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ABSTRACT 
In this paper we present a solution to the for- 

mation initialization (FI) problem for N distributed 
spacecraft located in deep space. Our solution to 
the FI problem is based on a three-stage sky search 
procedure that reduces the FI problem for N space- 
craft to the simpler problem of initializing a set of 
sub-formations. An analytical proof demonstrating 
that our algorithm guarantees formation initializa- 
tion for N spacecraft constrained to a single plane is 
presented. An upper bound on the time to initialize 
a planar formation is also provided. We then demon- 
strate our FI algorithm in simulation using NASA’s 
five-spacecraft Terrestrial Planet Finder mission as 
an example. 

INTRODUCTION 
Spacecraft formation flying has been identi- 

fied as a critical technology for 21St century NASA 
astrophysical and Earth science missions. Specifi- 
cally, formation flying refers to  a set of distributed 
spacecraft that have the ability to  interact and coop- 
erate with each other and whose dynamic states are 
coupled through a control law. In deep space, forma- 
tion flying enables variable-baseline interferometers 
that can probe the origin and structure of stars and 
galaxies with high precision. In addition, such in- 
terferometers will serve as essential instruments for 
discovering and imaging Earth-like planets orbiting 
other stars. Ultimately, the goal is to utilize dis- 
tributed spacecraft interferometers to search for bio- 
signatures in the atmospheres of extra-solar planets. 

In order to accomplish these scientific objec- 
tives, interferometers with baselines that range from 
tens to tens of thousands of meters are required. 
The operation of such interferometers relies upon 
the ability of precision formation control systems to 
maintain relative spacecraft positions and orienta- 
tions to an accuracy on the order of l centimeter 
and 1 arc minute, respectively, over large distances. 
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appeared in Ref. 1. 

However, before precision formation coordi- 
nation and control can occur, it is first necessary 
for each spacecraft to  be able to communicate and 
to know the relative positions and velocities of one 
another. Although inertial position knowledge of 
each spacecraft is typically available, it cannot be 
used to determine relative states as it is not known 
to the required accuracy. Therefore, following ini- 
tial spacecraft deployment or a fault condition, the 
spacecraft are “lost-in-space” (Le., they are not com- 
municating, and they do not know their relative 
positions and velocities). As a result, each space- 
craft must perform a coordinated sky search to au- 
tonomously acquire relative state information. Here 
we assume that high accuracy inertial attitude infor- 
mation is available for each spacecraft from on-board 
star trackers. 

The process of using on-board sensors to both 
establish communication among the formation mem- 
bers and to  acquire the relative positions and veloci- 
ties of the formation members is known as Formation 
Initialization (FI). Since formation acquisition sen- 
sors (e.g. AFF’) typically have limited fields-of-view, 
a search is necessary to acquire formation mem- 
bers; this search involves coupled translational and 
rotational maneuvers. Consequently, the FI prob- 
lem becomes a formation guidance problem involv- 
ing translational/rotational path planning and colli- 
sion avoidance. 

Although there has been previous work in 
the area of deep space formation flying 
the area of formation initialization is significantly 
underdeveloped. The work of Breckenridge and 
Ahmed8 at JPL focused on an initialization strat- 
egy for NASA’s StarLight mission, which consisted 
of two spacecraft forming a variable baseline inter- 
ferometer. 

A number of major technical challenges must 
be overcome in order to realize a practical solu- 
tion to the formation initialization problem for N 
distributed spacecraft. First, any candidate algo- 
rithm must guarantee formation initialization using 
limited field-of-view sensors. Second, formation at- 
titude maneuvers must not violate sun-angle con- 
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straints.11 Further, any candidate FI algorithm must 
result in an efficient search procedure that mitigates 
the probability of collisions. 

The remainder of this paper is organized as 
follows. In the next section we discuss in detail 
the challenges inherent in the N-spacecraft forma- 
tion initialization problem. We then present a so- 
lution of the FI problem based on a coordinated, 
three-stage sky search procedure. Next, we discuss 
how our algorithm naturally leads to sub-formations 
and present the logic required to join these sub- 
formations. Then, since our solution to the FI 
problem involves a planar rotation of the formation 
spacecraft, we demonstrate analytically that our FI 
algorithm is guaranteed to initialize an N spacecraft 
formation constrained to a single plane in at most 
1.5 revolutions. Next, we apply our FI algorithm 
to a realistic five spacecraft scenario using NASA’s 
Terrestrial Planet Finder (TPF) mission as a base- 
line and present some simulation results. Finally, 
we conclude and discuss some directions for future 
work. 

THE FI PROBLEM 
In this section we discuss the characteristics 

of the N spacecraft formation initialization problem. 
In this paper, formation initialization (FI) is de- 
fined as the process of using limited field-of-view, on- 
board sensors to establish communications among 
the formation members and to acquire the relative 
positions and velocities of the formation members. 

The FI algorithm developed in the sequel 
is based upon a set of assumptions that are di- 
vided into the following categories: dynamic con- 
straints, spacecraft/sensor characteristics and con- 
troller/estimator characteristics. We now discuss 
each category in detail. 
Dynamic Constraints 

We assume that each spacecraft in the for- 
mation is a rigid body in which the rotational and 
translational motions are decoupled. The number 
of spacecraft in the formation is arbitrary. Fur- 
ther, we assume that the spacecraft are located in 
deep space where disturbances such as gravity fields 
and aerodynamic effects are negligible. As a result, 
the free translational motion of the system consists 
of the center-of-mass of each spacecraft following a 
straight-line trajectory with constant velocity rela- 
tive to an inertial observer.** 

llA typical imaging mission involves spacecraft carrying 
sensitive optical hardware that cannot withstand prolonged 
sun exposure. As a result, certain spacecraft attitudes are 
prohibited. 

