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In this paper, a reconfiguration guidance algorithm for formation flying spacecraft is presented, The for-
mation reconfiguration guidance problem is first formulated as a continnous-time minimum-fuel or minimum-
energy optimal control problem with collision avoidance and control constraints. The optimal control problem
is then discretized to obtain a finite dimensional parameter optimization problem, In this formulation, the
collision avoidance constraints are imposed via separating planes between each pair of spacecraft. A heuristic
is introduced to choose these separating planes that leads to the convexification of the collision avoidance con-
straints. Additionally, convex constraints are imposed to guarantee that no collisions occur between discrete
time samples. The resulting finite dimensicnal optimization problem is a second order cone program, for which
standard algorithms can compute the global optimum with deterministic convergence and a prescribed level
of accuracy. Consequently, the formation reconfiguration algorithm can be implemented onboard a spacecraft
for real-time operations.

I. Imtroduction

Formation reconfiguration guidance is the planning of optimal translational trajectories to transfer spacecraft from
their current states to a set of desired final states in a given time without violating the collision avoidance and con-
trol constraints [1]. Several emerging formation flying missions [2-5] will require reconfigurations both to establish
their science configurations after deployment and to re-target or change baselines during observations [6]. Similarly,
Earth-orbiting formations, such as interferometric synthetic aperture radar or sparse antenna synthesis, will use recon-
figurations to tailor radar baselines and gain patterns to specific targets. Reconfigurations can also be used as part of a
formation fault response to establish a sub-formation of healthy spacecraft.

There are variety of formation reconfiguration guidance algorithms proposed in the literature (see [1] for a sur-
vey). The reconfiguration aigorithm developed in [7] is based on a mixed-integer linear programming problem (MILP)
formulation. Since MILPs are inherently non-deterministic polynomial time (NP)-complete, this algorithm scales ex-
ponentially with the number of spacecraft. In [8] reconfiguration trajectories are parameterized as polynomials and a
heuristically-modified gradient descent algorithm is used to satisfy the collision avoidance constraints. In [9,10] the
reconfiguration trajectories are also polynomials, but are constrained to pass through numerically generated waypoints
to avoid collisions. In [11] a convex programming approach with randomized schemes is used to solve the reconfi gura-
tion problem with collision avoidance constraints. Potential-based path-planning techniques are common in the robotic
path-planning literature (see [1,8] for references). These algorithms are not directly applicable since they cannot guar-
antee collision avoidance with constrained control magnitudes. Additional results on formation reconfiguration can
also be found in [12-15].

In this paper, each spacecraft is assumed to be a point mass in deep space or low-earth-orbit (LEQ), and only
translational path planning is considered. The first step in the formulation is to linearize and time-discretize the
relative spacecraft dynamics, thereby converting the infinite-dimensional, continuous-time optimization problem into
a finite-dimensional parameter optimizaticn problem. The collision avoidance and control magnitude constraints are
enforced at the discrete time samples as second-order cone (SOC) [16] or linear inequality constraints. The collision
avoidance constraint is imposed by using separating planes between each pair of spacecraft, where a heuristic is used
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to generate these separating planes. To ensure no collisions occur between discrete time samples, we impose additional
constraints to guarantee that a relative trajectory does not pass across the separating plane between two discrete time
samples. This additional constraint also allows larger time steps to be used, thereby shortening algorithm computation
time. As a result, the non-convex collision avoidance constraints are replaced by linear inequality or SOC constraints,
thereby converting the reconfiguration guidance problem into a second order cone program (SOCP). Since there are
interior-point algerithms that can compute the global optimum of SOCPs with a deterministic stopping criteria and
a prescribed level of accuracy, the resulting formation reconfiguration algorithm can be implemented for real-time,
onboard operations.

In summary, the principal challenge in translational reconfiguration guidance is that the collision avoidance con-
straint describes a non-convex feasible region in the state-space. In fact, the trajectory optimization problem with
collision avoidance constraints is NP-complete [17, 18]. Regarding the previous work in formation reconfiguration,
the algorithm developed in this paper makes two specific contributions. First, the collision avoidance constraint is
convexified via a heuristic, resulting in a scalable, efficient algorithm. Second, we extend the collision aveidance
constraint to apply not only at the discrete times, but between the time samples as well.

