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AI IS’I’lLAC’J’

‘J’llc l i f t i ng  c)f I,ozallo  [9] is gcllcralizcxl,  and showli  to be ollc  ill a  large class of liftings
wllicll  Clljoy tl)c salnc zero allllillilatiol)  ~nqwrties ( io c  1-

,.
., I ) ~~.ClllC1lt  Of tl’all Slrll  ssloll ~,c:ros

to t,l]c origili).  Ma]ly  useful  propert ies  of  tllc Ilcnv liftillgs arc INovcd,  and tllc results arc
d i s c u s s e d  rclcvallt  to rcccllt  ~)roblclns  ill control  tl]cory  (i.e., .stahlc ~~lallt  illvcrsc colltro]
o f  IIc)ll]llillillllllll  ])l]asc  systmns)  and cc)llll]-lllllicatiolls tl]cory  (ioc. , stahlc cqualintiorl  o f
llolllllillilIllllll  ~hasc chmnlcls).

1. lNTliOI)UC!I’10N

111 Imzallo  [9], a multirate  salllJ)ling  mctlmd is ~mscntcd whicl]  allows  stable i~n’crsioll of
ally lil)car ti]llc-i]nmriallt  flnitc-cmlc.r  plant, r e g a r d l e s s  o f  whctllm  it is lnillil~luln  ld)asc
or ll~)lllllillilll~lll-l  ~d]asc. T h e  gcmcra] ap~)roacl}  is lJascd  cnl tl)c  notion  of a. mathmnatical
“liftil)g”  ill  wllicll  a serial-tc)-~)arallcl cmwcrsicm  is ~mrforlncd  ml tllc ~)lallt  i]]~)ut and Out})ut
signals,  wld xna])pillgs  arc co]lsiclcrcd  Let, wccm tllc vcctorimd  qumtitics.  The lmy ])lolmrty
of l,ozallo’s  liftillp;  which lnakcs  it so useful is that tllc tralmnissicnl  mros of tllc liftccl ~)lallt
arc al}llillilatcxl  (i. e., placed to the origin). ‘J’llis  mm allllillilatiol] (ZA ) ~)ro~mlty  allOWS

tl]c  lifted plmlt  to Im stably illvcrtcxl  using s t andard  ccmitrcd mctllocls.  Not suqmisingly,
th i s  l i f t i ng  has  also Iwc]] ap~dicd  to dcvclo~tillg  s t ab le  adal)tivc  ccnltrol  alg;oritllllls  fo r
llc)llllli:lill]lllll pllasc systems (cf., [3][4][9][10][11 ]).

Sillcc  IJozano’s  lifting  utilizes a IIorizo]i  size of 2n wllcrc n is tllc ~dalk  order, it will IX
dc]mtcd  as tllc “2?/-liftillg”. i n  t h i s  ]mpcr,  lmml]o’s  2n-lifting  is gcmxalized,  allcl Shc)wl
to h onc  ill R large class o f  liftillgs wllic~l  cl]joy  tllc salne  z e r o  allllillilatiml  lm~mtics.
lJ1)lilic  tllc 27~-lifting, the gcucralizcd class of liftings  allows the use c)f cxtcnldccl  llorizolls
(i.c,, I,orizo,,s  larger  thw~ 271).  A,, i,n~mrtant  ccmscquc,,ce i s that CXtclldcd  llorizc)ll liftil)~;s

lca.d to ~)la~lt-ilwcrsc  controllers with sigllificalltly  rcducccl  control  gaillso  ‘TI)is  ovcrcmncs  a
Imttlc])cc]i  assc)ciatcd  with tllc 2n-lifting  wllicjl  has prcvcntcd  its use ill ma]ly a~q)licatiolls  of
lnactical  illtcrcst.  A silnulatioll  example is  ~nc)vidcd ill whicli  ihc pcuk coni!rol  7vg7/irc7uc7Li
is miu,ccd  by fou? order.s of m,agniiudc  using  all cxtclldcd horizon al)lmoach.

