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AllSrl’l~ACT

A]] algoritllln is ~)rcsm~ted  for iclcl!tifyillg  state slmcc  )Ilodels  frolll  frcqucwcy dolllaill  data.
‘I1lIC  main iidvantagc’  c)f this al)lnmacl] is tlmt it avoids windowing distortimls  associated
wit]) otllcx  frequency dolnaill IIlctllods. otllcr advmtagcs  arc that a]] arbitrary frcqucllq
wcig]ltixlg call bc introduced to sllalx:  tllc cstilllation error, all(l t~lc S@CHl order CaII 1.)c

o~’crsl)ccificd.  The lmlncrical lnqmrtics are dclllolwtratcd 011 real ~)l)ysical  d;ita takcll o n

a co]nl)lm  flexible structuxc,  lcadillg to tjllc successful idcllt)ificatioll  of a lllllltiv~lli:~l)lc  (4-
illlJllt/3-C)llt~>llt)  100 state lIlodcl  over :L l)allcl~vidt]l  of 100 Hertz. ‘1’llc rcslllts ill[licate

that the algoritllln would b useful in apl)licat)iolls  requiring the accurate idmltificatioll  of

lligll - order systems over wide Imldwidtlls.

1. lNrJ’l{Ol)tJCKl’ION

l{cccmtly,  it has been found that rcalimtioll  alg;oritllllls  based 011 hlarlwv lmrallwtcrs  call
IN cfI’cctivcly  applied to the ~)roblcm  of state-s~mcc systcm idclltificatio]l.  SuclI algorit]llns

illcludc tllc original Inillimal  rcalizaticnl  ap~)roacll  of Ho a)ld KalmaII [!3], a]ld ]norc rccmlt

illll)l{)~’clllcllts  based  cm tllc sillgular  value (lccO1il~)ositic)ll,  i.e., Kullg’s  algoritlllll [14], tllc

F;It.A algoritllln of ,Jual]g  aIIci ]’ap~m  [1 I], ancl the ERADC algoxitllln  of Juang, COq)cr  a)ld

Wright, [1 2]. 111 SUC1l  methods, the hlarkov parameters  arc used to dctcrlnillc  a I)alallc.cd
state-slmcc model, and the xnodcl  order is dctcrlninccl by tllc Halllicl  silqgular Yalucs. “1’llis

leads to a clear trade-off between moclcl  order al]d idelltificatioll quality in terms of singular
value IJlot.  This approach also takes  advantage  of tllc exccllcl~t ]lull~crical  }mqmrtics of
balallcxxl  state-space realizations, for a~)plicatioll  tc) systc]ns  with lligllcr-order dyl]alnics.

Ol]c difficulty tl~at arises  wllcll ap~)lyil~g realization algorithms for systcln identification
is that tllc hfarkov paralnctcrs  arc dif[icult to ]i]casurc directly. This proldcnll  IIas lcd

rcsmrcllcm  to clcvclop state-space rcmlizatioll  algcwitlms from ixl~)ut/output  data. Such

al)~)roachcs  include the lncthod  of Mocmcn  ct. al. [18], the CVA method of Larimore

[15][16], as WC1l as tllc observer-lxiscd al~l~roac.l~cs  of JuaI~g and co-workers [13][21]. To

date, these algorithms have been dcwclo~wd  ~)rixllaxily  ix) tile tixne-dolmin.
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often ill ])racticc, fmqucllcy  rather than tilnc domain data is available. YVitli  the ncw
gmlcratioll  of sophisticatcxl  microprocessor basccl spcctruln aIIalyzcrs and autolnatic.  test

c.quil)lllcllt,  this is bccmning  Illore  oftcvl  tllc case. In order to a~)l>ly  Icalizatic)n  algorit]llns

for idmltification  ill this case, OIIC lnust ccnnputc  the Markov ~)aramctcrs  froll~ frequency