The paper is organized as follows: Section II introduces the formation reconfiguration problem formulation with
control and state constraint. Section ITI introduces the heuristic used to convexify the problem and a solution algorithm.
Section IV presents illustrative simulations of the algorithm. Section V summarizes our conclusions and describe
potential future research problems. The notation used is as follows: R is the set of real numbers, IR" is the space of
n dimensional vectors with real components, / denotes the identity matrix of appropriate dimensions, ||x|| denotes the
standard 2-norm of a vector x, and, for any f:IR,. — IR", f(-) represents the time profile defined by f on a time
interval [0, T'.

II. Formation Reconfiguration Trajectory Planning

In this section, we first describe the reconfiguration trajectory planning problem as a continuous finite horizon
optimal conirol problem. Then, the optimal control problem is discretized to obtain a finite dimensional parameter
optimization problem. This approach describes a direct method [19] to solve an optimal control. We also utilize
separating planes to impose the collision avoidance constraints in the discrete optimal control problem.

A. Formulation of an Optimal Control Problem

In this paper, the spacecraft are modeled as point masses in deep space or a circular LEO with a single thrust vector,
and we assume the following linear dynamics for each spacecraft,

X; =Acx;+Beuy, j=1,....N 1

where N is the number of spacecraft, x; € IRS is the state vector and u; € IR? is the control acceleration vector of the
ith spacecraft,
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and @ is a constant determined by the orbit (@ = O for deep space). The state vector is composed of position and
velocity relative to the orbit in LEQ and to an inertially fixed point in deep space, i.¢.,

where #; € IR? is the position vector and v; € IR? is the velocity vector. The objective of a reconfiguration maneuver is
to bring the formation to a desired configuration at time ¢ = 7 > 0 from an existing configuration at time ¢ = 0, which
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implies the following state constraints

x1(0) =xp
00 =0 = 2N o
x;(T) = x15 5 j=2,...,N

where, for j=2,...,N, x; j,i are the initial states of all spacecraft relative o the first one, x; jF are the desired states
relative to the first spacecraft, x1 g is the initial state of the first spacecraft, and

xij:x_f_xir J>l, IZIJ,N—l

Note that the initial and final state are assumed to satisfy all other state constraints that will be listed from this point
on. There can be an additional consiraint of one of the following forms for the first spacecraft’s end position

X1 (T) =X1.F or @
x1(T) € Colay,...,am, }
where m; > 1 is a positive integer, Co{ay, ..., an, } indicates the convex hull of the vectors a; s+ v -2 @y .- The equality in

(4) constraints the final state of the first spacecraft to a prescribed value and the nequality in (4) bounds it to a region.
Remark 1 A set of the following form
X ={x 1 x<Co{ay,...,am}},

where a1,...,a, are given vectors, can equivalently be expressed by a finite number of linear inequalities. We use the
convex hull notation in some of the constraint descriptions for its notational compactness. o

Relative state constraints are imposed on ¢ € (0,7) in the following general form
Fxi;(t) € Co{by,...,bn},j>1i, i=1,....N—1, tc(0,T). 3)

For example, by choosing F = C, where
=0 1], (©)

we can bound the relative velocity between each pair of spacecraft with (5).
The only control constraint considered considered in this paper is a bound on available control acceleration

s ()| < U;j, J=1... N, te[0,T). N

All of the constraints mentioned up to this point are SOC constraints and they define a convex set of feasible solutions.
The last constraint is the collision avoidance constraint that makes the problem non-convex and NP-complete [17],

Hcpxij(t)“le',i>0= J>i, i=1,....N—1, IE[O,T], (&
where R;; is the minimum allowable distance between ith and jth spacecraft,
C=11 0] )

Given all the constraints above, we can describe the formation reconfiguration trajectory planning problem as
follows:
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Problem 1
min ol subjectto { (1), 3),(4), (5, (7). ) }

wj(-); j=1loess

where ¢¢ € RN is defined by

T
| iw@lar 11
0

0f =
’ /OTHuj(z)szr, =2

J=1...N, (10)

and || ¢||a defines the norm of the vector ¢ € RY as follows

N

Y 1ol A=1

j=1
N

[[9lln = Y o2, A—2: (11)

j:nllaxNMJj\, A =-oc

Note that the cost in the Problem 1 is also convex, and we have the following table that gives a physical sense for the
cost function:

IN A i 2 oo
1 Total fuel - Maximum fuel in a spacecraft
2 - Total energy | Maximum energy in a spacecraft

B. Discretization of the Optimal Control Problem

The dynamics of each spacecraft (1) is discretized with a zero-order-hold approach, i.e.,
ui(t) = u k], 1€t 1), J=1,....N, k=1,....n,
where n is a positive integer such that T = (n+ 1)Az, k = 1 refers to7 = 0, and
A =t — te; k=1,...,n.
This discretization of the controi input leads to the following set of equalities
xjlk+ 1] = Ax;j[k] + Bujlk|, j=1,....N, k=1,....n, (12)

where N
A=,  B= / YR dT,
0

xilk =x;(6),  wilkl=u;(n), n=kAr

The state and control constraints for the discrete problem are expressed at as follows,

x[1] =x10

Xl_j[l] = X1, j=2,....N
xlj[n-{-l}:xl]-_p, j=2,....N (13)
xp+1]=xp or xn+1jcCofar,...;am,}

Fxj[k] € Co{by,...,bm,}, j>i, i=1..,N—1, k=L...n,

Huj[k]HSUj, i=1,..., N k=1,...,n

|| CpxiilK] || = R >0, j>i i=1,...,N=1, k=1,....n, (14)
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and ¢¢ describing the cost is given by

n
Yl =1
=3 1 j=1,...,N, (13)
Y luilElf?, 1=2
1
where
HC,'J'[]C]H =1.
Note that the discrete version of the collision avoidance constraint (14) is only satisfied at the times 7, k =
1,...,n+1 as typical for a direct numerical method [7]. However, this constraint alone does not guarantee the col-
lision avoidance on (2, #.1) for any & = 1,...,n. This observation together with a desire to convexify the collision

avoidance constraint motivate the utilization of the separating planes to impose the collision avoidance constraint, i.e.,
two spacecraft is separated by a prescribed plane

ik T Coxijfk] > Ry, j>i, i=1,...,N=1, k=1,...,n (16)

The next question is how to generate the separating planes that is how to generate the unit vectors c;;[k], j > i, i=
1,...,N—1, k=1,....,n Aheuristic tc generate the separating planes will be discussed in detail in the next section,
and, in this section, it is only assumed that two consecutive half-spaces for a pair of spacecraft has a nonempty
intersection, that is

cilkTeylk+11>a>0, j>i, i=1,...N—1, k=1,...,n—1, a7

where o is a positive constant.
The following lemma establishes two additional constraints together with (16) that guarantees the collision avoid-
ance between discrete time samples.

Lemma 1 Consider the position component r = Cpx, where Cy, is as in (9), of the state x with dynamics (12) and a
vector ¢ € R® with | ¢|| = 1. Then the inequality below is satisfied

Tr(t) >R, YTE[t, r+A, (18)

if the following conditions hold: The input w in (1} is constant over [t, t + Ar) that is

u(t) =1, T [t, 1+ A7), (19)
and
Ll-0san+r(n)] >R, Tr(t) =R, Tri+A) =R when @=0 (20)
or
~0.50(c, x(1),n)A> +¥{c,x(1),m) — R > i ] ‘

when ® >0, 2D
cI'riy-R>2

[0 1] e

Al
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where @, Y, B1, and By are linear funcrions of ¢, x(¢), and 1 defined as

0

—3M2/2
0

afc,x(t),m) =T

(4a’x; (1) + 2@xp (1) + 11 } /00
2 (40 (1) +2002(1) + M) /@ — 204 (1) /0
T/

Ye,x(t),m) =’

: x1(f) — (40%x; (1) + 2002 (1) +11) /00 @2
Bilex(t),n) =c | —2(dw’x; (1) +2a2(r) +1M1) /0 + 2 (1) /0
| x3(1) —M3 /0
[ (40P (1) + 20m (1) +1) /0 —xa(t) /0
Bile.x()m)=c’ | —2x(2) +2 (40?x (1) + 20m () + 11 ) J? |,
i x6(1)/®
x(t) = [ (1), x2(t), x3(2), xa(2), x5(2), 26(0)]7, M =1, M2, 3" o