**Despite disturbances such as solar pressure, the motion 
of each spacecraft is approximately rectilinear over the time 

Spacecraft/Sensor Characteristics 
We assume that each spacecraft is equipped 

with a limited field-of-view Autonomous Formation 
Flying (AFF) sensor.2 The AFF sensor functions as 
the “eyes” of the spacecraft by providing the means 
to measure inter-spacecraft (i.e., relative) positions. 
Specifically, the AFF is a GPS-like sensor consisting 
of one transmitter that emits a conical beam pattern 
with a central angle of 2eFOV and three receivers 
with a combined reception pattern essentially iden- 
tical to the transmission pattern. Inter-spacecraft 
range is determined from transmission delay, while 
phase differences between the three receiving anten- 
nas provide inter-spacecraft bearing angles. 

The AFF is a distributed sensor; it requires a 
transmitter on one spacecraft and three receivers on 
another. Therefore, for the AFF sensor to function 
the spacecraft must each fall within the transmis- 
sion/reception pattern of the other simultaneously. 
This configuration is referred to as a “front-to-front 
lock” or an F/F lock. 

For the AFF sensors to obtain an F/F lock 
the following two constraints must both be satisfied 

Here & denotes the AFF boresight vector (a unit 
vector along the centerline of the conical AFF beam 
pattern) of spacecraft i, denoted S/Ci, Zij denotes 
the unit vector from the center of the AFF on S/Ci 
to the center of the AFF on spacecraft j ,  denoted 
S/Cj, 6FOV denotes the half-cone angle of the AFF 
antenna beam pattern, and . denotes the standard 
Euclidean dot product. The angles Bi and 0, are 
shown in Fig. 1. See also Fig. 2. Further, the AFF 
antenna beam is assumed to have enough range for 
any FI scenario considered. 

Figure 1: Geometric Variables in F/F Lock 
Constraints (1) and ( 2 )  

We also assume that each spacecraft is 
equipped with a functional omni-directional, inter- 
spacecraft communication (ISC) link, that there 

scale required to initialize the formation (a few minutes to an 
hour). 
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are no occlusions of the ISC, and that all inter- 
spacecraft communication is done instantaneously. tt 
Each spacecraft is also equipped with a sun-shield to 
protect sensitive optical hardware from direct sun- 
light. For the sun-shield to provide adequate pro- 
tection, the attitude of each spacecraft is subject 
to certain sun-angle constraints. In particular, the 
sun-shield normal of each spacecraft must remain 
within a specified angle of the sun-line. Here we 
assume a constraint angle of 25”. To avoid beam 
distortion, the AFF is located at  the edge of the 
sun-shield. Each spacecraft is further equipped with 
a star-tracker that provides accurate inertial atti- 
tude knowledge. The maximum rotation rate of each 
spacecraft is limited due to star-tracker rate limita- 
tions. In the simulations to follow, we assume a max- 
imum allowable angular rate of 0.25”/s. Finally, a 
body-fixed reference frame is affixed to the center 
of mass of each spacecraft with the x-axis point- 
ing normal to the sun-shield, the z-axis along the 
AFF boresight, and the y-axis chosen to complete 
the right-handed triad. See Fig. 2. 

P ~ ~ , ~ ~ d ~  f AFF pa@ Beam 

Sun-Shield 

Figure 2: Body Frame and AFF Location for 
Generic Spacecraft 

Controller/Estimator Characteristics 
Each spacecraft is assumed to have full atti- 

tude and translational control capability. We fur- 
ther assume that all spacecraft maneuvers are per- 
formed kinematically (e.g. Ads are instantaneously 
delivered) .it Translational maneuvers are permitted 
without a direct relative state measurement avail- 
able. Further, we assume that relative state knowl- 
edge, once acquired, does not significantly degrade 
over the period of FI. 

Maior Challenges of FI 
Given the characteristics of the FI problem 

discussed above, we now summarize the major tech- 
nical challenges inherent in initializing a set of dis- 
tributed spacecraft: 

ttThese assumptions imply that inter-spacecraft communi- 
cation is already established, thereby solving a portion of the 
initialization problem. If a limited-FOV ISC link is used (e.g. 
optical communication), then our initialization algorithm re- 
quires modification. 

$$This is equivalent to assuming that the formation control 
law has “infinite bandwidth.” 

FI must be accomplished for a set of N space- 
craft using limited FOV Autonomous Forma- 
tion Flying (AFF) relative position/velocity 
sensors. 
A front-to-front (F/F) sensor lock must be 
registered before relative state information be- 
tween two spacecraft is established. Typical 
AFF beam patters and the F/F sensor lock ge- 
ometry are shown in Fig. l. 
Certain spacecraft attitudes are prohibited due 
to sun-angle constraints. 
FI must be accomplished in such a way that (2) 

the probability of spacecraft collisions is miti- 
gated, and (ii) fuel consumption is not exces- 
sive. 

In the next section we present a solution to the FI 
problem that addresses these issues. 

FI ALGORITHM FOR N SPACECRAFT 
In this section we present a methodology for 

initializing a set of N distributed spacecraft with 
limited FOV AFF sensors and arbitrary initial con- 
ditions. Our solution to the FI problem is based on a 
coordinated three-stage sky search consisting of (1) 
an in-plane search, (2) an out-of-plane search, and 
(3) a near field search. It is important to note that 
due to the F/F sensor lock requirement, a full 47r 
steradian sky search performed by each spacecraft is 
necessary but not sufficient to guarantee formation 
initialization. 