data. It is at this jmint that willdowi]lg distortion arc often illtroduccxl.  For cxaln~)lc,  all
l]]vcrsc Discmtc  Foulicr  ‘1’ral~sfornl  (IDI~’T) of tllc frcclumlcy clata ~)mviclcs  all estilnate  of
tllc Markov  parameter Scxlucmce  which is distorlcd  by time-aliasing effects [19]. Altcrlla-
tivcly,  the I? RA-FI1 algorithm of Juang a]~cl Suzuki [1 O] has km dcvclo~md  to collstxuct  a
state-s])acc rcalizatio~l  without taking all llll~’rI’. Unfcmtmlatcly,  I1OWCVCX-,  tl)c E1{A-F1) al-

gorit]lln mm a rccursivc formula whit.]1 is only exact if tllc plant imlml.w rq)onsc dies  out,

cmlplctcly  within a time wil]dow equal to tllc mlmlmr  c)f frcqumlcy grid points. ‘1’liis is ex-

actly tllc salnc assunq)tion  required to ~)rcvmt  time-aliasillg distortimls whcnl dcterlllillillg
tllc Markov l)aramctcrs fro~n al] II) P’’J’.

II] this ~)al)er, the State-Space Frequency IIomain (SSFIJ)  algorithm, is illtrodllccxl  for

i(lcntifyillg state-space ]I1OC1C1S  from frcqucllcy  reslmnsc  data. Tl]c SSFD a]goritllln utili7,cs

frqucncy data as a startling point, but is free fro!n the windowing distortions Illmltiolled
above. ‘1’llc kcy idea is to curve-fit tllc frcqumlc.y  dmnaill  data by lilini]nizing a ‘2-IIom~

error  critcriml, as outlinml  ill [4], ancl tllm  to dctcr!nillc  tile systcm Markov lmra]nctcrs

t]lrough a linear (always iln’crtiblc)  algebraic relation. ‘1’his two-step a~)j)roacll avoids

windowing  distort, ions by climinati]lg illll)licit  time-aliasing dfccts. otllcl adval”ltagcs  of.
tllc SSFI)  a~)~)roacll  a r c  that t}lc systcln older  call bc c)vcrspccificd  ill tllc cun’c-fit  stcl),
a]]d fin arbitrary frequency wciglltillg can IJc introduced  to weight tllc curve  flt error.
E’rqucncy  weighting is useful for ol)tilnizillg tllc estimate with respect to noise ~)ro~wrtics,

or for sl)a~~illg tllc estimation error  ill cxnltrol  design  a~~plicatiom  [6].

2, llACKGROUNTl~  A N D  NO’1’ATION

‘1’llc frcqumcy domain idcmtification  ~)roblcxn  call k formulated as tllc problcm of finding a

?lV-illl)llt/7zY-ollt~Jllt  rational transfer fullctiol] Illatrix G’(.z “ )  whicl,  lnini,nizes  tllc 2-*)or,l]

of tllc mror Lctwccnl  itself and spcciflcd frcqucllcy  domain data ~, i.e.,

1)1

11%1 ~w’(~i) IIG(W,) - G(C-jw’7’) 112i=] f (1)

IIcrc, tll~ data G(W:), i = 1,..., 771 is givcll by lloisy values of the trallsfcr function  lnatrix

evaluated over a grid of m frequency ~Joints;  W(LO~ ) is a specified weighting fullction  of

fmqucmcy;  and the Frobcllious  norm is ddillcxl as,

II-VI; = T7’{X*.Y)
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with ‘ ( * “ denoting tl)c coln~}lcx  C.cmjllgatc  tralls~)osc. For  ol)timizat,ion  ~)urlmses,  tllc

tra)lsfcx  function IIlatrix G(z  - 1 ) is cmsidcrcxl to lm in tllc forlll  of the ratio of a Illatrix
.

lllllllrrator polynolnial  B(2- 1 ) aIld al) nth-order mollic scalar dcmolnillator  lmlynolllial

a(2- ‘), i.e.,

G(2” ‘) ,,. w-:)
(1(.2– )

(3)

B(2-1)  =“ 110 -t B]2- ] i . . . -t B,,z-” (4cl)

a(z-’)  == 1 + alz-’ + . ..+ a,,z-” (4.(!))