As a dual result, it is SI1OWI1 tlmt a rclatccl class c)f lif~ings CIHMCS  cqualizatioll  c)f ]lomnitl-
illmlll  ldlasc chmnlcls  in cc)llllllllllicatioll  systems. ‘1’llis  overcomes the stmclard  Imttlclleck
o f  inverting  tllc clmlncl in a staldc  fasllicnl. ]n this case, the cxtc~ldcd  lmizon  IHqmty

allows clmmcl inversion by least squares cstilnation,  which ~jrcwiclcs  smc)othi]lg  in t}lc case
of ] lc)isc.
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2 .  llA<~l<CJlt.OUNJl  ANll N{)9’ArJ’10N

Collsi(lcl’ tllc iIlput/oLltput  IIlodd,

w})~r~ l,oly)loll-~ia~s  ~ a,]ld ~? aIC aSSUII)Cd to bc rclat,ivcly  ~)rinlc. It is assu]nccl  that bl + O,
so tl)at il; c ~mlynmnial  B can bc factored uniquely into tllc form B(2  -1 ) = 2- d h] Z?(.2  - ] )
wllcrc R ( 2- 1 ) is monic and d = 1 is tllc plmd clclay. ‘1’lJc clloic.e  d = 1 is for coin’cllicllcc
only allcl is not  afundamcntal  restriction. lntllccasctllatd~  l,+lllsuljscclucllt  cx])rcssic)lls
m]) k a~qmqmiatcly  mcxlificd  without loss of generality.

CllCJC)sc  sC)lllc llc)rizc)lltilllc  N >fi. Tllcsystclll  (2.1)is itcratcclt  ()gi\'ct llcfollc)w'illgs  ystclil
of lillcar equations,

A2 = u]q)cr  trialqylar Toc]Jitz, with first row [0, . ...0,- a,,, . . ..- aI ]

111 : lower tria]]p;ular Tocplitz, with first coluxI~ll [~~1, ~2, ... k, o, . ..o]~’
112 = ul)j>cr triangular Tocq)litz,  witllfirst  row [0, . ...0, b,,, . . . bz]

}kmpk 1 ],ct 12 =: 3 and AT =- 4. ThCll,  (2,2) hCXHW,

my4k+l o -.a,~ - CL2 –cl] 10000
~4~-i2 , 0 0 - a3 -Cf, l-a, ooo
Y4 k-l 3 0 0 0 --a3 I - a2 --al O 0

Y4k-14 0 0 0 0 I -(,S - (12 - a, o \

‘2

y4k - 3

y4k - 2

y4k - 1

!/4 k
- -

?/4k+ 1

y4k+ 2

Y4 k-l 3
y4k-t 4

(2..3)



ml

It is collvellicnt  to combilw  tmm imolvillg  )’(k) ill (2.2) al]d  rcarmigc to g;ivc tllc following
lifting  of Albcxhs  [I],

A llIc7io.~ ‘ lifting:

Y ( k )  = A}’(k - 1)+ HU(k)  -{ BU(k - 1) (2.4)

Wllm,

It is ]Iotcd that since A ~ is 10WCX trian?;ular  with zeros cm tllc cliagolm],  tllc qu:ultity  (1 - A ~ )
is always  iuvcrt,  il)lc.  IIcllc.c tile quantities ill  (2.5)  always exist.

l’olyl)omia]  A is dividccl  into B to give impulse IXSI)OXISC  scqucucc  { lli  },

(2.6)

‘J’l]c  MaIkOV ])alall~ck~  SC{] UCIICC { l~i } is ]lot  MSUIIICCI to bC Co]]vC~gcllt (i.e., the sYstcll]
lllay  k u]]stablc). Using tllc ‘1’oqditz  s t r u t . t u r c  o f  A I  aIId 111 aIId relatiml (2.6), it call
lm SIIOW]J [1 ] [3 ]  that tl~c m a t r i x  11 ill  (2,4) (2. Lb) ca~l bc writtml ill tcr~lis of tllc iln~)ulsc
rcs] )ollsc ] )mmlctcl-s,