In order to assure that the spacecraft see each 
other simultaneously during the sky search, the set 
of N spacecraft are first arbitrarily divided into two 
groups. The AFF boresights are set parallel within a 
group and anti-parallel (Le., 180” out-of-phase) be- 
tween groups. See Fig. 3 for an example of a 3:2 
partition of a five-spacecraft initialization scenario. 
The two groups are denoted GA and GB in the sequel. 
Note that this decomposition of the set of spacecraft 
into two disjoint groups with anti-parallel AFF bore- 
sights is possible because the inertial attitude of all 
spacecraft is assumed known. We now discuss each 
stage of the coordinated sky search in detail. -. __-----__ _----___ .,- /-_.-- ---- .. - ‘. \. 

Figure 3: Decomposition of Five Spacecraft in 
Anti-Parallel Boresight Groups 

In Plane Search (IPS) 
The In-Plane Search (IPS) begins by dividing 
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the set of N spacecraft into GA and GB as discussed 
above. Then, the local body-fixed x-axes (normal 
to the sun-shield-see Fig. 2) of each spacecraft are 
pointed toward the sun. To complete the initial 
conditions for IPS, the spacecraft in GA point their 
z-axes in the same, arbitrary direction. Similarly, 
the spacecraft in GB point their z-axes in the direc- 
tion anti-parallel to the arbitrary, z-axis direction 
of GA. Note that an attitude maneuver for each 
spacecraft is required to initialize IPS. Once all the 
spacecraft in GA and GB are properly oriented, each 
spacecraft begins rotating about its respective x-axis 
with constant angular rate 52. The net effect is that 
the spacecraft perform synchronized rotations. See 
Fig. 3. The question immediately arises as to how 
many rotations each spacecraft should perform dur- 
ing IPS; we will demonstrate in the sequel that at 
most 1.5 revolutions are required. 

The portion of the sky subtended by the AFF 
FOV during IPS for a single spacecraft is shown in 
Fig. 4. Note that the two shaded regions, called 
complementary cones (CC), are not searched during 
IPS. Referring to Fig. 4, if the half angle of the com- 
plementary cone is denoted Bc, then the total solid 
angle subtended by both complementary cones is 

= 4x(i - coset), (3) 
where 6' and q5 are the standard spherical coordi- 
nates. Recalling that a sphere subtends a full 47r 
steradians, the solid angle swept out by the AFF 
sensor in a full revolution is given by 

* = 47r--*C 

In this analysis we assume that BC = 20"; as a result, 
the AFF sensor for a single spacecraft subtends 94% 
of the sky during a single revolution. 

= 47rcosec. (4) 

Figure 4: Sky Coverage During IPS 
Summarizing, the IPS stage of the sky search 

consists of each group of spacecraft, GA and GB, per- 

forming synchronized rotations about the sun-line 
with a fixed angular rate for 1.5 revolutions. 
Out of Plane Search (OPS) 

If after the 1.5 revolutions of IPS all N space- 
craft have not found one another,* then the FI al- 
gorithm proceeds to  the OPS mode. At this stage 
94% of the sky has been searched by the groups GA 
and GB. The OPS mode is initialized by command- 
ing each group of spacecraft to  return to their initial 
IPS attitudes with an additional 180" rotation about 
the x-axis (boresights are still anti-parallel) with all 
angular rates nulled (i.e., R = 0). If perfect con- 
trol is assumed during IPS, then the start of OPS is 
identical to stopping all the spacecraft after the 1.5 
revolutions of IPS. 

The goal of the OPS stage is for each space- 
craft to search its complementary cones. However, 
due to sun-angle constraints, unlimited rotations 
about the body y- and z-axes (see Fig. 2) are not 
permitted. Recall that we assumed the maximum 
allowable angle between the sun-shield normal (Le., 
the x-axis) and the sun line is 25" and that the x-axis 
is initially aligned with the sun line. To search the 
two complementary cones under the 25" sun-angle 
constraint, all spacecraft from GA perform a 25" tip 
followed by a -50" tip about their body-fixed y- 
axes. Assuming that the half angle of the CC is 
Bc = 20" (See Fig. 4) it follows that the above at- 
titude maneuver does not search out the entire 40" 
complementary c0nes.t 

To complete the search of their CC's, each 
spacecraft in GA must rotate 180" about the sun line 
and then perform a 50' tip about the body y-axis.$ 
With the exception of the 180" sun-line rotation, it 
is critical that all attitude maneuvers done by space- 
craft in GA are performed in the opposite direction 
by the spacecraft in GB. For example, when a space- 
craft from GA tips 25", a spacecraft in GB tips by 
-25". See Fig. 5. 

In summary, in the OPS stage of the sky 
search all spacecraft execute coordinated tips about 
the y-axis and rotations about the sun line to search 

*The coordinated sky search is set up in such a way 
that spacecraft in PA can only acquire spacecraft in GB and 
vice versa. This complementary interaction between the two 
groups of spacecraft is an essential feature of our algorithm. 

tWe have assumed that it is not possible to  temporarily 
relax the sun-angle constraint and search the entire 40" CC 
with a single attitude maneuver. 

*The tip angles required to fully cover the CC are given by 
a & tan-l(cosOFov/2/1- 2 c o s 2 0 ~ 0 ~ )  and 2a  (cf. 25"and 
50' above). That is, for OFOV = 70' the spacecraft must 
initially tip at least 21.3' to cover the CC. It is possible to 
specify values for OFOV and the sun constraint angle such 
that the CC cannot be fully searched. 
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Figure 5: OPS Maneuvers for Spacecraft 
in Groups A and B 

the complementary cones while maintaining the sun- 
angle constraint. 

Near Field Search (NFSI 
In the unlikely case that all the spacecraft 

have not been found, the FI algorithm proceeds to 
the Near Field Search (NFS). Since the AFF is lo- 
cated at the edge of the sun-shield, there exists an 
AFF to spacecraft center-of-mass offset.§ The near 
field is defined as the unsearchable region adjacent 
to each spacecraft due to this offset. See Fig. 6 .  