Wllcrc  11~ E w“~x””,  k =- o, . . ..n.

SCveral  algorithms arc l)rcxcmtly avail aljlc fc)r solving (1). T]lcsc  IIlctllc)ds  tmld to t)c of

two tylms, fixed-~mi]lt itcratic)lls  [1][7][17][22][26][27], or fixccl-lmint  itcvatiolls  collll)illml
~~,it,}l  llloclifj~d  g~adiellt,  ll~ctllods  [4] [24] [27] [29]. For cv.MInl)lc ,  a siln~Jc  I)ut al)lwc)xilllatc

algoritlllu fcnmcl ill the wcrk c)f Salltitlialla~l  allcl Kcmrncr  [22] is given by tllc fc)llowi)lg
fixed-l)c)int iteration, (dcllc)tccl  llcvc as tllc SK iteration),

SK ltcmtion:

0 —  1 ljO = 0 ~~~it,ll  ci~ f ixed at cacll it,eratic)ll,  tllc cost fllllctiollwitl)  initial  ccnlclitioll  a - -  ,

ill (5) is clllaclratic. Hcxlcc,  tllc SK itm-atic)ll  is i]nl~lcmlclltcxl  as a Scxlumlcc  c)f lillcar  least
sqllarcs  ] )Ioblc’ms.

llenmrk  1 The origillal  work of Sanathmlml  allci KcxrIicr [22] is fcmnulatcd ill the I,al)lacc

s dcnllaill,  IXtails  of the formulation in tllc z-domain with solne ~mactical illl~)mvclncmts

call I)C found in [5] for single- ilq)ut/single-out put systclns alld in [4] for ~llultivariablc
Syst,cms. ■

ll~itll no noise and correct chc)ic.c  nlcxlc]  order, t}lc SK iteration ccmvcrgcs  to tllc cq)tilllal
so]utic)]) c)f (1) in a ,?ing~e itcratio]l sillce tllc crrc)r  in (5) vallisllcxs  idmtically.  III t~lc pmsculcc’

of noise and/or  incorrect moclcl  order,  tile SK iteration c.cmvcrgcs  to a value which is Ilot

gmlmally c)ptimal in any scmsc. Howcvm, it has km shown by IVhitfield [27] that tlic

algcl.)raic  cc)nclition  satisfied by the fixccl l)oint  of the SK iteration differs from a vallisllillg

gradicmt  o]]ly by a second-order tmn ill tllc residual. IIcmcc,  while  the SK iteration is not

gcxlerally optimal, it is oftcm close, }Icncc,  a useful a~)~)roach  takcm in Bayarcl [4] is to usc

tllc SK iteration to initialize a CJauss-hTcwtc)ll  (GN)  iteration wllicll  forces tllc graclicmt  to

val]isll ul)c)ll  collvcrgcnce. A multivariable formulatioli  of tlie SK and GN iterations as WC1l

as s~mrsc  matrix methods for spcmding  u1) ccnn~)utation  ancl rcclucil]g  xncmory  rcquirmncllts

call I)c founcl ill 13ayard  [4].
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llemark  2 Onc ccmlncm  clifilculty  in lninilnizing cost (1) by com])lcx curve fittixlg,  is that

a]] cstilllatc of ~dant  order n is required  to lm blown a-l)xicmi. Since this is gulcrally  not

tllc case ill practice, a tcdicms  cut slid try ~)roc.ess  is usually rccluirecl to fiIId the best  model
mdcr. Tl)is difflcmlty  is ovcrconlc  in the SSFII algcmitlllll  illtroducd  in tllc llcxt scc.timl  by

allowillg  tllc ~dynmnials  B and a to bc over.~pccijid, and tllml  clctmniliing  ll]odcl order

