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ACOUSTIC INSTABILITY
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ABSTRACT

Current sheets necessarily form at the interface between adjacent twisted flux tubes and so are ubiquitous
to magnetic configurations having non-trivial field topology. In an earlier publication (P. M. Bellan, Phys.
Rev. Letters, 83,4768, 1999) the author showed that current sheets in a low § plasma will be kinetically
unstable with respect to Alfvén wave emission if the current sheet becomes sufficiently thin for the field-
aligned electron flow to become super-Alfvenic. At first sight it might appear that before the current sheet
becomes thin enough to develop a super-Alfvenic flow, ion acoustic instabilities will develop when the sheet
becomes thin enough for the electron flow to exceed the ion acoustic velocity. However, it is shown here
that because of strong ion Landau damping on ion acoustic waves for plasmas with comparable electron and
ion temperatures, ion acoustic waves have a much higher instability threshold than the Alfvén instability.
Thus, Alfvén instability should dominate ion acoustic instability in thin current sheets. ® 2001 COSPAR.
Published by Elsevier Science Ltd. All rights reserved.

Introduction

When two adjacent magnetic flux tubes are twisted, a magnetic rotational discontinuity develops at the
interface between the two flux tubes and an associated current sheet is formed (Parker,1983). The rotational
discontinuity is parameterized by A, the angle of rotation of the magnetic field across the interface (current
sheet), and a, the width of the current sheet. The consequences of having such a current sheet in low 8
plasma were recently considered [Bellan (1999)] using a Vlasov model and it was found that if the current
sheet is sufficiently thin, the field-aligned electron flow becomes super-Alfvenic and the system becomes
kinetically unstable with respect to Alfvén wave emission (the possibility of current-driven kinetic Alfvén
wave instabilities had been examined much earlier for the case of uniform plasmas [Meyerhofer and Perkins,
1984; Cayton, 1985]).

Because the Alfvenic electron flow is confined to the current sheet, the unstable region is confined to
the current sheet and so can be viewed as a thin, unstable gain medium embedded in a stable exterior
region. The emitted Alfvén waves are inertial Alfvén waves (IAW) if 8, = 2uyn«kT./B? < me/m; and are
kinetic Alfvén waves (KAW) if 8, > me/m;. The emitted waves propagate obliquely out into the exterior
region where they are Landau damped. Thus, wave energy created in the current sheet is dissipated in the
region exterior to the current sheet. This exterior region damping acts as an effective load on the unstable
current sheet and so raises the threshold for instability to be somewhat higher than for a spatially uniform
super-Alfvenic electron beam in a spatially uniform background plasma.

The purpose of this paper is to investigate the relationship between Alfvenic and acoustic instabilities in
the regime where w << w;. This is the regime where the magnetohydrodynamic approximation is typically
used and so the model presented here provides a kinetic description of situations more commonly described
by MHD. Our analysis shows that for plasmas with comparable electron and ion temperatures, the ion
acoustic wave has a much higher threshold for instability than the Alfvén wave. Thus, the analysis confirms
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the picture presented in Bellan (1999) that two colliding twisted flux tubes will spontaneously emit Alfvén
waves from their interface when the current sheet at the interface becomes sufficiently thin.

Current Sheet and Alfvenic Electron Flow

Two slowly colliding flux tubes have a current sheet with width a which decreases in time. It seems
possible that an ion acoustic kinetic instability ‘might occur before the electrons have attained Alfvenic
velocities because acoustic waves are known to become unstable when the electron flow exceeds the ion
acoustic velocity ¢; = y/kT./m,. Before proceeding with the wave analysis, we discuss the equilibrium and
give the condition for super-Alfvenic field-aligned electron flow (Bellan, 1999).

Because 3 << 1, the equilibrium is assumed to be given by J x B =0 or equivalently

V x B =a(r)B (1)
where
B(x) =y Bsin[f(z)]+2B cos[f(z)]. (2)

Here 6(z) = [y a(z)dz’ gives the rotation of B relative to its orientation at z = 0. The current sheet
corresponds to having a given by

A _a
aw) = =0(5 — |a) 3)
where O is the Heaviside function. The corresponding field angle dependence is
za for |z] < a/2
f(z) = a (4)

%sign(x) for |z| 2 a/2 .