Fhl 0 .<. 01

‘1’llis  is tl]c desired cx~mcssioll for 11, i.e.,

11 = lower triallgulfl  Tocpiitz,  with first columl  [hl, ILz, . . . . hN]T’

(2.7)

Silicc  tllc delay is ullity  by assulnptic)ll  (i,c ., d L 1), tl]c IIlatrix  11 has a uc)llxelc)  diagcnla]

(i.e., h, + O), m]cl is always ilmrtiblc.
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3. GI’;N14;I{.A 1,1 Z]’;]] L] l~’rl’l N G S

II] tl)is  sccticnl,  a ncw class of liftings  will bc dcfi]]cxl by gm)cralizing  the lifting of Albcrtos
(2.4). l“or this *mr*mse, i t will bc useful to c.o])struct  the “s)11:111”  vm.tcm 1(,(1”)  frolll  )7( L:)
as follows,

l’.(k) ~ Sul’(k) E 1{0’
Wllcl’e Sv c I/”v x N

is a .qclccizon ]natrix  which sifts out uv clclncllts  of Y(k) for illclusiou
into J7s(k).

S(;]c.c.t]o]l  ]Ilat,rix  is glvcll  as,

Sv =
[
1 0 0 0
0 1 0 0 1

A systmnatic  mctllod to c.cnlstruct  S’v is dcfillcd  as follows: form a. iiiagonal  7na.t% jro7n ihc
cntric.q of vccior  py, and then  TcIrLovc  all rows made uy cniircly oj 0.$.  ‘Illis cc ) l l s t ruc . t i e ] ]
(Icfillcs tllc lnap~)ing  W : I/N - ~ li”~ ‘ N  for wllicll  olic  call w r i t e  SV = W(pV).  Sillcc  pv
call lw ulliqucly  rcc.ollstruc.tml  l)y a log;ical  “ o r ” Wcl tllc C.olul]llls  of S9, tllc llla~)l)illg;  W is
Ollc-to-ollcd

lJsillg tllc above notation, the followil]g ‘(slll:lll”  Vcctol’s al’c Mild,

u.(k) ~ Stiu(k); s“ ~ W@) E I/””xN (3.lb)

wllcxc  pv al]d  pu arc slmcificcl  O-1 willclow vcc.tors , ZHIC1 P; is d&lJCX~  M ~]l(! ()-) ~()?n~)l~7/~ci~t

of py.

~’l}c vector l:(k) ill  (3.lc) is dclmtml as the co7n~Jc7nc71ta7y ouiput sillcc  it is colll~wi.sccl  of
all clclnclks  of tllc vector Y(k) wllicll  am not iwdudcd k l’~(k).  A fcmnula  to rcm]lstruct
)’(k) froln  17s(k) and Y;(k) is ]low derived.  It is llotccl tlmt tllc quantity  Sy = [S:’, (S~)Y’]7’. .
i s  a l)cr]nutation  lImtrix. Hcncc  its ilnwrse is its trans~)osc, i.e., S~’-SY = 1, which gives
UlmII cx]m]dillg,

S;’su + (S;y’s;  = 1 (3.2(I)

Multiplying both sides of (3.2a) on tllc right Iy Y(k) gives tllc dcisrcd formula,

}~(k) =- s:’)’,(k)+ (Sy}::(k) (3.2L)

}kmlplc 2 Fig.  1 graphical ly clc~)icts  partial llorizoll  vectors US alId }’8 for the case
Ar = 6, as cletcrmillcd  by willclow vcctcms pu =- [0,1,1,1, O, O] ancl PY = [0, 0,1,1,1, O]. In
tl]is  case, p; =- [1, 1,0,0,0, 1] mld  one call  Colnputc,