Imsd  cm I]ankd  singular values. m

ILemark  3 At this ~mint,  it is notd that state-space mcdds  call hc cmstructccl  directly

froln ~mlyncmlia]s B and a using standard cwlcmical  fcmns ( i .e . ,  cmnpanimls form, coll-
trc)lliil.)lc/c)l)xrvablc  cmlcmical  fcmn, Jordon canonical forrll,  etc.). IIowcvm, aside frcnn

tllc ~nmblcms  of mocfcl cmdcr mentioned ill Remark 2, the problcm with t}lis siln~distic  a~)-
~nwac.11  is that wt7w7nc 7Lumcr2cal sensitivities are known  to result  from using state-s~)zicc

rmlinitimls  based dircclly  011 tllc lmlyllo)nial  cocfficicllts  (see for cxalll~)lc,  IJaub and l,ittlc
[~()]  for a disc~~ssiO~~ {~f ,~~~ln~rical  sc]~sitivities  of co,n~~anioll  forlns, cent r{)ll:il~le/c)l~wrvtil}lc

C.aljollica]  forlns, etc.). ‘1’lIc JordoII  ca~lo~~ica]  form oflcrs I1O relief, sil]cc this rcqllirm tlic

factorixaticnl  of lmlyllomials a and D. TIIc factorizatiml of ~mlyncmlials is illllcrcutly ~morly

collditiollcd,  ~mrticularly  whcnl tllc polyncnllia]s  arc higll-order, or if ally roots are ill close
])roximity of cinch other (cf., lJ7ilki11soll [28]). “llllc SSFD algoritllll]  introduced ill tllc Ilcxt

scctic)ll  avoids llulncrically  smlsitivc  lxdyllomial  Inalli~mlatious  and callollical forllls  hy cOn-

str[lctillg a balanced stat,c-space realizatiolj  {Iircctly  frolll  Markov  ~mrmnctcr  cstilllatcs. B

3. STATE-S})ACE  1UWQUENC% DOMAIN 1I>I;NTIF’ICA’1’1ON

II] this section, a ncw algorithlll is introduced for state-sl)acc liloclel  iclcmtification  frmn

frqucncy rqmnsc data. T h e  kcy idea is to ovcq)aralllctrize  the ~)cdyncm~ials  lJ and a
w711cII  Inillilnizing  (1), and tllcm to dctcnnillc  the systcnn  Markov ~)aralnctcrs  through a

lillcar algebraic relation.

Givcvl G’, one can diviclc  a(z-”l ) into 11(2-l)

rJ(2-1)-.—
~l(z-l) ‘:

which gives upon cross-llllllti~)lyillg,

o g;ivc the Markov paralnctcr  scquellc.c  { IIi },

m

DO +1112-] + . ..+ B,,z-”  = (1 +alz-] +- . ..+a.lz-” )~~iz-i (8)
i=l)

Equati]lg cocffic.icllts  of the first N ~)owers  of z‘- ] in (S) gives the following system  of lillcar
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Givcll the cstimatcxl  polynomial a(.z-J  ) anti ~mlyllomial  matrix Ii’(.z-] ), the Inultivarial)lc
Marliov ~mramctcm  H; E Y? ’ ’ ’x””, i =- O, ..., N can k calculated by solving tile almvc

systcln  c)f quatimls. Sine.c tllc Illatrix to Ix ilwcrtcd  is lower triangular wit,ll  OIICS on

tl]c diagoual, it is always im’crtiblc  and a solution always mists. Furtllerlllorc, sillcc this

systmll  of equations is blcxk triallgulal it call k solved recursively by Lacksllbstitlltic)ll.