For simplicity, finite Larmor radius effects are neglected by assuming that particles are cold in the direction
perpendicular to B. Since the field-aligned current magnitude is J(z) = a(z)B/py, the equilibrium electron
flow velocity is

a(z)B cA a

wale) = 28—y, 2 g (212 )
Hong Wpia 2

where v, is the Alfvén velocity and terms of order m,/m; have been dropped. Thus if awp/c < A, the

field-aligned electron flow becomes super-Alfvenic and destabilization of Alfvén waves becomes a possibility.

Mode Identification
We review the dispersion relations of Alfvén waves and ion acoustic waves: In ideal MHD, the Alfvén
wave has the dispersion

W = KR0S (6)

and there is no parallel electric field. However, when the non-MHD effects of electron inertia and finite
parallel electron pressure are taken into account, this dispersion becomes modified to have a dependence
on k% and there is a finite parallel electric field (Stasiewicz et al., 2000). In the IAW regime the Alfvén
wave dispersion becomes w? = klzlv% (1+ kicQ/wge) while in the KAW regime the dispersion becomes
w? = kﬁv%(l + k2 p?) where p? = c2/w?,.

Electrostatic waves in the w << w,; regime have the dispersion (Stix, 1992)

2 2
9 Whi 2 Wy 1 _
kl (1 + F) + k'” (1 - _u)2 + k:z/\2D> = 0. (7)

ci I

If k; =0, Eq.(7) reverts to the unmagnetized acoustic dispersion w? = kﬁcf/(l + kﬁ)\zD) but when k; # 0
the more complicated dispersion given by Eq.(7) results in ion acoustic waves confined within a conical
envelope having cone angle ~ w/w; as observed experimentally by Bellan (1976).
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Derivation of Wave Equation

We will now reconcile Egs.(6) and (7) by deriving a wave equation containing both acoustic and Alfvenic
physics and then compare the acoustic and Alfvén beam-driven instabilities that would be excited by fast-
moving field-aligned electrons in a low 3 current sheet. Reconciliation of Eqgs.(6) and (7) requires retaining
displacement current terms normally dropped from low frequency analyses because the displacement current
in Ampere’s law is equivalent to the left hand side of Poisson’s equation, i.e.,

v. (ugJ+pOsoa;j -V x B) =0= aat (V E—— U;g ngq0> = 0. (8)
Thus, retaining displacement current in Ampere’s law corresponds to retaining V - E in Poisson’s equation
and to retaining the terms k2 + kﬁ in Eq.(7).

The derivation of the non-uniform plasma Alfvén wave equation given in Bellan (1999) will now be repeated
using the full Ampere’s law. We assume that perturbed quantities vary as g(z) exp(ik)(z)s — iwt) where
w << wei, kj = kzcosf, and s is the distance along B. The parallel wave current is given by

B — Ky
i = Z%/dvnvnfo o) = ] 2 2sz z' (w — 0) (9)

,LLOC2 k“vTU

where Z is the plasma dispersion function and vp, = /267 /m,.

Analysis of perpendicular particle dynamics shows that both electrons and ions have identical ExB
drifts which therefore do not result in any perpendicular current. The lowest order perpendicular current
thus comes from polarization drift, and since this is proportional to ion mass, the ion polarization drift
Ui pot = (Mi/q:B?)OE /0t is the dominant contributor to perpendicular current. Thus, the perpendicular
wave current is

~ 1 0E
pod L = Lo (10)

The Alfvén wave polarization is such that the vector potential is A:A”B and so the perpendicular
component of Ampere’s law becomes

PR 1 aE_]_

V(v (44B))], = mods+ 575 (11)

or
- 1  1)\6E,
V. (ikyAy) = (E + c—z) - (12)
Since the vector potential was assumed to have no perpendicular component, E; = —V L. and so Eq.(12)
can be integrated to give
- 1 1) -

kA = -+ = | .