The NFS search is initialized by command- 
ing all spacecraft to return to their attitudes a t  the 
beginning of IPS with zero angular rate. The space- 
craft then wait for a time t* = & where L is 
a characteristic near field length and vmaZ is an up- 
per bound on initial relative translational rates. The 
purpose of waiting is to let the initial non-zero trans- 
lational rates naturally let the spacecraft drift out of 
the near field. If there are still spacecraft that have 
not been acquired after waiting t* seconds, then all 
remaining L L l ~ ~ t 7 1  spacecraft are commanded to per- 
form a translational maneuver in the anti-AFF bore- 
sight direction (i.e., along the -z body-axis) with a 
Av of magnitude 2vmaz.7 

Spaceuan m Inammum 
tip amide consistent 

wdh run conatmint / 
S C  tefon 

180. mtation 

Near Field A 

a length of -80 m ' 

Not to scale For I 

TPF. the NF tapers ! 
fromamax wdth 
of 7 m to 0 m over 8 I 

Figure 6 :  Geometry of Near Field 
To summarize, the NFS stage of the sky 

search involves waiting for a time t*, and then if 
needed, commanding an anti-boresight translational 

§Recall that this offset is required to prevent the sun-shield 
from clipping the AFF signal. 

TThis ensures that a spacecraft will not be trapped in 
the near field after the translational maneuver has been per- 
formed. 

maneuver for all unacquired spacecraft. 
If all spacecraft have not been found at  the 

conclusion of the sky search, a fault condition is de- 
clared (e.g. a spacecraft may be out of range), and 
ground support is requested. 

SUB-FORMATIONS AND JOIN LOGIC 
In this section we discuss how the problem 

of initializing a set of N distributed spacecraft is 
reduced to one of joining a set of multi-spacecraft 
sub-formations. Here we define a sub-formation as a 
subset of two or more spacecraft that have obtained 
relative translational state knowledge as a result of 
an F/F lock. Sub-formations are a natural conse- 
quence of the temporal order inherent in initializing 
a set of N > 2 spacecraft.11 Using sub-formations, 
a formation is initialized in an aggregate manner, in 
much the same way as a complex molecule is con- 
structed from simpler component atoms or as a crys- 
tal precipitates from solution. 

We define the following two types of sub- 
formations: 

1. Formation Set (FS) A FS is defined as a sub- 
formation that uses active control to maintain 
constant inter-spacecraft ranges. Spacecraft be- 
longing to the FS behave as a virtual rigid body. 
The first two spacecraft that acquire one an- 
other in the FI process form the nucleus of the 
FS. Any other spacecraft that attains an F/F 
lock with a spacecraft in the FS is then brought 
into the FS by performing a suitable Av to null 
its velocity relative to the FS. 

2. Knowledge Set (KS) A KS is defined as a 
sub-formation in which no active control is used 
to maintain relative spacecraft positions. How- 
ever, relative state knowledge is propagated to 
avoid collisions and for use in eventually joining 
sub-formations. The nucleus of a KS is formed 
when a second pair of spacecraft, neither as- 
sociated with the FS, find one another. Any 
other spacecraft that attains an F/F lock with 
a spacecraft in a KS immediately joins that KS. 

In order to conserve fuel, spacecraft in a KS 
do not perform translational maneuvers to null their 
relative velocities. The rationale is that spacecraft 
in a KS will eventually join the FS. To do so, these 
spacecraft will need to cancel their relative veloc- 
ities with respect to the FS. Therefore, it is inef- 
ficient to impose an additional Av to "rigidize" a 
KS. However, collision detection monitoring is per- 
formed within a KS, and if a collision is imminent, 
immediate corrective action is taken. 

llFor example, spacecraft A first acquires spacecraft B, fol- 
lowed by spacecraft A or B acquiring spacecraft C, and so 
on. 
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All spacecraft not yet in a sub-formation are 
considered elements of the Lost Set (LS). The dis- 
tinction between the FS and the KS is illustrated in 
the upper-left portion of Fig. 7. 

We now discuss the logic required for joining 
a set of distinct sub-formations. The join logic used 
for a five-spacecraft scenario** is shown in Fig. 7. 
The join logic table in Fig. 7 is an exhaustive list of 
all possible scenarios for a formation with N < 5. 

presented previously guarantees formation initial- 
ization in the statzc case.tt As a step toward the 
general proof of non-static 6 DOF FI, this section 
provides a proof guaranteeing initialization for non- 
static 3 DOF (Le., two translational and one rota- 
tional DOF) FI. 

Note that the 3 DOF, non-static proof di- 
rectly applies to the 6 DOF non-static FI case when 
spacecraft relative velocities do not carry one space- 
craft in the Complementary cone of another. The 
challenge in extending the 3 DOF proof to the 6 
DOF case is due to the possibility that a spacecraft 
may move into or out of a complementary cone dur- 
ing IPS. 

Concentrating on the 3 DOF, non-static case, 
the assumptions for the proof are as follows: 
AI. SIC, and S/C, do not have a p r i o n  knowledge 

of their relative range and bearing. 
A2. No collisions occur. 
A3. The AFF of SIC, is located at  the spacecraft's 

FS FomaI,onSat KS KnmvkdgsSat LS LortSd 

Figure 7: Join Logic Table for Sub-formations 
with Illustrated Example 

As a representative example of the sub- 
formation join logic, consider Case 6 of Fig. 7. Here 
SICz in the KS and SIC, in the FS attain an F/F 
lock. As a result, the formation set is enlarged to in- 
clude SIC, and all spacecraft in its associated knowl- 
edge set. To join the FS, all spacecraft in the KS 
perform a translational maneuver to null their ve- 
locities with respect to the FS. At the conclusion of 
these maneuvers, the five spacecraft consist of a four 
spacecraft FS moving as a virtual rigid body, and a 
single lost spacecraft yet to be acquired. The other 
eight scenarios listed in the join logic table can be 
described in a similar manner. 