[

0 1 0 0 0 0 1 [ 0 0 1 0 0 0
S,, ’w(p.  )’- o 0 1 (1 o 0 ; Sy=w(py)=- o 0 0 1 0 0

0 0 0 1 0 0 0 0 0 0 1 0 1
4
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1 0 0 0 0 0
s; = w(p;)  = 0 1 0 0 0 0

0 0 0 0 0 1 1
Using the nc)iation  dcvclc)lxxl abc)vc, a l]cw falni]y of liftillgs will IX: defi]lcd  by gcl)cra]izil)g
t]ic  liftillgof  A]lm-tos  ( 2 . 4 ) ,  As a kcy $I!Cp)  ii ‘uJi// bc a.s.qu?rLcd  i}Lu.i! u(k)  i.q c}Lo.’?c?L m ZC’?W

ou.t.$idc  t h e  ‘uJindow defined  by pv.  h~athcl))atically  t h i s  call  k Wl”ittCll  as,

(1 - S:’s”)u(k) = o (3.3)

Chlsidcr  the following nomniuillml  state-spacw rcalizatiol]  of the AlbmLos  lifting (2.4)
dctcrll)illccl  using  the sIrlall vectors ill (3.1) and iclmltity  (3.3),

(3.4)

(3.5(7)

Substitlutillg  fox tl)c state  ill  tllc out~)ut  Cquatic)]l  (3.5a) g ives  tllc altcrllativc  c)ut~)ut  cqua-
tioli,

(3.51!I)

k’or aI d ysis purposes , it is convmlicllt  to tra)lsfcm:-l the olm]l-lc)cq)  l)lallt,  using the similarity

Sy o

Y(L”)
u.(k) 1

(3.6)

; M =“
[ 1
s; ]0
o p (3.7)

s; ~ w(p;) (3.8)

It cm be vcrificcl that transfcmnatiml  Y’ is  square and ilwcrtih]c.  F u r t h e r m o r e ,  2“ is ill
tllc fcmn  of a pcwlutation  7nai7iz  wllicll  rcmclcrs  tllc state  SUCII that tllc col]l~)c)llc]]ts  of
}’s a~q)car  f i r s t ,  al]cl  tllc rcmaillillg  clcmcnts f o l l o w  in tllc slmcificcl orclcr.  Sillcc  ~’ is  a
~)crlllutatic)ll  matrix, the ilwcmc of T is givcll  silnp]y by its tmlq)c)sc  (cf., IIanlctt  [2], ~q).
3T4),  i.e.,

r ,-.1 ] =- Ty’ = [L’~’, My’] (3.9)

~’l:illsfc)rll)illg tllc olml-locq)  clylm]lics (3.4) by t},c silnilarity  tlal]sfc)ll,,atiol,  (3.6)(3.7),
gives rise to a very uscfu]  rcprcsmtatiou  dcllc)tccl  as tl)c  C;cl]cralizcd  lJifting  Systmn Moclc],
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6’cncdi.zd  ]JzfliIL9 sy.~tcIfL  Modcl, g(ptI, PY):

[H):,(k) SVAS;’  SVA(S;)7’  SJLSj’
Y;(k”) = S;AS;’  S; A(S;  )y’ S; I? S;’
u.(k) o 0 ‘0

[1Sv 11 s:’
-1 S;HS:’ u.(k)

1

[ 1}:,(k - 1 )
}’;(L’ - 1)
[Js(k - 1)

(3.10)

will~l~)ws  pU a,]ld p~, floll-l  wllic}l  t}lc ]natric.cs  s“, S’y, S; WC Calc.ulatd.  ‘1’llC  Gcllcralizmi

1,iftillg  systcln ]nodcl  (3.10) is dcq)ictcd  ill  tllc block diagram of Fig. 2. It is SCCX] that }’..
and }7~c forlll  t w o  couldcd  subsystmns  wllicll  am drivcm by a c.olm]]oll  illlmt  [J~. It is also
IIotcd  that the trallsmissicm mm of tllc trallsfcr  fullcticm  from Z18(k)  to l’s(k) arc afl”ectcd
by tl]c clloic,c of wi~lclchvs pU and pv. q’]lis is a kcy fcatum wllicll  will bc used to advmltap,c
ill  later (Icl’clc)l)ll-lcl]ts.