14y =w (U% + Cz) ¢ (13)

Thus, the parallel electric field is

. A T T
Bi=wll-Zlzta Ay (14)

and the perpendicular electric field is

B (1 1\
L=-Vi| E+C—2 Ay - (15)
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The parallel component of Ampere’s law gives
2 i ~ W o~
—V1i4) = pody - ZE) (16)
and so substitution of Eq.(9) gives

1 w — ko0
E zZ' 17
2’62/\ ( k‘”’UTU ( )

lu)E”

Vi4) =

and then substitution of Eq.(14) gives the wave equation

< 2 1 w— kyu <
¢ +0) V34, = |k —w? 1+ 2] [1- z 17100 1 4. 18
(¢*+24) V4, = |Kfoh 2 > v Fyors I (18)

a

Comparison of Eq.(18) with Eq.(8) of Bellan (1999) shows that retention of the perpendicular displacement
current introduces terms of order v4/c? while retention of the parallel displacement current introduces the
‘1’ term in the second square bracket factor.

In both the ion acoustic and KAW regimes the parallel wave phase velocity lies in the range vy <<
w/k) << wr, so that after using the appropriate asymptotic forms of Z’, the wave equation becomes

. 2
(@+44) V34, = [kﬁvi~w2 (H_ﬂ
1 k2¢ 2 ~ _ Te 5
{1+ rrveal b Lo +inl/® (& expl &) + Treionn(-€1) )| 1 4y (19)
where
E _ W — k”u”eo f _ W (20)
T Rre T ki

Correspondence of Wave Equation to Familiar Limits
The general nature of Eq.(19) will now be established by showing that it corresponds to several familiar
limiting cases:

1. If the plasma is uniform and V; = 0 (no wave dependence on coordinates transverse to the magnetic

ﬁeld) then the acoustic and Alfvén waves decouple and Eq.(19) gives the two dispersion relations

= kﬁ (1+v%/c?) and w? = = kj 22/ (1 + kﬁ)\%e>. If the imaginary terms (Landau terms) are

1ncluded then the usual ion acoustic instability is recovered, i.e., if ujq > ¢s and T >> T; then ion
acoustic waves are destabilized.

2. In the limit of zero plasma density, 1/0%,, — 0 and v%/c? — oo so that Eq.(19) reverts to V2 A, =
p Do A 14

(kﬁ - w2/c2) Ay, ie., to an electromagnetic wave in vacuum.

3. If the plasma is uniform and an exp(ik | -x) dependence is assumed, then using p? = c?)\},, /v%, Eq.(19)
becomes the dispersion relation

2 2 u)2
kip
LFs kﬁ (1+vi/c2)

1+ kifAe - ”— +ant/? (Ee exp(—E.) + %éi exp(—f?))} SN ©IY

This can be solved graphically by plotting k2 p? versus kzv 2 Jw? and using ¢Z = B3,v%/2; the case for
B. = 0.1 is plotted in Figure 1.
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Figure 1. Plot of k% p? versus ”v 2 Jw? for B, = 0.1; the downward sloping curve on the left
is the kinetic Alfvén wave while the upward sloping curve on the right is the acoustic wave.

For clarity, the imaginary terms have been omitted in Figure 1. This figure shows that for a given
k k"B + k , the acoustic and Alfven waves are well separated in frequency and so Eq.(21) can be solved
approximately by assuming either w? ~ klc or else w? ~ k”v % (note that the frequency of the Alfvén wave

exceeds by a factor 8. 1/2 the frequency of an acoustic wave having the same k :kHB + k). Hence, if we

assume w? ~ k” 2, Eq.(21) becomes

kifc - 2o, T
A8+ KD, + L i, — L2 4 (B exp(-8D) + Téiexn(—1) ) = 0 (22)

which is just Eq.(7) with Landau damping/instability added. It should be noted that the k% A%, term
resulted from retaining v%/c? in Eq.(21).
On the other hand if we assume that w? ~ kffv}, then Eq.(21) becomes

