S B =P
A 02_ B _(0'2 + l)ﬂu_, AB (721312_ _(0'2 +A) 5, ! ’
_02 ﬂv__ﬂn_:_(o-z_ﬂ')ﬂu_ _02ﬂ11+ﬂ,ﬂ12_:_(52—ﬁ,)ﬂ11 _),B :_,B
2 ot Bal (0P -DB.] [MButraiB] (-] T T

Victor Vilnrotter Copyright 2010 California Institute of Technology. Government sponsorship acknowledged. 21
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Therefore, after normalization, B, =27"*(1,1)", B, =2""?(1,-1)",and the required unitary matrix becomes::

U=2""2 [ﬁlT Bg]: 2—1/2{1 y

1 1
} =U"=U". Applying this transformation to the original correlated delays yields:

T _ A-l1/2 1 16 A2 0,+6, =9, T . ) )
ue =2 =2 =9’ , whose components are indeed uncorrelated Gaussian random delays:
1 —-1]6, 6,—0, =0,

E{5,8,} =3 E{(6,+6,)(0,—0,)} =S E{0] = 0,} = 3(05 —0,,)=0
E{61)=1E{(6,+6,)") =L E{0} + 02 +20,0,} = o2 + A
E{6,}=3E{(0,-0,)"} =1 E{0] +0; -200,} =0, -4

. |0t + 2 0 | : . : : o
= Alternately, applying the rotation operation to the covariance matrix directly, we get :

T o’ A1 Ul o1 ol+A ol-1 oy 20’ +2) 0 A
1 -1] 2 o*|1 -1 1 -1|A+0* A-07 0 2(c* =)

Note : applying the rotation operation to the diagonal covariance matrix restores the original correlations :

2_1/21 l|o’+A 0 1 12_1/2:2_11 l|oc’+4 o’+2 _ 20° 24 _A
1 -1 0 acl-al1 =1 1 -1|o’-42 A-0+ 24 207
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+A 0

2
with A" =|° 2
0 o -1

}, My(v=1)=exp(-LAA' AT+ A0 ") =

exp{—L1[(o] + ) +(0; — )]+ jo(6,—0,)} = exp[-L (o] + ;) + j(6, - 6,)]
which 1s identical to the uncorrelated case.

If the phase error is caused primarily by tropospheric variations, we can think of the unitary
transformation as moving the array elements further apart, thus causing decorrelation of
delays and phases and hence degrading array performance. Equivalently, applying the unitary
transformation to a diagonal covariance matrix (representing large array diameter) could be
thought of as decreasing the size of the array. This notion applies most directly to 2 and 3

element arrays, but the concept also applies to arrays consisting of a large number of elements.
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