Remark 2 Since q, ¥, B:, and P are linear functions of x(¢) and 1, constraints in (20) and (21) define convex feasible
regions (second order cones) for x(r) and 1. &

Proof;: ¢ w=0
In this case, we have
HT) = Cpx(t) = r(t) +HO) (T —0) +M(T—1)*/2  r>r

Let,
g(t)=cTr(t) —R=ag+a1(t—1) +az(t—1)%/2, (23)

where ag = ¢! r(t) — R, a1 = T #(¢), and aa = ¢’ 1. The second and third inequality in (20) imply that
gty >0 and  g{r+Ar) 2 0. 24)

Consequently, if a; <0, g(t) > 0 forall t € [, 1 +Ar]. When, a2 > 0, g(7) attains a minimum at T* =7 — a1 /a> and

g(th) = ap — ap (" —1)%/2.
If T ¢ [£, 1+ Az] then g(t) > O for all |z, r + Ar]. Otherwise, since a, > 0,

g(t*) > ap — ampAr? /2.

Now using the first inequality in (20) the following follows

g(t)=0  telnr+A

e >0

In this case, we can solve the linear differential equations and show that
g(t) =" rx) —R=y—R+B(t—1) +0lt—1)*/2+ B1 cos(o(T — 1)) + Pasin({t — 1) cos(@(1— 1)),

where the argument list {c,x(¢),m) is dropped for simplicity, and B is a linear function of ¢, x(z), and 1 (its explicit
form is given since it is not needed for the proof). Let

(1) = &1(%) + £2(3),

where
g1 {t) =vy—R+B(t—1) ra(t—1?/2
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and
£2(7) = Breos(w(t—1)) + Basin(t —r)cos(@(t—1)}.

H

Consequently, the second and third inequalities in (21) imply that

Note that

gt < Y1. (25)

a1t) > lgi} and gi(t+Ar) > [E;:; [
This implies that
gi(t) > l El H’ VTefr, t+ A
2

when & < 0. Now, defining

hm:gl(r)w”{ E; H :

we note that the function £ has the same for as g defined in (23) and it satisfies 2(r} > and A(t + Ar) > 0 as in (24).
Therefore, progressing as in the first part of this proof (when @ = 0) and using the first inequality in (21) as the first
inequality in (20), we can conclude that :

h(1)20 = g(1)>

[ E; H‘ Ve, 14 Al

Now, by using(25), we obtain that
gn) >0 VYrel,r+ A

This concludes the proof of the lemma. n

Remark 3 The inequalities (20) give conditions under which there exists no collision at any time during a reconfig-
uration maneuver, and the inequalities (21) give the corresponding condition at LEO. Both set of inequalities define
convex sets, however, the inequalities for deep space define only linear cones [16] where as the ones for LEQ contain
SOCs. In a SOCP existence of more SOCs imply more computation time [20]. Therefore, when @ is small, we use
the inequalities in (20) instead of (21). o

The following parameter optimization problem is an approximation discrete approximation of Problem 1 where
collision avoidance constraints are imposed via the separating planes by utilizing Lemma 1.

7of 17

American Institute of Aeronautics and Astronautics



Problem 2

16l subjectio { (12),(13) | and

u;lk], j=1,...N, k=1...,

Collision avoidance constraints for @ = 0:

C,‘j[k]T(—O.sAIZ (u;[k] —ui[k])'i—rfj[k]) = Rij, ke 1 i i N1 26)
C”[k]Tr”[k] ERU, Cij[k]T?‘fj[k—l— H ZR”’ — Ly oo gily J 1 P 3
Collision avoidance constraints for @ > 0:
AR o e ||| BrCED)
_OSQ(Z:JVC])N +’Y(Zt][k}) Rz] > i BZ(ZI::VCD }Ha
Tl ~Ry 2 2 H bieald) ]H bl > i L N1,
2(Zij
T 'y Pi(zis[k])
cijlk] rijlk+ 1] —Ry; > 2 H Bz(Zi;UC]) ‘|”1

where
zij (k] = [ eqsli], x5 K], a0 0k] —wilk} 17

the linear functions ¢, v, 31, and 3; are defined in (22}, and ¢ and || - ||, are defined by (15) and (11).