Finally, a balanced state-sl)acc xcalimtion is dctmnincd  from the Aflarlmv  lmralnctms {11~ }

Ilsillg tllc 111{.A algoritlun [1 1]. M’itl]  this al)prc)acll, the model reduction is lmforllmd
s,TstC~I~:~ti~ally  ill t~rllls of t]lc ~]allk~]  sillglllar values, axld ]CadS tC) a dcxircxl lC(lUCCd-OrdC1. .
bala]lced state-sl)acc realizaticnl.

~’llc entire l)roccdurc  for detcrlnillillg a state-s~mc.c Illodcl  frmn frcqumcy dolnaill data is
su llllna rimd below,

SI/a.tc-SpOcc  #Wqll.C?lCy  Ilomai~L (SSJ’D)  I[~C7difiCQti07L  A lgorit}Lm

StCp 1. Givcm frCqUCnCy ICspO1lsC  data ~(WI) i == 1,..., m, scdvc  fox tllc trallsfcr functioll

G wllicl) millimins the followil)g 2-l~oxmI  criteria,

Wllcrc,

(lo)

(11)

a(z-])  =. 1 +alz-’  + .,,  + a,lz-” (13)

Ilcrc,  the model orclm n should be chosen as an upper bound  on the true plant order so that

tllc o~)timization  ~moblcm is ovcrparamcirizcd. The optimization of (10) can be performed

a~)l~roxilnatcly  using the SK iteration (5), or more precisely using a c.ombinaticm of the SK
itcratiml and the Gauss-  Ncnvton algoritlm as outlillcd ill [4].
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Step  2. ~lloosc  ally N > 271, all(l  SOIVC for hlarkov ]Jaramt:tCrs  11:,  i = O, . . . . N by
illvcrtillg tllc systcln  of cquatiol]s (9). ‘J’llis is lllost rosily clollc hy btlckslll~stittltioll,  givillg
ris(’ to tllc following rccursivc forlnllla,

(15)

(16)

1 H,,,  Hr+2 “ “ “ 11,+ s J

Step 4. Ckmlputc  a baltmcccl state-slmcc realization using tllc EIIA alg;oritllln,  i.e.,

4 .a (knnl)ute  tllc SVD of 11(0) to give,

H(o) =- uxw’ (17)

where II : min(r . ny, s . ~1, u), u ~ $R(7~~YJxlt,  v E !$js’’lu  Jx/’, X == diag{ol,.  ..lal t}, ancl the

sillglllar  lYllllCS are OrdCICcl  by size, 01 > ~1+ ] , i = 1, . . . . jl – 1

4 .1) 1’10t tllC Hankcl singular ValllCS Oi to visllalim tracle-off  bctwccll  Il]oclcl order and

i(lc:lltificat$ic)ll  accuracy, and truncate to keep  cmly  q singular values.

4.c k’orlll  q-tll order state-space rcali7jatioll  as,

Tk+l == AqX~  i- I~pU~

wllcrc,

(18)

(19)

(20.(1)



(20./))

( m )

(20.d)

(~].(,)

(~1.~)

ltcmark  4 ‘J’llc usc of tllc EIt A algoritllln ill Stc~) 4 is c)llly to sillll)lify  tile ~)rcsclltatioll.

(klcc {he Markov lmralnctcrs arc obtained ill Stc~) 3. ally state-  s~mcc rcalimtioll  algorithln

call IN: used ill Step 4. For  cxmn~dc,  tllc EJ{AD(;  algcmithlll  of Juallg,  {;oo~m  slid Wright
[12] can bc used by forlni,lg tl~c covaria,)cx  ,natrix R(i) = ll(i)ll(())q’, 2 =- 0,1,  taliil,g  tl~c

SV1) ;~s 1<(0) = VXI~7’ aI]d replacing cqllatiolls (20.a)-(20.d)  wit]],

Aq =. X;]/2V;’R(l)Vq  X; 1/2 (~~.(l)

llemark 5 A powerful technique is to usc the SSFI) algoritll)n in ccmt>illation  with tllc fre-
qllcllcy  data acquired using tllc Illllltisirllls<)i{lal  in~mt dcsig]ls  outlined ill [3][25] [29]. Sue]]

ill})ut designs co]~sist  of a sumof-sillusoids  at ]mrlllonically related frequcllcics  (Ilsually  a