GUARANTEE OF IN-PLANE 
INITIALIZATION FOR N SPACECRAFT 

In this section we present a proof demon- 
strating that a pair of spacecraft constrained to a 
given plane and using the initialization algorithm de- 
scribed in the previous sections attain an F/F lock 
in at most 1.5 revolutions. The proof immediately 
extends to an N spacecraft formation by considering 
a pair of spacecraft at a time. 

Clearly, in a practical FI scenario all of the 
spacecraft are not constrained to a plane; the space- 
craft each have a full six degrees of freedom (DOF). 
For the full 6 DOF FI problem, it is straightforward 
to show that the coordinated three-stage sky search 

**Although we have assumed N = 5 ,  this is not a restrictive 
assumption as the join logic can be readily scaled to  arbitrary 
N .  The difference is that multiple knowledge sets can occur 
when N > 5. 

center of mass' (coM).~' 
A4. The motion of the system is described relative 

to an observer fixed to S/Ci and translating 
with S/Ci. This observer is a valid inertial 
frame of reference.* Without loss of generality, 
S/Ci is assumed fixed at a point 0 and S/Cj 
moves with constant velocity v' = V;. -v'i relative 
to S/Ci, where 17i and Gj denote the absolute ve- 
locities of each spacecraft. An inertial frame of 
reference, denoted FI = {51,52,53}, is affixed 
to S/Ci at point 0. 

A5. The relative position vector of S/Cj with re- 
spect to S/Ci is constrained to the plane 
spanned by 51 and 5 2 .  

A6. Without loss of generality, the initial boresight 
direction of S/Ci is aligned with 51. 

A7. The attitude of S/Cj is initialized so that its 
AFF sensor boresight is antiparallel to that of 
S/Ci (i.e., in the -51 direction). 

A8. Each spacecraft is rotating with a constant an- 
gular velocity of 6 = M 3 ,  where 0 > 0. 

The geometry of the 3 DOF, non-static FI 
problem is shown in Fig. 8. The vector R' = RZR 
points from S/Ci to S/Cj.  The vector p'= pe'is fixed 
in 71 and describes the position of S/Cj relative to 

ttBy static we mean that all spacecraft relative velocities 
are initially zero. 

*$This assumption is a valid approximation when the space- 
craft separation is significantly larger than the size of the 
spacecraft. Further, this assumption can be relaxed to  only 
requiring that the AFF boresight be aligned with the vector 
from the spacecraft COM to  the AFF. 

*The only translational maneuvers occur after an F/F lock. 
This analysis only considers the time up to this lock. 
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S/Ci at  t = 0. The direction of @in  31, denoted Z, 
is given by the fixed angle 8 E [0,27r). The velocity 
of S/Cj relative to S/Ci is 17 = vZu. The direction 
of i?, denoted Z,, has fixed bearing A relative to Z. 
The boresight directions of the AFF boresights of 
each spacecraft are denoted & and b;., respectively. 

The position of S/Cj relative to S/Ci is given 
by 2 = p’+ v’t. The unit vector along R’ is given by 
fi?R(t) = A(t)/R(t), where R = m. Expanding, 

we find R = pd, where d A 
As a result, ZR = (l/d)[Z+ (vt/p)Zu]. Note that 
ZR(O) = Zand that limt4m ZR(t) = e,. - 

Having described the geometry of the prob- 
lem, the goal is to show that the spacecraft achieve 
an F/F lock in at  most 1.5 revolutions. Although 
some conservatism is introduced, we simplify the 
analysis by restricting our definition of an F/F lock 
to the case in which the AFF sensor boresights are 
pointing directly at the other spacecraft’s AFF. That 
is, we assume that the half-cone angle of the AFF 
FOV, B F O V ,  is zero. 

We formalize this definition of a restricted 
F/F lock as follows: 

Property 1: S/Ci “sees” S/Cj and S/Cj 
“sees” S/Ci af and  only if the following conditions 
are both satisfied 

gi ‘e‘R = 1 (5) 
bj.(-ZR) = 1.  (6 )  
-+ 

Proof: Since the AFFs are located at  the COM of 
each spacecraft, the AFF to AFF unit vector Zij 
equals ZR. 

The above dot product conditions are redundant as 
demonstrated by the next property: 

Property 2: If S/Ci “sees” S/Cj then S/Cj 
“sees” S/Ci. 
Proof: Since the AFF boresights are initially anti- 
parallel and-the spacecraft rot_ate with the same an- 
gular rate, bi always equals -bj .  

From Properties 1 and 2, the times at  which 

an F/F lock occur are those times rendering 

Upon resolving the components of &,Z, and Z,, in 

bi . zR = 
Fi, we fin4 

&(t) ’ ZR(t) = 1.  (7) 

(8) 

cos(Rt - e) + - cos(Rt - 6 - A) . ) ut ( P 

Expanding cos(Rt - 0 -A) and regrouping the terms 
of (8), the times at which an F/F lock occur are given 
by the times satisfying the following transcendental 
equation 

A(t; A) cos(Rt - 0) + B(t; A) cos(Rt - 0 - 7~12) = 1 

where (9) 

1 v t  , 

d P  
B(t;A) & --sinA 

In the sequel, the dependence of A(t; A) and B(t; A) 
on A will be suppressed. Also, note that A(t) may 
change sign, but that B(t), with the exception of 
t = 0, does not change sign. 