rij[k] = Cpxijlkl,

HI. Convex Reconfiguration Algorithm

In this section, a convex solution algorithm for collision free formation reconfiguration based on the solution of

Problem 2 is described. First, we present the heuristic used to generate the separating planes defined by c¢;;{k] for
k=1,...,n j>i i=1,...,N—1. The main objective in generating the separating planes is to have a nonempty
feasible set for the inequalities described by them at any time step. This is a necessary condition for the second and
third inequalities in (26) and (27) to have a nonempty feasible set of solutions. Geomeilrically this makes the planes
separating each pair of spacecraft consistent. More precisely, once a set of separating planes are chosen, the following
set of inequalities define the separation between each pair of spacecraft (time index is dropped for simplicity)

T
¢ty 2 Rij,

i>ii=1,...,N=1,

which can be shown in a more compact form as follows

where > indicates element-wise inequalities,

ez 0 o ... 0
0 caz O 0
0 0

0
0 0 0 o
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€23

0

—C24
0

€24
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13 EE—
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riN
| Rv-1w J

The following lemma establishes a sufficient condition for the existence of a nonempty feasible set for (29), that is, it
establishes a sufficient condition for consistent generation of the separating planes.

Lemma 2 Given a set of unit vectors c2,...,c1y in IR3. Then, inequalities defined by (29) have a nonempty set of
feasible solutions if ¢;;, j >1,i=2,...,N—1, are chosen to satisfy

el <0. (32)
o
Proof: According to a form of Farkas Lemma [21] one and only one of the following has a solution:

Ax = p, (33)
Aly=0, ply=1, y=o0. (34)
Let 1 and 7 be the set of feasible solutions for (33) and (34). Farkas Lemma indicates that 71 is nonempty if and

only if ; is empty. Therefore, we will prove the lemma via contradiction by showing that % is empty. First noting
that

p>0,
the system of equalities and inequalities described by (34) is equivalent to
ATy=0, yx0, y#0. (35)
Suppose 7, is nonempty and y = {y2, ¥13, ...,¥¥_1n] € J2 is a solution. Since

N
yiacia— Y yajez; =0,

J=3
pre-multiplying the equation above by ¢, we obtain
N

Yiz— yZ_iC:{'zCZj =0. (36)
=

Assume that one of the compenents yi2, y23,...,yzn is nonzero, i.e. it is positive. Since c{zcgj <0, j=3,...,N, this
implies
- T
Yiz— ) ¥2jciaca; >0,

j=3
which is a contradiction with equality (36). Consequently,
yo=0, y;;=0 J=3,...,N. (37)
Actually we can write ATy = 0 as follows,

m—1 N
YimCim — E YmjCmj =0, m=2,...,N. (38)
i1 j=m1
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This implies that

m—1 N
Y VinClnCim— Y. YmjCluCmi =0,  m=2,...,N. (39

i=1 j=m=1

To use induction with (37), we suppose that

Yom = ---=Ym—1m = 0,
which is true when m = 3 from (37). This together with (39) imply that

& T
Yim — Z YmjClmCmj = 0.
J=m+1
Since c{mcm j<0andy >0, this implies that
Yim =10, Ymj =0 j=m+1,.. N

Consequently, by induction we prove that
y=0.

This shows that y = 0 that implies that #; is a nonempty set. u

Remark 4 Satisfaction of inequality (29) is a necessary condition for Problem 2 to have a feasible solution. Conse-
quently, Lemma 2 guides us to a consistent generation of the separating planes. Yet another requirement that must be
satisfied during the generation of these planes is that two consecutive separating planes for a pair of spacecraft must
not be antiparallel, i.e.,

cjlk+ 1 eylkl £ -1 j>ii=1,.. ,N—1, k=1,...n. (40)

Therefore, the following condition is imposed, which requires a maximum angle B between two consecutive separating
planes, )
cijlk+1)7cijlk] > cos  j>ii=1,...,N—1, k=1,...,n, (41)

where we typically choose 8 € [30°, 90°]. o

The following is the heuristic procedure used in this paper to generate the separating planes such that the inequal-
ities (32) and (41) are satisfied. Here we assume that the initial and final desired states of the spacecraft do not violate
the collision avoidance constraints.

