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Time-varying range differences due to
geometry are the largest components of
signal delay and phase variations. 

All phases and delays are estimated via
ultra-precise predicts and real-time 
measurements, which however 
are subject to error.

Small residual delay (    ) and phase (   )
errors due to predict and equipment
inaccuracies, thermal instabilities,
and tropospheric variations 
lead to losses in the
combined signal.
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Conventional derivation for zero-mean, SI, equal-variance, Normal random phase:

each. of  variance theis    where, )(let   and  , SI  be    and Let  22/

2
1 22

2 θ
σθ

πσ
σθθθ θ

θ

iepki iki
−=≠∀

SI are , because      |)|(| i
1 1

)]([)]([

1

)]([

1

)]([
2

1

)(2
k

N

i

N

ik
k

tjtj
N

i

tj
N

ik
k

tj
N

i

tj kikii eeNPeeNPePts θθ
θ

θ
θ

θ
θ

θθ

θ

θθ
















+=
















+== ∑∑∑∑∑

=
≠
=

−

=

−

≠
==

θ

Averaging with respect to the Gaussian density yields:

2/2/

2

2/

2
12/

2
1 222

2

22

2

22

2
)sin()cos( θθ

θ

θ

θ

θ

θ

σσθ

πσ

σθ

πσ

σθθ

πσ

θ θθθθθ −
∞

∞−

−
∞

∞−

−
∞

∞−

−±± =±+== ∫∫∫ edededeee jjj
0

Substituting, the average Uplink Array Power is given by:

( )2

)1(|)|(|
1 1

)]([)]([2 θσ
θ

θ
θ

θθ
−

=
≠
=

− −+=















+= ∑∑ eNNNPeeNPts

N

i

N

ik
k

tjtj kiθ

( )
( ) θ

σ
σθ

σ

θ

σ
σθ

σ

θ

θ

θ

θ

θ

θ

22

22
0

2

0

|)|(|min|)1(|)|(|lim

|)|(|max|)1(|)|(|lim

2

2

2

2

2

2

θθ

θθ

tsPNeNNNPts

tsPNeNNNPts

==−+=

==−+=

∞→
−

∞→

→
−

→



5 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 












=





















=−−= 2

2

,

2

2

2

,

,

2,1,

,221,2

,12,11

,)},(){(
kik

kii

NNN

N

N

ki
TE

θθ

θθ

θθθ

θθθ

θθθ

θ σλ
λσ

σλλ

λσλ
λλσ

θθ ΛΛθθθθΛ









-150 -100 -50 0 50 100 150
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

One-dimensional Gaussian density

=2
θσ 1/20

1/10

1/5

1/2

1

deg,θ
)})({(

,)(

)},(){(

),,,(),,,,(

||)2(
])()(exp[)(

   
densityy probabilith vector wit
randomGaussian  a is   Assume

,

22

2121

2/12/

1
2
1

kkii

ii

T

NN

N

T

θθθθE

θθE

E

p

ki

i

−−=

−=

−−=

==

Λ
−−−

=
−

θ

θ

θ

θ

λ

σ

θθθθθθ

π

θθθθΛ

θθ

θθΛθθθ

θ

θ



Average Received Uplink Array Power: General Solution (Gaussian Approximation)



6 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

)exp(}{}{)(

      hence,n   nsformatiolinear tra heConsider t

)(}]{exp[      ,),,( with  example,For  

)exp(]}{exp[)(                         

:as defined isfunction  sticcharacteri  the,Gaussian For 

2
1)(

)(

2
1

,

TTTjj

TTTT

Tj

k

iT
ki

TTT

jeEeEM

MjEe

jjEM

TT

ki

ki

θAννAΛAνν

θAφAθφ

1νθνθν

θννΛνθνν

θ

θ
θAνφν

φ

θ1ν

θθ

+−===

==

===







==

+−==

=
+

θ
θθ

θ
θ

νν

)exp()exp(}{)(

:result same  theyielding

}{})({}{

y,Alternatel

2
1

2
1 TTTTTj

TTTTTTTTT

jjeEM

EEE

T

θAννAΛAνθAννΛνν

AAAθθAθAAθAθAθφφΛ

θφ
φν

φ

φ

+−=+−==

Λ===== θ



7 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

)]()2(exp[]exp[)(            

)1,1(),,(),,( With   

)()()2(exp[|)exp(

10
01

10
01

                        