To gain insight into (9), we treat the terms 
on the left-hand side of this equation as the real 
components of phasors. Define two phasors A and B 
with magnitudes IA(t)( and IB(t)l, respectively. The 
angle of B, denoted LB, is Rt - 6 - 7r/2 + UBT, where 
BE is zero if B(t  > 0) 2 0 and 1 if B(t  > 0) < 0. The 
factor OB is necessary since B(t) can be negative; 
however, the magnitude of the phasor B must always 
be positive. 

Similarly, the angle of A is given by 
Rt - 0 - sgn(B(t > O ) ) U A T ,  where UA is 0 if A(t) 2 0 
and 1 if A(t) < 0. Note that UA is time-varying. The 
term sgn(B(t > O))UAT,  where 

1, z > o  
sgn(z) = 0,  z = 0 , 

either advances or delays the angle of A as A(t) 
changes sign in such a way that LA and LB are 
always 7r/2 apart. 

Define ‘FI A A + B, where ‘FI = H(t)ejy(t). 
Since A and B are always perpendicular, the magni- 
tude of their sum is simply H(t) = JA2(t) + B2(t). 
Substituting from (10) and (ll), we find that H(t)  = 
1. Now (9) may be written as 

{ -1, 2 < 0  

Re(A+q) = 1 .  

lejW 

Since Re(ej7(t)) = cosy(t), we conclude that (9) is 
equivalent to 

y(t)  = k2w,  (12) 
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where k is an integer. 
The lemma presented next is used in conjunc- 

tion with the condition (12) to prove that an F/F 
lock is obtained in at most 1.5 revolutions. 
Lemma 1 Let f and g be continuous functions from 
the interval [u,v] to X. If there exist two points in 
[u,w], t l  and t2, such that f(t1) 2 g(t1) and f(t2) 5 
g(t2), then f and g intersect between tl and t2. 
Proof The lemma follows from an application of the 
Intermediate Value Theorem and the continuity of 
the function f - g. See Ref. 9, pages 165 and 170.0 

The main result of this section is the following 
theorem. 
Theorem 1 Two spacecraft confined to a plane that 
meet assumptions A1-A8 will obtain an F/F lock in 
at most 1.5 revolutions. 
Proof A revolution is defined as 27rlR seconds. Let 
t* be one of the times at which condition (12) is 
satisfied. We must show that there exists a t* 5 
3nla .  

The proof is based on the observation that 
7-l is the sum of A and 8. Therefore, the angles 
of these phasors bound y, the angle of their sum. 
To show that (12) is satisfied within 1.5 revolutions, 
we will first show that y is continuous. Then using 
the bounds on y provided by LA and LB and the 
properties of continuous functions, we will show that 
y = k21r for some integer k at a time t* 5 3 ~ 1 0 .  

We first show that y is a continuous function 
for t 2 0 when there are no collisions. 

Recalling 1x1 = 1, and in reference to Fig. 9, 
y may be expressed as 

( Rt - B - 7r/2 + sgn(A(t)) c0s-l (IB(t)I) , 

i fB( t  > 0 )  < o 
(13) 

In either case of (13), the first three terms on the 
right-hand side equal LB. The difference in sign be- 
tween the two cases for the fourth term is due to the 
fact that when A(t) > 0 and B(t > 0) 2 0, then A 
is to the left (Le., rotated counter-clockwise) of B. 
Similarly, when A(t) > 0 and B(t > 0) < 0, then A 
is to the right (i.e., rotated clockwise) of B. 

Figure 9: Calculating y for A(t) > 0, B(t) > 0 
Certainly, Fig. 9 does not prove the validity 

of (13). However, a figure may be drawn for each of 

the ten possible combinations of signs of A(t) and 
B(t).t Enumerating the formulas for y, LA and LB 
in each case then demonstrates the correctness of 

We now argue that y(t) is continuous for 
t 2 0 based on (13). Since there are no collisions, 
A # 7r. Hence, d never equals 0, and therefore B(t) 
is continuous. Also, note that cos-1(.) is continuous 
on the domain [0,1], which is the case here.$ As- 
suming that A(t) does not change sign, y(t) is the 
composition of continuous functions and so is itself 
continuous. 

Now assume A(t) changes sign. From (10) we 
observe that A(t) is continuous when A # 7r; further, 
A(t) is initially positive and can change sign at most 
once. Let t̂  > 0 be the unique time when A(t) = 
0. Note that cos-l(IB(t)l) is still continuous and 
that COS-~(\B(;)I) = 0. Without loss of generality, 
consider the upper branch of (13). To show that y 
is continuous, we show lim,,;y(t) = y( t ^ ) .  

When approaching t̂  from the left, A(t) > 0 
and so sgn(A(t)) = 1. Hence, limt+;- y(t) = 
limt+:- y(t)Jsgn(A(t))=l. Similarly, lim,,:+ y(t) = 
limt+;+ y(t)Isgn(A(t))=-l. In both cases the limit 
equals Rt^ - 0 - 7r/2, which is y(t^). Therefore, y(t) 
is continuous. 

Now, LA and LB will be used to provide up- 
per and lower bounds on y. Then, from examining 
the times at which the these bounds equal k 2 ~ ,  the 
first time y equals k27r can be bounded. To this end, 
Lemma 1 will be invoked to show that if the upper 
and lower bounds equal k27r at  times t l  and t2, re- 
spectively, then y must equal k27r for some t such 
that tl 5 t 5 t 2 .  

In bounding y with LA and LB, there are two 
cases to consider: 1) A(t) does not change sign, and 
2) A(t) does change sign. 