Procedure 1 1. Obtain a solution, %[k}, & =1,...,n, j=1,...,N, and corresponding position vectors 7; for
Problem 2 without imposing the collision avoidance constraints (14).

2. Let 1 1)
Fi —F
aifl]=—Lt=—2+"_  j=2....N
= A=
3. For k> 2, given c1ak — 1],...,cix [k — 1], generate the separating planes ¢z [k],, ... ,c1n k] as follows:
a) Let
rilk] — ri[k] : :
i ST a0 LN, i rlk] = [k £ 0
ey=1 lrslk —rilk] /
crjlk— 11, otherwise.

b) Let 8;; =cos™! (c1;[k— 1]7&14[k]), then

o [k] _ 511'[]6], ) if 91.]' > é;
’ rotate {1, %1;,01; —9), otherwise.
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where 6 is the maximum allowed angle separation between two consecutive separating planes,

P Elj[k]xclj[k-l]
Y ek < e le— 1]

and rotate is the rotation operator defined for any v,u € IR? and angle o as
rotate(v, u, ) = cos oy + (1 —cosar) (W u)u -+ sinot (1 x v).

4. Given c¢j;lk] k=1,...n, j=2,...,N, generate the rest of the separating planes for k=1,...,n j> i, i=
2,...,N—1. Letv=cilk] —culkl], o = cos™! (cl,-[k]rcl-j[k— I]), and

. crilk] X cijlk — 1] er*min{n—é_a E}
r = . = , ’
[l celk] < cijlk—1]]] 2
ﬁ’ if v cijlk — 1] > [jv]| cos;
vV
k=4 [ e N
’ cutl i O.LS& , otherwise.
rotate{ —c;|k],0,,u,), otherwise.

O

Remark 5 In step 4 of Procedure 1, the primary objective in generating the separating planes is to guarantee c¢;;[k]% ¢1;[k} <
0. If cij[k]T crilk] < 0 and ¢;;[k])7 ¢ij[k — 1]7 > cosB can not be simultaneously satisfied, the angle separation between
two consecutive planes ¢;;[k — 1] and ¢;;[k] is minimized. o

Now, we describe the solution algorithm.

Algorithm 1 Given T, A1, 8, x i(0), x;(T), and the parameters describing the constraints in Problem 2.
1. Generate the separating planes by using Procedure 1.

2. Solve Problem 2 by using a SOCP solver [22,23].

IV. Simulations

In this section, we present several illustrative simulations of three and seven spacecraft formation reconfiguration.
In each simulation, we assume that Ar = 60 seconds, # = 30 samples, and 6 = % radians. Simulation results presented
include plots of the relative trajectory, the inter-spacecraft distance, and the control nput.

When three spacecraft are used, each starts on the x-axis, with spacecraft (SC) 1 at the origin and SC 2 and SC 3
at a distance of 10m away on either side. The objective of the computed maneuver is for SC 2 to switch places with
SC 3. In the final example of seven spacecraft, SC 1 again starts at the origin and the remaining spacecraft are located
10m away on the corresponding sides of each axis. Again, the spacecraft switch places: SC 2 with SC 3, SC 4 with SC
5, and SC 6 with SC 7. The maximum available control acceleration for each spacecraft is 1 cm/s?, and the spacecraft
must stay at feast 4m away from each other, i.e., the collision avoidance radins, R, is 4 meters.

A. Simulation 1: 3 Spacecraft in Deep Space, Minimum Fuel

First we consider a reconfiguration of three-spacecraft formation in deep space, and obtain guidance trajectories via
minimizing the total fuel. In Figure 1, the relative trajectory graph shows the two switching spacecraft accomplishing
the required maneuver by moving symmetrically in the X-Z plane around SC 1. Here X, ¥, Z axes correspond to the
first, the secend, and the third entries in the position vector. Figure 2 shows the four burns required for the maneuver.
Only the plot for SC 2 is shown, but the plot for SC 3 is the same. Figure 3 shows that the inter-spacecraft distance
never reaches below 4 m.
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Min. Fuel cost, 3 SCs in DS, Trajectory Graph