‘1’hc lifting G(pU, pY) ,gyvlcralizcs  a mIIIllm of cxistillg  results. F’or cxaIII1)lc, tllc lifting  (2.4)
ill  A]lmrtos  []], is cquivalmlt  tc) tllc clmicc  of windows,

A ltJc7to.9 ‘ l,ijtilLg:

,.: [6

,,2 [I-r%

‘J’l]c %~-liftil)g  i)] [9] is cxluivalmlt  to tlic c.lmicc of willdc)ws,

]JOZX17L0  ‘3 hL-],ijti7L9:
N/ A Y*L- 1A/)u = [0,1,1, ..., I,m (3.12cI)

11-1 ?t

q, nfly = [0,0, (3.12 /,)

Silicc c:ac,l, cl]oicc  of pU and pv g i v e s rise to a uuiquc  l i f t ing,  tllcrc arc a total of 2N+ 1
lmssiblc  gcllcralizcd  liftings  ovm a llorizcm of length  N . Aside from (3.11) and (3.12), it
al)}mws  that I1OX1C  of these I]CW liftings  have bccvl  ilnmstigatccl  ill the literature.  It will be
SCCII  subscquclltly  that maIIy  of tl)csc llcw liftillgs llavc very uscfu]  ~)rolm’tics.

(3.110)

(3.11/J)

6



4 .  ZI’;RO ANNIIIILNJ’ION

III tl)c  }Jrcn’ious  section  a ncw class of liftillgs  was illtroduccxl. II] this scc.tim, wc will focus

only m tllosc liftillgs fox whic]l  tllc tral:slnissio]l  mm c)f tllc (squad down)  liftcxl  systcun
lic at t,l]c origi:l.

I(’oI notatim]al  c.onvcllic]lcc,  wc dcfillc  tllc “ smal l”  matrix }ls by,

(hl@ll.t ~bCkiTLg  (~ T) ~07LditiOTL:

11,11:  = 1 (4.2)

]7Lyui hcking  (]~’) ~olLdiiion:
]]:]]8 ,  ] [4.3)

WIICIC  superscript ‘it” dcllotm  the Moore-1’cnrmc i]lvcrsc. It i s  )Ioted  that, both tllc (JT
and I!J’ C.ollditic)lls arc Satisflccl if 118 is square and illvmtiblc.

“J’l]c ~)mlmrty  of l)lacilg  tralmnissiol]  zeros of tllc lifted l)lallt  to tllc origin  is cllaractcrizccl
ill tl)c  IIcxt  result.

l.emnm I (Zero Annihi la t i on ) A.s.suTnc that windom p“ a.7Ld  pY satisfy,

Zero A nnihikiion  (2A) (conditions:

1)s’:’  , (1

‘Wh C7f:,
s. = W(p,,); $/ = w(py); s; ‘ w(p)

7’lLCIL,

(i) i/Lc  gcncmlized  lifling (9.1 (i) ha~ i]Lc simylijcd  mpre.~cnia.iion  (cj.,  Fig. 4),

}’.(k) = SyAS;’Y.(k  - 1) -{ H8U$(k)

Y;(k) =- S; AS;  ’}”8(k - 1)+ S; HS~’U@)

(4.4cl)

(4.4/))

(4.50)

(4.5/))

( i i )  Y; i.~ u7Lobscwahlc  jro7rl Y~ a.7~d  ]Las sta.  b!c (deadbeat) dyTLa711iC.9
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(iii)

(iv)

]f ~], i7L (~. 1) is Square and invc~iihlc,  i/LC7L i}Lc il’a~l.~~)li.~.%io~~  zero.~ oj the hfld i?all.’?fCT’

fu7tction  (3.10) jlom U8 h Y., am annihilated (i. c., lie at tlhc 07-igi7L).