If A(t) does not change sign, then depending 
on the sign of B(t), 7-l lies between 90" to the right 
(Le., rotated clockwise) of A and 90" to the left (Le., 
rotated counter-clockwise) of A. That is, an upper 
bound for y is 7 = LA + 7r/2, and a lower bound is 
y - = LA - ~ / 2 .  Since UA = 0 when A(t) does not 

(13). 

tFirst, A( t )  and B(t )  cannot be simultaneously zero. 
If A( t )  is zero, then B(t )  is either positive or nega- 
tive. If A(t)  is positive, then B(t) can be negative, posi- 
tive, zero-always, zero-initially-then-positive, or zero-initially- 
then-negative. Due to the definition of UB,  the cases B( t )  
is zero-always and B(t )  is zero-initially-then-positive can be 
treated as the same case. Hence, there are four cases for A(t)  
positive. Similarly, there are four cases for A( t )  negative. 

*Since A and B are orthogonal, the magnitude of 'H is 
always greater than or equal to the magnitude of B. Since 
the magnitude of 'H is 1, the magnitude of B can never be 
greater than 1. 
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change sign, we have 
;i.(t) = R t - e + 7 r / 2  (14) 
y ( t )  - = at - e - 7 r / 2 .  (15) 

We now prepare for application of Lemma 1. 
First, we must select a value for k. Note that T(0) E 
( - 3 ~ 1 2 ,  ~ / 2 ] .  Consider the case when T(0) 5 0. 
This inequality implies 0 E [7~/2,27r). Since 7 is 
strictly increasing and T(0) 5 0, the first time 7 = 
k27r is for k = 0. From (14), this equality occurs 
a t  tl = (e - 7r/2)/R. Similarly, - y = 0 at tz = (0 + 

We now have y 5 7 5 0 for t <_ tl and y >_ 
r -  > 0 for t 2 tz. Define f ( t )  0 and g(t) A y(t) .  By 
Lemma 1, there exists a time t’ E [tl,  t2] such that 
f and g intersect. That is, there is a time t* 5 t2 
such that y( t*)  = 0. Since 8 E [7r/2,27~), we have 

Now consider the case when q(0) > 0. This 
inequality implies 0 E [0,7r/2). The first time 7 
equals k27r in this case is for k = 1. For k = 1, 
we have 7 = 27r at tl = ( ( 3 1 2 ) ~  + 0)/R and y = 27r 
a t  t2 = ((5/2)7r + e)/O. Applying Lemma? in a 
similar manner, there exists a time t* 5 t z  such 
that y( t*)  = 27r. Since 0 E [0,7r/2), we have 

Now consider the case when A(t) changes 
sign. Whether B(t > 0) > 0 or B(t > 0) < 0,s ‘H 
is bounded between 90” to the left (Le., clockwise) 
and 90” to the right (i.e., rotated counter-clockwise) 
of U. That is, 7 = LU + 7r/2 and y = LU - ~ / 2 .  

If B(t > 0) > 0, then LU-= Rt - 0 - ~ / 2 .  
Therefore, y( t )  = Rt - 0 and y( t )  = Ot - 0 - 7r. Note 
that y(0) E (-27r, 01 and so %e need only consider 
k = 0. We have tl = 8/R and t z  = (e + 7r)/R. Fol- 
lowing a similar argument as for the previous cases, 
there exists a t* 5 t2 at which y( t*)  = 27r. Since 
8 E [0,2~) ,  we have t* < 37r/R. 

A similar argument for the case when B(t > 
0) < 0 shows there exists a t* 5 tz < 3n/R. 

Taking the maximum of the t*’s for each case, 
the spacecraft see each other within 37r/O seconds, 

0 

r P ) / O .  

t* <_ t2 < (5/2)7r/Q. 

t* 5 t2 < 37r/R. 

which corresponds to 1.5 revolutions. 

APPLICATION TO TPF MISSION 
AND SIMULATION RESULTS 
In this section we apply the FI algorithm 

to the five spacecraft formation of the Terrestrial 
Planet Finder (TPF) mission and present simulation 
results for this application. 

First, using the join logic discussed previ- 
ously, all possible FI scenarios for TPF can be enu- 
merated using a directed graph. The key aspect of 

$Since A and B cannot be simultaneously zero, if A 
changes sign, then B(t > 0) # 0. 

this directed graph is that spacecraft are numbered 
corresponding to the temporal order in which they 
achieve F/F lock. For example, if the spacecraft 
are labeled A through E, and spacecraft C and E 
achieve the first F/F lock, then they become space- 
craft 1 and 2, respectively. Next, if C and A achieve 
an F/F lock, then A becomes spacecraft 3. The 
advantage of this labeling convention is that it re- 
duces the number of possible permutations, thereby 
greatly simplifying the graph. 

The FI directed graph for TPF  is shown in 
Fig. 10. It is a tree directed graph progressing from 
left to right. At the “Start” all spacecraft are lost-in- 
space. Next, as indicated by the branching arrows, 
either two spacecraft achieve an F/F lock, become 
spacecraft 1 and 2 and form the formation set, or the 
entire FI algorithm is completed with no F/F locks. 
In this case, a fault is declared. The fact that space- 
craft 1 and 2 form a formation set is indicated by a 
solid arrow. Continuing from 1 + 2, there are three 
possibilities. First, there may be no new F/F locks 
and a fault is declared. Second, two other spacecraft 
may achieve an F/F lock; since a formation set al- 
ready exists, these two spacecraft form a knowledge 
set. A knowledge set is indicated by a dashed arrow. 
Finally, either spacecraft 1 or 2 may achieve an F/F 
lock with a third spacecraft. In this case, as shown 
by (1 -t 2) -+ 3, spacecraft 3 joins the formation 
set. The “or” is indicated by the parentheses. For 
example, (1 -+ 2) -+ (3 - +  4 - +  5) is read as space- 
craft 1 or 2 of the formation set sees spacecraft 3, 4 
or 5 of the knowledge set and spacecraft 3, 4 and 5 
join the formation set. 