2“ l’FT gricl). Willdowing  clistortiom are avoided if data is c.ollcctcd  after the systcun  has
rcacl)cd ~wriodic stcaciy-state [3]. l’hc sinusoids can lx ccmvmiicmtly  ~~hascxl to minimize
}wakillg ill time-  using a forn~ula  givcll by Sdlrocdcr [’23], or using XI1OIW rcc,cl)t iln~)rovc-

IIlmts based on nonlinear progra.rmning [8]. III colnhinatioll  with the SSFD algoritllln,

this gives a colnpletc  “cmd-to-cmd”  f:equcmcy domain idcntificatiori lnetllodology  free  from
windowing distortions in tllc noiseless data case. The cffcctivcness  011 real data is vcrificll
cxl)crilnmltally  ill tllc xlcxt section, and a~)~)arclltly  rcprcscnts a significant  advance in tllc

state c)f ~)racticc. m
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lbmark 6 Ilwtcad  of truncating IIankcl sh)gular  values for mcxlel  rccluctioll,  it may lM
lllore alJpro~)liatc  to retain a high order State-Space model froln the SSFI) algorit]llll,

.
anti d]cl]  Ilse more sophisticated frcqucmcy wcig;lltcd  methods for mcdcl  reduction. This
apllroacll  is ~)artic.  ularly useful fcm cmltrol  tlmigll  ~)urposcs  whmc onc wisllcs  to Inailltaill
Ii]] accllratjc  rcduccd-order  model over a slwcifled  control l~alldwidt)ll.  Ill this al)l)roacll,  tile
lIIfxlel  order froln tllc SSFI) algoritllln  )lcvcr Ilceds  to cxcmd  n * mi?t(ny, ?lU ) sillcc t h i s
givm al] exact state-sl)acc rea]izatioll  of tllc polyxlolnial  lnodcl D/a. m

ILenlark  7 ~’l]c usc of ovcrl):ilalllc:triz:ltic)ll  in Stq)  1 is kcy to obtaining good results
with tllc SSFI) algorithm. In tllc noiseless  case,  ovcr]>alalllctrizcCl  curve fits h:ivc hcc]l
characterized ill [2]. Using a lllillilllIllll-llc)xzll  solutiml  to tllc ()\’erl)aralllctrizc(l  ~)robleln,  it

is sllowl]  ill [2] that the extraneous dynamics Cmllc in as stable pole-zcm callccllatiolls  and

llCIICC  do not bias the hfarkov  jmralnetcr cstilllatcs. Furtllcrlllorc, ill the ~)rcsmlcc of slrlall

lloisc levels, tllc extraneous dyllalllics are l)crt urlwd  to Iwcoll]c stal)lc  ‘: IICar” ~wle- mm
callcellatiolls. ‘lllcsc  are sllbscquelltly rcalimd as ‘(nearly llll[)l)scl”\’al)  lc/llllcoIlt ro]lal.)lc”
SIII)SIMCCS  ill tllc state- sl)ac.c Inodcl  a]]d are rclllcn’cd  systclllatically  l)y trullc:~tillg;  sIIlall

IIa]lkcl  singular values. As S11OWI]  in [2], tllcsc ()~’crl)alalllctrizziti[  )ll results am o]lly  true
for tllc shift 2 olxmitor,  and do )lot carry over to the IJR~)laC.e  s or 6-IUIC o~)crators.  ●

4. NUMI’;Rlc  AL EXAMP1,ES

‘J1lIC first example will stucly  the effect of windowing distortiol~  in various frequcllc.y dolnaill
algoritllIns.  C;ollsidcr  tlie salnl)lcd-data l)lallt  obtail]cd by a zero-ordm ]lold (at sa]Il])lil%

Iwriod T =: .03 scccmds), OH the following 3-lnodc  cc)l]tillllc)lls-tilllc  l)lant,
3

Ill
(;(.S) ‘- ~ ~2-~-2<ti~S  + ‘?