lj thC <)~’ C07LditiOlL  (4.2) i.~ satisfied thC7L thC i7”07M7niSSi07L ZCI”03 Of i}LC “.9qWL7’Cd  down’:
lifted _17a.n.~fc~  function  (3. 10) fToIn V (W]LCTC  U8 = ll~lr) to 1<, arc annihilated.

l’rcmf: ]{csults  (i) allcl (ii) follow by substitutil]g  tllc ZA c.mlditimls  (4.4) ixlto (3.10), to
give,

[%l’A1)[ti-!l”{’’J)us(k)

(4.6)

Whew!>

(4.8)

C’l, =-. [ SUAS;’ O O] ; 1~1, = II, (4.9)

According tc) stmldard dcfillitiolls  (cf., Davison  and WaIIg  [8]) wducs  of A sat isfying,

(4.10)

wc tllc tm71.~7ni.wion  zeros  of tllc tra.llsfer  fu]lctioll  froln  [J~ (k) to >~q(k) ddiIId by tllc

St, ates})am II Iodcl (Al,,  111,, Cl), IJl)). Cb]sidcr tllc followi]lg  idmltity,

[ 1G’]] c;, ~
Whclc, G ~:

G’~~ G~2
and the inverse of C;22  is assuIncd to mist. Assulnillg  tlmt }1~

is i:lvcrtiblc,  the idcmtity  (4.1 1 ) can bc apjdicd to (4.1 O), which gives u~)cm substitutills
(4.8)(4.9),

[

-Al o 0
dct x -A. ] o

1
, (_ ~) fv+.u

x o -AI

wllicll  proves (iii). R e s u l t  ( i v )  follc)ws by a~l idcnt,ical  mmlysis assumil]g  that the  0’1’
co]ldition  (4.2) holds, and that the siml)lificd  plant  (Al,, I?l,, CJ,,  D1, ) ill (4.6)-(4.9) has bccI]
squared  dc)w)l by a l)rccollll)t~llsatc}r lI!. B
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l,clIlllla  1 is illl])c)r(!allt  Since it givc!s C.ollditiolls  Wllidl p,, and py IIlust satisfy fox tllc
gcl]cralizcd  lifting ~(rl~oti,  py) to llavc  its tra]lsmissioll  zeros at tlic origin,  All results ill
1 x:m]lla  1 c.alJ lx silllply  uudcrstcmd  by  comlmring  F’ig. 3 wit]]  l“ig. 4 and by  uotil]g  all of
tllc blocks  that  l]avc  vallisl]cd  u]]dcr  tllc ZA cmlditim)s.  It is SCC]] that }’:  110 lo])gcr  Cou})]cs
into tl)c  }(9 s u b s y s t e m .  l“~lltl]cllllol’c, tllc Y,,c suhsystcll]  IJas Imnllc  deadbeat i.e., all of
t]lc  ])01(!s  of tllc 1’-: subsystcx]]  arc at tllc cmigi]:. Most  imlm(ant,ly, them is now cMIly OIIC
forward ])atll  flolI”l U8 to 1(,. CXcarly  somctllilg  drastic has ha~q)cmccl to the systmn  zeros.
lligorous]y,  if 138 is square  i:lvcrtiblc,  result (iii) of l.cmxna  1 states that tllc trallslllissioll
Zc]’os O f  tllc!  trallsfcl’  fullctioll  froln  U.,(k)  t,c) 1~.(k) llavc bccll  l)lac,ccl  to tllc origin  ( i . e . ,
allllillilatcd).  lf }1~ is IIot scluarc but tlic orl” collditiml  I]olds,  result  (iv) of Lc)mna  1 states
that  tllc ze ros  tllc lifted ~)lal)t  “squaxcd clmvl]” by a ])?”CCO?/L~)C7L.~  OtOT H: ?iIc  allllihilatcd.