Figure 1. Relative trajectory of SC 2 and SC 3 around SC 1 for simulation 1

w10 Min. Fuel cost, 3 8Cs in DS, SC 2 Controf Acc. vs. Time

S S |

Ganirol Acceleration (mis?}

TR enmmowme wm e o
Time (s}

Figure 2. Control Accelerations of SC 2 and SC 3 for simulation 1

Min. Fuel cost, 3 SCsin DS, inter=SC Distance vs, Time

Distance {m}

o teo ieoa  1eco

Figure 3. Inter-spacecraft distances among formation for simulation 1

12 of 17

American Institute of Aeronautics and Astronautics



B. Simulation 2: 3 Spacecraft in Deep Space, Minimum Energy

In this section, we resolve the problem described in Section B with a cost of total energy rather than fuel. Figures 4,
5, and 6 show that the trajectories and the control input are smoother functions of time when compared to minimum
fuel solution, which are typical characteristics of minimum energy versus minimum fuel trajectories.

Min. Energy cost, 3 SCs in DS, Trajectory Graph

Z(m)

Y (m) - X im)

Figure 4. Relative trajectory of SC 2 and SC 3 around SC 1 for simulation 2
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Figure 5. Control Accelerations of SC 2 and SC 3 for simulation 2
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Figure 6. Inter-spacecraft distances among formation for simulation 2
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C. Simulation 3: 3 Spacecraft in LEQ, Minimum Fuel

In this section, we resolve the problem described in Section B in LEO rather than in deep space with ® = 1.11 x
1073 1/s%. Figures 7, 8, and 9 give the simulation result that show more circular trajectories with out of plane compo-
nents due to the coupled dynamics between the x and y axes in LEO when compared to the deep space results.

Min. Fuel cost, 3 SCs in LEO, Trajeciory Graph

Figure 7. Relative trajectory of SC 2 and SC 3 around SC 1 for simulation 3
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Figure 8. Comntrol Accelerations of SC 2 and SC 3 for simulation 3
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Figure 9. Inter-spacecraft distances among formation for simulation 3
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D. Simulation 4: 7 Spacecraft in Deep Space, Minimum Fuel

This section presents simulation results for a seven spacecraft reconfiguration in deep space. The trajectories are
obtained by minimizing the total fuel usage. Figures 10, 11, and 12 present the simulation results, and show that all
the state and control constraints are satisfied. Again, the control acceleration plots for SC 2 - SC 7 are the same, so
only that of SC 2 is shown.

Min. Fuel cost, 7 SCs in DS, Trajectory Graph
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Figure 10. Relative trajectory of SC 2 - SC 7 around SC 1 for simulation 4
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Figure 11. Control Accelerations of SC 2 and SC 3 for simulation 4

V. Conclusions

In this paper, we presented a formation reconfiguration algorithm for spacecraft in both deep space and low-
earth-orbit. A heuristic is introduced to convexify the formation reconfiguration problem with collision avoidance
constraints. Then, a discrete version of the problem, which is a second order cone program, is solved via readily
available algorithms [22, 23] that compute the global optimum with a deterministic stopping criteria and prescribed
level of accuracy. The main convex relaxation is introduced via the separating planes that impose the collision avoid-
ance constraint. Analysis results are presented to justify the heuristic used to generate the separating planes. We alsc
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Figure 12. Inter-spacecraft distances among formation for simulation 4

provide additional constraints at the discrete time instances that guarantee the satisfaction of the collision avoidance
constraints on the time intervals between two consecutive discrete time samples. Simulation results are presented to
demonstrate the algorithm.

The maneuver time is currently treated as an input to the problem but this must be also computed as a part of
the trajectory planning problem in an efficient way. The heuristic used in the generation of the separating planes can
further be improved by establishing a measure on the size of the feasible domain described by the choice of these
planes. Since we are only considering a subset of all feasible solutions, this can lead to considering larger subsets
of the feasible set. Our current approach to the translational formation reconfiguration can be complemented by the
recent results on the constrained attitude planning based on convex optimization [24, 25]. Furthermore, we can extend
this formulation to formations in elliptical low-earth-orbit.
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