2 1 - - Te
k_Lps - k:zr (1 ¥ v124/02):| [1 + k||)‘De + ”rl/z (ge eXP(—ﬁz) + igl exp("&?))] =0 (23)

which is just the KAW dispersion

o = Kl 1+ KL g)) (24
generalized to include Landau damping/instability and terms of order v% /c? and k”

Comparison of growth rates of KAW and ion acoustic instabilities
The dispersion relations above can be cast in the form e,(w, + iw;) + ic;(wy, + tw;) = 0 so that
w; = —€;/ (0er(wy)/Ow,) . From Eq.(22) the real part of the acoustic frequency is

kucs

wr = (25)
V1+ K02+ k2D,
and so the acoustic growth rate is
< - T.
bjeur? (€ expl(~2) + 726:exp(=€1))
Wy = — (26)

2 (14K 2 +k2h,) "

or, using Eq.(20),



734 P. M. Bellan

a\Y2 s\ 1/2
o= (5) () e
Y)le0 2 2 T\3? (mi\1/? T./2T;
1- 1+ k%02 + k2 +(—) — ex
< . \/7 1Ps De ]11 Me p (1 + k'2 p2 L k‘2/\2 )

2 (27)
(1+ 4302 + K20
which is just the finite k2 p? generalization of Eq. (9.7.3) of Krall and Trivelpiece (1972).
Similarly, the KAW growth rate may be written as
_ o T
w72 (B exp(—E0) + 26 exp(~€1))
” 'UAk_L ps ! (28)

2w
or, using Egs.(20), (24), and w? = k”vA(l + k2 p2),

(1 + k_Lps) T :|

1- . U + (E>3/2 (ﬂ)lﬂ exp [————F
ANY2 (m\V2 vay/1+ k2 p2 T; Me B. T
w; = — 3 e ks o5 kjva. (29)

2

Comparison of Egs.(27) and (29) shows that while the Alfvén and ion acoustic growth rates are formally
similar, the Alfvén growth rate has a lower threshold because the Alfvén wave has negligible ion Landau
damping due to the 3. ! factor in the argument of the exponential in Eq.(29).

A quantitative comparison can be made by considering a hydrogen plasma with T./T; = 1. Since the
current sheet acts as a lossy gain region that is coupled to the exterior region (much like a laser cavity
coupled via partially reflecting mirrors to the outside world), the lowest order £, mode in the current sheet
will be approximately a half-wavelength, i.e., k) a ~ 7; for example, see Fig. 1 of Bellan (1999). At marginal
instability of Alfvén waves, a ~ Ac/wp; and so the perpendicular wavelength will be k; ~ m/a ~ mwp/Ac
giving

2
g~ (%) 2 (30)
Thus, the example used in Bellan (1999) where 3, = 0.1 and A = 0.87x corresponds to having k2 p2 ~ 0.1 in
the current sheet. Figure 2 plots w;/kjva versus uj.o/va for acoustic and KAW waves for these parameters
and shows that the Alfvén wave has a much lower instability threshold than the ion acoustic wave.
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Figure 2. Comparison of acoustic and kinetic Alfven wave growth rates w;/kjva versus
u"eo/’UA for a hydrogen plasma with 3, = 0.1, T./T; = 1, k2 p2 = 0.1, k%)%, << 1. Upper
curve is the Alfvén growth rate while lower curve is the ion acoustic growth rate. The
Alfvén wave has a lower threshold for instability.
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IAW regime

In the IAW regime 3 < m./m; and the Alfvén wave parallel phase velocity is faster than the electron
thermal velocity, i.e., w/kj >> vre. However, the acoustic wave parallel phase velocity will be slower than
the electron thermal velocity (because of lower frequency). Thus, the acoustic dispersion relation is still
given by Eq.(22) and still has growth rate given by Eq.(27). The situation for the IAW dispersion is more
complicated. Inside the current sheet &, is less than unity because U0 = w/kj whereas outside the current
sheet £, is much larger than unity because w/k) >> vre. Thus, because of the fast electron beam inside the
current sheet the IAW actually behaves like the KAW, whereas outside the current sheet the IAW behaves
in the normal fashion. Thus, the instability threshold for the IAW will again be lower than for the acoustic
wave, but the IAW growth will be smaller than a KAW having the same A because the k% p? factor in
Eq.(29) is smaller for an IAW.