The shaded path in Fig. 10 is the scenario 
that occurs in the TPF FI simulation presented next. 

The formation initialization algorithm is 
demonstrated in simulation for five spacecraft. Each 
spacecraft has a 15 m diameter sun-shield and a 
single AFF sensor located on the edge of its sun- 
shield.‘ A 7.5 m AFF offset from the spacecraft 
center of mass produces a near-field with a charac- 
teristic length of 80 m. The AFF sensor half-cone 
angle is taken to be 70”. The spacecraft processor 
runs at  1 Hz. We reiterate that the simulation is 
kinematic, that is, perfect control is assumed. How- 
ever, the FI guidance algorithm will eventually be 
integrated into a high-fidelity, kinetic simulation as 
part of a complete formation mission demonstration. 

The spacecraft are initially separated by up 
to 300 m with relative speeds of up to 12 cmls.  The 
initial conditions were chosen to ensure that the OPS 
stage is entered. 

YThe sun-shield is modeled as part of the spacecraft rigid 
body. 
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(I+ 2-h3+4)-+ 5 

(1 2+3)+ 4 d  Fault 

Figure 10: TPF FI Directed Graph 
The FI algorithm simulated is a slight variant 

on the algorithm presented in this paper. The IPS 
stage consists of only one revolution of the space- 
craft, not 1.5 revolutions. 

The results of the simulation are shown using 
a three view format. See Fig. 11. The upper right 
window, called the Sun View, shows the spacecraft 
as viewed from the Sun. Note that only their sun- 
shields and the solar panels can be seen. The lower 
right window, called the Spacecraft View, is a close- 
up of one spacecraft. The maneuvers that comprise 
the three stage sky search are most easily seen in this 
view. The Oblique View is an overall view of the 
formation. Grey cones represent each spacecraft’s 
AFF FOV. Finally, the time elapsed and the current 
stage of the sky search are shown in the upper right. 

At the beginning of the simulation, all space- 
craft align their x-axes with the Sun. The z-axes 
(AFF boresights) are then aligned according to as- 
signments in SA or G ~ B .  After this initial align- 
ment, IPS commences. At approximately twelve 
minutes, as shown in Fig. 11, the bottom two space- 
craft shown in the Oblique View see one another. 
A line joining the spacecraft indicates an F/F lock. 
Since these are the first two spacecraft to attain an 
F/F lock, they become the nucleus of the formation 
set. Subsequently, both spacecraft in the formation 
set will be traveling through space as a virtual rigid 
body. The white lines trailing each spacecraft indi- 
cate their inertial translational motions. 

At 14 minutes the upper two spacecraft in the 
Oblique View of Fig. 11 see one another and form 
a knowledge set. There are now two sub-formations 
consisting of two spacecraft each. 

At approximately 16 minutes, as shown in 
Fig. 12, a spacecraft in the knowledge set sees the 
last lost spacecraft. The lost spacecraft immediately 
joins the knowledge set. The upper three spacecraft 
of the Oblique View now comprise a knowledge set 

Figure 11: TPF FI Simulation at 12 Minutes. 
and the bottom two spacecraft comprise the forma- 
tion set. Note the kink in the white trail of the 
spacecraft second from the bottom of the Oblique 
View in Fig. 12. The kink corresponds to the trans- 
lational maneuver that was necessary to form the 
formation set. 

At 24 minutes IPS is complete and no new 
F/F locks have occurred. Since the formation set 
does not contain all five spacecraft, OPS is initi- 
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ated. During the first tip of 50” in OPS, a space- 
craft in the knowledge set and a spacecraft in the 
formation achieve an F/F lock. This F/F lock is 
shown the Oblique View of Fig. 13 as a long diago- 
nal line. As can be seen in the Sun View, some of the 
spacecraft have tipped their AFF cones towards the 
reader, while others have tipped their cones away. 
This F/F lock between the knowledge and forma- 
tion sets occurs at 28 minutes and 40 seconds. Af- 
ter the appropriate translational maneuvers to  null 
relative velocities, the formation is fully initialized. 
Since the formation has been completely initialized 
during the Out-of-Plane stage, the Near-Field stage 

Figure 13: TPF FI Simulation at 29 Minutes. 
CONCLUSION 

In this paper we have developed an algorithm 
for initializing a set of N distributed spacecraft lo- 
cated in deep space. Our solution to the forma- 
tion initialization problem is based on a threestage 
sky search procedure consisting of (1) an in-plane 
search, (2) an out-of-plane search, and (3) a near 
field search. Moreover, realistic mission constraints 
such as limited FOV AFF sensors and sun-angle re- 
strictions are explicitly considered. Another impor- 
tant feature of our solution is that the FI problem 
for N spacecraft is naturally reduced to the sim- 
pler problem of initializing a set of sub-formations. 
We then presented an analytical proof demonstrat- 
ing that our algorithm guarantees formation ini- 
tialization in at most 1.5 revolutions for N space- 
craft constrained to  a given plane, and discussed 
the challenges in extending this proof to guarantee 
6 DOF, non-static FI. Finally, we demonstrated the 
performance of our algorithm in simulation by us- 
ing NASA’s five spacecraft Terrestrial Planet Finder 
mission as a baseline. In less than a half hour all five 
spacecraft were acquired. During Monte Carlo simu- 
lations, FI was typically completed during IPS, that 
is, in less than 24 minutes, and no failures of the 

algorithm occurred. Motivated by these results, fu- 
ture work is aimed at reducing the conservatism in 
the 1.5 revolution bound and extending the planar 
initialization proof to FI with arbitrary spacecraft 
initial conditions. 
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