1=. ~

Wll(’rC ’51 D 10,20,25,  ~i/(2~) = .41,2 .3,9, for z z 1,2,3 rcs~mctivcly,  axld < ~- .01.
Noiseless frcclucncy clomain data cm a ul~ifcmm 256 pc)illt  grid on tile unit circle, I.wtwccll

O slid 1 /(27’) =-- 16.66 Hertz is shown as tlJe solid line ill Fig. 1 (Inagxlitudc)  a)ld Fig. 2

(l)l~asc),  Noise  has IIot been added so that tllc mtilnation  error  can })c studied with rcs~)cct

to willdmving distcwtion.

‘1’llc first algoxithln to he studiccl  uses the Markov paranlctm cstilnates obtained by tllc
i]]vcnxc  I)FT (I I}FT) of tllc frequency data (suitably symmetrized to give a real timc-

dolllain signal). These Markov parameter estimates arc used in an ERAD~ algorithm [12]

with r == 12, s == 24 in (15) and (16). TIIC singular values fall off sha@y after 6 states

and t~lc resulting 6th order state-s~)acc realization ill shown  as the dasllcd line marked as

II)l?T/RIiAD~ in Fig. 1 (mag)  and Fig. 2 (~)llasc). The distortion due to willdowillg
effects  is clearly seen in both tllc mag;l)itudc  and ~)llasc plots.
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Tlic  EltA-k’D  a.lgoritlnn  [1 O] is studied next. 12 rows arc used in the “slliftcxl  transfer

function matrix’> dcsc.ribccl  ill [10]. A 6th order state-spa.cc realization is constructed froll~
the clata al~d shown as tllc dashed line Inarkcd  EIIA-1’Ij  ill Fig. 1 (mag)  and Fig. 2.
(~,l]ase).  As in the I,rcvious method, the distortion duc to windowil~g effects  is clearly SCC,,

in both ~)lots.

‘1’llc SS1’11 algorit]lm is stuclicd xlcxt, where n == 12 ill Step 1; equation (5) is iterated 5
tilllcs; N u 100 ill Stcl~  2, and r =- 12, s =- 24 in Stclj 3. ‘lllc EIIAI){;  realization is used

il) Stcq)  4. (SCC Rcvnark  4). The silqylar values fall of[ sharply after G states so that wc
Clloosc!  g = 6. q’l]e resulting Gtll order state-s~mcc Inodcl  is shown as the dash-dot line

ll)arlicd SSFI) ill Figs. 1 ancl 2. TIJC result is so ac.curate that it is hardly disccrml)lc

frmn (llc actual data. IImvcvcr,  tllcre  is still a small discrepancy (sam in tllc first lwllcy

to tllc right of the first xllodc)  which lmy bc attributable to ccnn~)utm  round-off error.

overall, the distortionlcxs clmractcr of tllc SSFD cstilllatc is rcmdily :i~qmrcllt coIlllmrcd  tc)
t~lc lI)FT/I’XiAD~  and I’;I{A-FI)  al)]) l’O:lChCS.

l’:xample  2

‘J’llis example clclnmlstratcs  the SSFI) algoritlllll  011 cx~)crilnclltal  data takml froln tllc

J 1’1, Advanced ltcccmfigural)lc Cbntrol Tcstbcd  s11ow))  in Fig. 3. A 4-in~mt, 3-out~~ut
trallsfcr  fullctiou is considcrcd,  whcm cac.11 actuator is all active strut, and each mlsor  is
all acc.c]cromctcr. Tllc  frcqucmcy  response data is obtaillcd  using a 512 Schrocdcr  ~)hascd
s~llll-clf-sillllsoi(ls  in]mt dcsigll at a saln~ding rate of 200 IIcrtz (Ixickgromld on the design

of Sclll’[)ccler-~~llawci  inputs , and tllcir  usc ill ullbiasccl estimatiml  call bc found in [3] ) .