Summary

Current sheets arise when two distinct field topologies collide or when magnetic flux tubes become braided.
The current sheet forms because of the rotational discontinuity of the magnetic field at the interface between
two adjacent, distinct magnetic structures. Current sheets in low 3 plasmas will have mainly field-aligned
currents and hence field-aligned electron flow. As a current sheet becomes narrower, the field-aligned electron
flow is squeezed into a smaller channel so that the velocity of the flow increases. If the electron flow velocity
becomes super-Alfvenic, Alfvén waves become destabilized via inverse Landau damping.

One might expect that ion acoustic waves would also be destabilized by this fast electron flow and would
have a lower threshold for instability than Alfvén waves because the sound velocity ¢, is much smaller than
the Alfvén velocity v4. However, this does not happen because jon Landau damping is much stronger for
acoustic waves than for Alfvén waves and so inhibits acoustic instability but not Alfvén instability. Thus, the
acoustic instability threshold is much higher than the Alfvén threshold for situations with comparable ion
and electron temperatures. Thin current sheets will consequently emit Alfvén waves, but not ion acoustic
waves; the emitted Alfvén waves will transport magnetic twist away from the current sheet and so alter the
magnetic topology.
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APPENDIX
This appendix is in response to a referee’s question regarding how the ion acoustic mode discussed in this

paper relates to the “slow ion acoustic” (SIA) mode discussed by Seyler and Wahlund (1996) and Seyler,
Clark, Bonnell and Wahlund (1998).

To show this relationship we derive the 2-fluid dispersion relation from the linearized continuity equation
and warm-plasma equation of motion,

—iwhg + ik-lign = 0 (31)
. ~ NN 4 Tl
—wMmely = Qg (—2k¢+uaxB) - tk’yﬁnTa, (32)

where o denotes species, v = 1 for isothermal phenomena, and v = 3 for adiabatic phenomena. Solution of
Eq. (32) gives the velocity

-
- . k, ¢-B k (%¢ + 7')""3717)
Uy = (k2 + 77 3Tz X 272
1-w? /w?  dwm, 1-—w? fw WM
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which can be combined with Eq.(31) to obtain

2 k2
N kX ——— ~
o — i 1 _w?:o/w2 959 (34)
n k2 YokTy | w2ms
1— &2+ 5 | 5
1 - wi jw? | wim,
Substituting Eq.(34) into Poisson’s equation gives the 2-fluid, warm magnetized plasma dispersion relation
2
L E,_H_
2 2 2 2 2 _ 2
k2 = ;J W Y w?n» + W W T e W§e~ (35)
k2 k2 v KTy k2 k2 YokTe
1-{ 5+ 2 1-{—+ 2 2
w? w?—ws m; w?  w?—wi Me

The wave frequency is assumed small compared to the ion cyclotron frequency, i.e. w << wg, for the
present discussion.

Conventional Ion Acoustic Mode

Ions: We assume cold ions so that w/k, >> /kT;/m; and k 7y, << 1 (where rp, = \/kT,/m,/we is the
ion Larmor radius); thus thermal terms in the ion term of Eq.(35) can be dropped.

Electrons: The electrons are warm so that w/k, << y/kT./m. and the ‘1’ can be dropped from the
electron term which becomes Boltzmann-like (also v, = 1).