10
01

,
10

01
                            

))((,2,1)(,                    

10
01

),,(),,(Let      :1  Example

,,,

21

2

1

2

1

2

1

2

1

22
2
1

,2
1

,,

212,1
22

2
1

2
1)(

2
2,1

2,1
2

2
2,1

2,1
2

2
2,1

2,1
2

2

1

2

1

2

1

2

1

22112,1
22

2
2,1

2,1
2

2121

ki
T

ki
TT

kikikiki

TTTj

T

TT

ii

T

jjM

diag

Mjje

i

kikikiki

ki

i

θθλσσ

θθθθ

θθλσσ

σλ
λσ

σλ
λσ

σλ
λσ

θ
θ

θ
θ

θ
θ

θ
θ

θθθθλθθσ
σλ
λσ

θθθθ

θθθ

θθθ

θ
θθ

θ

θ

θ

θ

θ

θ

θθ

θ
θ

θ

−+−+−=+Λ−==

−===

==−+−+−=+−=













−
−

=







−



















−

=





















−
=
















−

=







−

=















−

=

−−==−=











=Λ

=







−

===

=
−

θAννAAν1ν

Aθθ

1νθAννAΛAν

AA

θAAθ

AAθθ

θφ

φ1ν

θ

N(N-1) terms









=+=








+== ∑∑∑∑∑

= ≠= ≠

−

=

N

i

N

ik

N

i

N

ik

ttj
N

i

tj
ki

kii MNPeNPePts
11

)]()([
2

1

)(2 )(  |)|(|
,

1νθ φ

θ
θθ

θ

θθ



8 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

∑∑

∑∑∑∑

∑∑∑∑∑∑

−

= >

−

= >

−

= >

−

= >

−

= >=
≠
=

−+−−=

−−+−−+−++−−=

−−=−

=+===

−

−−

1

1

22
2
1

1

1

22
2
1

1

1

22
2
1

1

1

1

11 1

)]cos()]2(exp[2

)]()2(exp[)]()2(exp[

)()(                                                                                                                         

)()()(

:as sum double  thewrite-recan   weTherefore  ).( contains
 halfother   the),(contain   terms theHalf  even. always is )1( that Note

,

,,

,,,

N

i

N

ik
ki

N

k

N

ki
ki

N

i

N

ik
ki

kiik

N

k

N

ki

N

i

N

ik

N

i

N

ik
k

ik

ki

kkii

iikkkkii

kikiki

jj

MMM

j
jNN

θθσλσ

θθσλσθθσλσ

θθθθ

θθ

θθ

θθθ

θθθθθθ

1ν1ν1ν φφφ









−−+−+=








=+= ∑∑∑∑

−

= >= ≠

1

1

22
2
1

1

2 )cos()]2(exp[2)( |)|(|
,,

N

i

N

ik
ki

N

i

N

ik
kikiki

NPMNPts θθλσσ θθθ

θ
1νθ φ

Complete Solution for the Gaussian phase model):



9 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

Special Cases:

1.  Equal mean values: 

and  )]2(exp[][   ,0)(   then  ,  If
,,

22
2
1

kikiki
Mki kiki θθθ λσσθθθθ −+−===−∀= 1νφ
















−+−+= ∑∑

=
≠
=

N

i

N

ik
k

ikik
NPts

1 1

22
2
12 )2(exp[ |)|(|

,θθθ

θ
λσσθ

2.  Uncorrelated phases: 

and   )](exp[][    then   ,0)(  If 22
2
1

,ki, kiki
MkiE ki θθθ σσθθλ +−==∀== 1νφ
















+−+= ∑∑

=
≠
=

N

i

N

ik
k

ik
NPts

1 1

22
2
12 )(exp[ |)|(| θθ

θ
σσθ

3.  Equal variances: 

and   ]exp[][    then   ,  If 2222
,ki θθθθ σνσσσ −==∀== 1φ ki

Mki

( )2

)1(]exp[ |)|(|
1 1

22 θσ
θ

θ
σ −

=
≠
=

−+=















−+= ∑∑ eNNNPNPts

N

i

N

ik
k

θ

4.  Deterministic Phase (zero-variance case): 









−+=−=∀=== ∑∑

−

= >

1

1

22 )cos(2)|( and   )](cos[2)(    then   ,0  If
,,

N

i

N

ik
kiki NPtsMki

kikiki
θθθθωωλσσ

θ

θθθ θφ



10 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

-150 -100 -50 0 50 100 150
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

=θρ 20

10

5
2

10 π2/1

.  toalproportion is    where, ,
)(2

)(let   and,  oft Independenlly Statistica are  that  Assume 2-

0

cos

θθ
θ

θρ

σρπθπ
ρπ

θθθ
θ

≤<−=≠∀ iiki I
epki

i

Tikhonov, or von Mises density

deg,θ

Averaging with respect to the Tikhonov density yields:

)()sin()cos(

)(

1
)cos(

2
)cos(

2
1

)cos(
2
1

0

θ

π

π

θρ
π

π
π

θρ
π

π

π

θρθ
π

θ
θ

ρθθθθ

θρ

θθ

θ

Idede

deeeI

j

jj

=±+=

=

∫∫

∫

−−

−

±±

0






















−+=
















+= ∑∑

=
≠
=

−

2

0

1

1 1

)]([)]([2

)(
)()1(|)|(|

θ

θ
θ

θ
θ

θθ

ρ
ρ

I
INNNPeeNPts

N

i

N

ik
k

tjtj kiθ

More Realistic Tikhonov Model (SI, equal-variance case):

The average Uplink Array Power is given by:

( )

( ) θ

ρθθ

θ

ρ

θ

ρθθ

θ

ρ

θ
θ

θ
θ

ρρ

ρρ

2
001

2

0

22
01

2

|)|(|min|)](/)()[1(|)|(|lim

|)|(|max|)](/)()[1(|)|(|lim

θθ

θθ

tsPNIINNNPts

tsPNIINNNPts

==−+=

==−+=

→→

∞→∞→

SI are , because   

   |)|(|

i
1 1

)]([)]([

1

)]([

1

)]([
2

1

)(2

k

N

i

N

ik
k

tjtj

N

i

tj
N

ik
k

tj
N

i

tj

ki

kii

eeNP

eeNPePts

θθ
θ

θ
θ

θ

θ
θθ

θ

θθ
















+=
















+==

∑∑

∑∑∑

=
≠
=

−

=

−

≠
==

θ



11 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

( ))](exp[)1()]2(exp[ |)|(| 2

1 1

22
2
12

, θθθθθ

θ
λσλσσ −−−+=
















−+−+= ∑∑

=
≠
=

NNNPNPts
N

i

N

ik
k

ikik
θ

For N=2, 3 it makes sense to assume that phases are equally-correlated and of
equal variance, in which case the average power at the spacecraft reduces to:

L

L
L

L

L
ki

/1
,
∝θλ

2−= θσρ

)](exp[ 2
θθ λσ −−

0=θλ

9.0=θλ

5.0=θλ

)(/)( 01 ρρ II

R
el

at
iv

e 
co

m
bi

ne
d 

po
w

er
, N

 =
 2

.

2=N



12 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

2500 3000 3500 4000 4500 5000

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2400 2600 2800 3000 3200 3400 3600 3800 4000 4200 4400

-1

-0.5

0

0.5

1

Delay impulse response:  delay" true" from measured error" residual" of response impulse);()(

)];([)()(

resii

trueiappliediresiresitrueiapplieditotali

tth
ttth

∆−≡

∆−∆≡∆∆+∆−=∆−=

δ

δδ

Antenna “i ”

resi∆appliedi∆

cRtruei /=∆

0 t

)(thi )( resit ∆−δ

Example of received “      “ data sequence (solid blue), and delayed version (red dash) 1±

At the spacecraft, delayed versions of received signals add: )()()()()()()()|( 000 thtsthtsthtststs
i

i
i

i
i

ii Σ∗≡∗=∗=∆−= ∑∑∑Δ

Sum of “      “ data sequence and it’s delayed version, with 1± samples 32;2/ =−=∆ TT

Modulated Uplink Array Signals, Negligible phase Error



13 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

2500 3000 3500 4000 4500 5000 5500

100

200

300

400

500

600

700

800

900

1000

1100

2500 3000 3500 4000 4500 5000 5500

100

200

300

400

500

600

700

800

900

1000

Transfer function of the Uplink Array channel:
{ } { } )()()()( ωω jHththjH

i
i

i
i ∑∑ ==≡ ΣΣ FF

∑ ∆−=∆−=∆∴∆−= Σ
i

iiiii jjHjjHtth )exp()|(),exp()|(),()( ωωωδ Δω

)()()()|( 0 thtststs
i

ii Σ∗=∆−=∑Δ { } { } )|()()|( 0 ΔωΔ jHtsts Σ= FF

Classical Definition of Power Spectral Density:

{ } ,)()()|()|( 22
0

2 ωωω jHStsI Σ=≡ ΔΔ F

1±

Examples of Sample Power Spectral Density, for equi-probable data-sequence: a)  single Periodogram; b: average of 100 Period grams

Periodogram variance proportional to “spectral-level-squared” at any frequency (estimator not consistent):
2

00
2

00 )()( where)]([)](var[ ωωωω SIII =∝ Estimator variance reduced by averaging Periodograms:

[ ] [ ])(var)(var;|)(||)(|)( 0
1

1
0

2
0

2
,00 ωωωωω IISSI L

L

l

LL

l
L

∝→≡=∑
=

{ }2
0

2
0 )(|)(|)( tsESEPs F≡= ωω

Periodogram:

2
0

2
00

|)(|

)()(

ω

ωω

SE

SI =

2
0

0

|)(|

100   ,)(

ω

ω

SE

LI
L

=

samples samples



14 

IEEE AEROSPACE CONFERENCE, MARCH 2012 

Copyright 2010 California Institute of Technology. Government sponsorship acknowledged.  Victor Vilnrotter 

Jet Propulsion Laboratory 
California Institute of Technology Power Spectrum of Uplink Array Signals 

Conditional Uplink Array Channel Transfer Function, N=2:
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Delay-averaged Power Spectrum:  Conventional derivation 
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Averaging with respect to the Gaussian density yields:
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Substituting, the average Uplink Array Power Spectrum is given by:
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Example 3:  Gaussian-integral (Erf) weighted power spectra with 4 delays used for simulation
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Diagonalization of the Covariance matrix:
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