TIIC Inagllitude  response is shown  as the dasllcd lil)c in Fig. 5 (I)llasc  is available but llot
shown).

I,ct tllc c)vcrl)aralllctrizccl  model order l)c n == 60 in StcI) 1 of tllc SSFD algorithnl, and let
1$’(W1)  z 1, (i. e., a uniform wcigllting).  Since tllcrc arc 12 Ilulncratcm ~mlylmnials and 1

dcnolnillatcw  polynolnia],  this requires the simultallmus estimation of 780 ~)aralncters.  Tile

SK algorithm is iterated 12 times, using the s~)arse  matrix SVD algoritllln dcvclo~wd  ill
[4]. q’hc s~mrsc  matrix SVL) algoritl~~~l was indispmsablc  for this ~,roblc,nl rcduc.i,lg  RAL4

rcquirclllc]ks  by better than an order of magnitlldc  (from ap~)roxixnatcly  60 Megabytes to G

Mcgaljytcs)  alld reducing computaticnl  time two orders of magnitude  (from approximately

30 hours to 20 mimltm).

Steps  2, 3, and 4 (the realization portion) of the SSFll  al.goritlm arc c.om~)utcd  using

7’ =- 61, s == 61. The singular values arc ~)lottcd  in Fig. 4. It is seen t]mt tlmrc is a

sllar~) drop off at 180 states since there is all exact state-space realization of this size (i. e.,

180 u min(nv,  nti) * GO). IIowcvcr, for demonstration purposes, a model order c)f 100 is
clmscl~  (i. e., g == 100). This is also rmsouablc  since the error from the singular  value l)lot

is seen] to have droppccl approximately 3 orders of magnituc]c  at this poillt.
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[1]

[2]

[3]

[4]

A )nagllitudc plot of the state-space mcxlcl  realized frmn Step 4 of the algoritllln  is SIMW1l
in I’ig. 5 (solid line) su~x:rilnposcd  cm the !mpcmsc data (dashed line).  The state sl)ac.c

Inodc]  is stable, a.l~d is seen to matc]l  the data WC1l over the full 100 Hertz bandwidth.

5. CONCIJLJSIONS

Tl]c SSFI1 algoritllln  has been ilitroduccd for idmltifyillg  state-space models froln frequency

rcs]mnsc data, A key feature is that in the noiseless case the SSFD algoritlllll  avoids
windowing distortions illllcrellt  to otllm frcqucvlcy  dcmlaill  algorithms. ‘1’llis iln~mrtallt
l)ro~mrty  was verified  011 a 3 Inodc Ilulncrical  mamplc. 111 tllc ~)xcsmcc of Ilc)isy data, tllc

cstilnatc can be frequency wciglltcd to shape tllc crrcm,  as is desired in coutrol  a~)plic.ations.
TIIc model order in the SSFD algcmithln call bc ovcrsl)ccified since the final systcm order
is dctcmnincd ba.scd on Hmlicl  singular values, and tllc state- slmce lnodcl is constructed

wit]lollt polynomial factorizatjiou  or nluncrically sensitive canonical forms.

‘1’l]c SSI”I) algorithm was tested on a flcxildc  structure cxpcrimcntal  data set, dcl]loII-
stratillg tllc succcssfu] identification of a llmltivariablc (4-illl)llt/3-ollt~)llt)  100 state lnodcl

over a bandwidth  of 100 Hertz. The gc]]crnl results arc mlcouraging, a]]d illdicatc  that
tllc a~)proacli  would bc useful ill SUC1l  areas as ada~)tivc  optics, flexible structures, llcli-

col)tcr/lc)t{)craft  tcstillg, higl] lmforlllallcc  tracki]lg,  or ally other apl)licatimls  requiring

tllc accurate identification c)f Iligll-order systems over wide balldwidtlls.
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