Using these assumptions, Eq.(35) reduces to

k2 k2 1
k2+k2=<—z—+——4—>w21——— (36)
L z w? _ .2 P /\QDe
which becomes Eq.(7) in the w << w¢; limit.
Slow Ion Acoustic Mode
Ions: It is assumed that k2 can be dropped from the ion term in Eq.(35), i.e., k2/w? << k% / |w? — W3]
Electrons: It is assumed that k2/w? >> k2 / |[w? — w2, |.
Using these two assumptions, Eq.(35) reduces to
ki 2 k2 2
T N\ “pi T TN Wre
(wQ—wﬁi—kiﬂ> (wz_kgm )

m; Me

k=

which, except for the added +'s, is identical to Eq. (7) of Seyler and Wahlund (1996).
Assuming quasineutrality amounts to dropping the k2 on the LHS. Balancing the RHS terms gives the
dispersion

wi- + kzl (%KTi +_’YEKT9>
w? = i . (38)

Seyler et al. define the SIA as the mode corresponding to the limit mek? /m;k2 >> 1, so that Eq.(38)
becomes

1/2

w k,m,;
o = 2t \/1+k"’ip§ (39)

1/2
kime/
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where p? = (7;KT; + 7ekTe) /maw?;. Seyler et al.(1998) plot the SIA mode for k,m, 1/2 /k Lm = 0.1 in their
Fig. 1. We note that Eq.(39) can also be written as

k202

2 zVA

——=z2'A ({4

N k3c2/wge( i02) (40)

and so simply corresponds to the finite k) p, extension of the electrostatic limit of the inertial Alfvén wave
[dispersion w? = k2v% /(1 + k2 2 /w?2,)].

Kinetic Analysis of SIA mode
It is important to check that this 2-fluid SIA mode is consistent with the more accurate model provided
by the magnetized plasma kinetic electrostatic dispersion relation,

2 2
kJ_ Lo

1+Z ERva

where ap, = (W — Wwes) /vTe and vr, = /26T5 /M. Equation (39) implies

w? S Yk + YekTe

k2 Me

i I, (kir%a) 1+ 000 Z(ano)] =0 (41)

> vre >> vr (42)

showing that the large argument limit should be used for evaluating both Z(ane) and Z (am) in Eq.(41).
Thus the 2-fluid SIA dispersion corresponds to assuming w/k,vre >> 1, w/k,vr; >> 1, k3r?, << 1, and
w/we << 1. Because vre >> vy, finite k,vre/w terms should be kept as a higher order correction for the
electrons, but k,vp;/w terms are entirely negligible for ions and may be dropped.
Since ion and electron responses differ, it is useful to define a generic susceptibility
—k2r2

1Te &
Xo = k2—/\Dg—nZ I, (kf_’r%o) 1+ ageZ(ane)]
e kiri, 2.2 = 2.2
= o | (K272, ) (1 + a0 Z(a)] + Y In (KirE, ) (2 + @00 (Z(ena) + Z(ano))] ) (43)
o n=1
Using the large argument expansion for the plasma dispersion function
Z(a) = " [1+ 507 + I +] + 17 exp(—a*) (44)

and ignoring Landau damping terms, it is seen that

1 3
and
2n%w?
2+ 0t (Z(ans) + Zletone) = = ety 4

The k,vr; /w << 1 assumption allows dropping the n = 0 term from the ion susceptibility which reduces to
the Bernstein wave form

lL‘L

2 2
Xi = — kQ)\ (ZI (kﬂm) —%‘) : (47)

Invoking the k2 7%, << 1 assumption, retaining finite k;vre/w, and using VA [20], = 12 w2 [Ah, = wp
the electron susceptibility becomes

1 k2vZ, 3k2v2 w?
— _ 1 z"Te | _ k2 2 ce
Xe k2)\2DE ( 2w? + 2w? 2 w2,
k2 2

2 2 2
_ z%pe 2,2 Ype ki wre
= — 2l <1 + 3kz)‘De w2> - ﬁ——wz — wge (48)
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so Eq.(41) becomes
*ki Li 2 k2 w? k? w2
J— 212 pe 1 pe _
k2/\2 (z_:] (klr“) n2w2 ) k2 w2 (1 + 3k ADe w2) T k2 w? - w2, 0. (49)

If one considers the w << wei, k2r?, << 1 expansion of the n = 1 term of the ion susceptibility one
obtains

—k2 2 2 2
e LLI W=, k; W
L (K2rE)) g o~ 1— k2 P
k2/\m (_LrLz) wZ—w?n. kg( 1’ Lz) wgi
2 2
- S
O (ara )
w2 + k2
ci lmi
1 kir%z

= (50)
k25, (L+k3rE,)

where the middle line corresponds to the w << we; limit of the ion term in Eq.37. Thus, the 2-fluid SIA
mode corresponds to the k? rLl << 1, w/we << 1 limit of the n = 1 ion term. Curiously, the last two lines
of Eq.(50) and hence the 2-fluid expression, Eq.(39) turn out to be valid even in the limit k2r? >>1. This
limit corresponds to a Boltzmann-like ion response as noted by Seyler and Wahlund (1996)

To prove that the last two lines of Eq.(50) are in fact valid for all values of k% r%;, consider the identity

Z I, (z)e™® = Ip(z)e™™ +2 Z‘ I, (z)e”® (51)

n=—oo n=1
so that in the w << w¢; limit, x; becomes

—k2 TL1

W/Bin_‘)OX1 = k‘2A ,,,Z___:II (k_LTLz)
1
= o [1- Dkt L] (52)

We note that the form 1 — Io(k3r?,)e e~*1%: conventionally occurs as the finite Larmor radius correction
to low frequency perpendicular motion and, for example, has been discussed by Lysak and Lotko (1996) in
conjunction with Alfvén waves.

Now, one might naively expect that the fluid approximation as given in the last line of Eq.(50) would be
invalid for large k3 r?, because (i) Eq. (50) comes from just the n = 1 term in the infinite sum, (ii) Eq.(50)
was derived on the assumption that k2 T’LZ << 1, and (iii) the last line of Eq.(50) looks quite different
from the last line of Eq.(52), the kinetic expression which includes all cyclotron harmonics. However, direct
numerical evaluation shows that the two functions z/(1+ ) and 1 — Io(z)e™? are the same within 7% over
the entire range 0 < < oco. It is interesting that approximating 1 — Ip(z)e™® =~ z/(1 + z) is, in general,
far more accurate than the commonly used Taylor expansion 1 — Ip(z)e™ ~ = — 3z%/4 which is valid only
for z << 1 and even in that range is only a trifle better representation than the /(1 + z) representation.
Thus, the last line of Eq.(50) is an excellent approximation to the kinetic limit for all k2rZ..

The kinetic dispersion can therefore be written as

w2

R — (1 - Tk} o} )‘ki’%i)Jrlc—’Z—w—’%"’- T ICN ABT (53)
22 O\ LT L 2 z7De” ;2 )

w2

Using 1 — Ip(z)e™* =~ z/(1 + x) this can be expressed as

2
. w
1+ 3k205, 2
2_ 2 “

pe 2 2 .
1+1€—2—<1+——1———“ﬁ+w”e)

(54)

53 2 2
k2 1+kirwe Yo
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Assuming k% /k2 >> 1, k3r}, << w2 . Jw?, and k% r?, << m;/m, this reduces to

k203 w2
2 A 242
w" = _———3622/ D) (1 + 3szDE > (1 + k TLz) . (55)

By assumption, the term 3k2)\%, e/w is small, and so we solve Eq.(55) iteratively. When the first
approximation w? = w2 kv (1 K 272.) /k2c? is substituted into Eq.(55), we obtain

2,2
2 kzva

YT Bdw, (1+K0) (56)
where
p2=ri, (1 + 3%) : (57)

This shows that the correct choices of the +’s for the fluid equations are y; = 1 and 7, = 3. The dispersion
is consistent with w << w,; provided (1 + k2 p2) k2m;/k? m. << 1. Thus, Eq.(56) agrees with the 2-fluid
mode, and again is simply a warrn plasma extension of the electrostatic limit of the inertial Alfvén wave.
Equation (56) is valid for k3r?, << wa; 2. /w2, which corresponds to k2 X%, << 1.
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