5. l’:XrJ’l(;NIJI~;IJ II ORIZON  l,ll~’q’l NGS

~’llc IlcXtl  result introduces a xlcw class of liftillp;s  wllic.1) satisfy t}lc collditimls  of ] ,cnllna.  1.

‘J’llcc)rem 1 A  class of gcncl”a!hcd  iijting,% ~(p,,,  py) uj~Lic]L  .$a.ti$jy  boi]L  i/Lc ZA and ~ y’
co7Ldiiiom is Of i]LC jollowill.q  jOT7~L,

Ihtcndcd  IIorizon  I,ijti7Lg  (OY’ FoTIn):

N
P

A
\

711 E 1 1 -  1

r~

AA2

p“ =- 0,...,0,1,..,,1,  p ,1,1,..., 1,0,..., O,n (fila)
lrt n-] n

f-
#--L~ J———w—+

py = 0,...,0,0,...,0, p ,0,...,0,0,...,O,n (501b)

u~1Lc7”c  TIL > 0  a.7Ld t ~ O  arc arhii?”ary,  q = O, p E l./l’ is alL arbitrary (or null) 0-1 vector
C~LO.~C7L id C7LtiCQ/ly  ilL bOt]L  pu Q7Ld pY; alLd  7L >0 is i}LC OldC1’ Of i]LC ilV”Cdll.Cihlf:  @L7Li (.% 1).
>’71.rtlLc771Lo  rc, ij t/Lc  .9 y.~tc7n (2. 1) i<~ obtained by a zero- ordcT lLold (2011) digiiizaiio7L  oj a
co7Lii7L7101[.<~-ti71Lc  yla.ntj i,ke i7Ltcgcr q > 0 CCL7L  bc clLo.%cn  a.rhitmrily.

l’rc)c)f: By dcfil]itiml, tllc Inat,rix  IJ ill  (2.5c) lias  tl]c. slmrsc fcmll 11 =- [O~\X~] wl]crc
<)b ~ l(Nx N- ,,+1 is a IIlatrix of all ‘(O” Clclncllts,  allcl XL c l/Nx”-l  . lly ccmstructiol]  of SU
frolli  pti i]] (5.1 a), tllc IIonzcro clclncllts  of SU lmdtiply  only clmncuts  of Ob ill the product
lJS~’.  }lc]]cc lJS~’  == O. I,ikcwisc, the matrix  A in (2.5a) has the sparse form A =- [00 IX.]
Wllcrc Oa c P’XN -  “ is a IImtrix of all “O”  e lements ,  and .Xa E l.lN ‘“. Dy cmlstructioll
of S: froln  p; (i.e., O - 1  comldcmcnt  of pv in (5.lb)),  the no]lzcro  clclnents c)f S; multi~dy

oli]y’  clcx]lmlts of C)* ill t he  ~nmduct  A(S~)7’. Hcnc.c A(S~)7’ = - 0 ZUIC1  tllc ZA cxmditicnls

(4.4 ) arc satisfied.

11] order to sllcnv tllc 0~’ coIlditicnl,  first co]lsidcr  tl)c  case wl]crc q ~ O. ‘J’l]cvl  clloicc  (5.1)
mlsurcs  tl]at H, is of tllc form (cf., Fig. 3 ) ,

(5.2)
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wl]crc  .?_ ~ 1P’ ‘1’ is lcwmr triangular with a I]O]IZCIW  diagmml (a]]d  l]CIICC is invertible), al]d
?{ C I/’’x” is givcll  by,

‘= [::1 ::: :[1 ’53)

Sillcc  .F is full rank, it follows frmn the s~mcial  structure of (5.2) that }1~ is full rank if H l]as
full rank.  To slicnv  that  ‘H l]as full ra]]k, let (A, b, c) h ally Inilli]nal (i.e., cmltlollablc  a]ld
obscxvitblc!) state-sl)acc realization of tllc t,rallsfcr  fullc.tioll  (2.1 ). ‘J’lIC Markov  l)aralnctcrs
{}/i} ca]~ I)c writtcl, aS }/i =.. CAi-  ] b, i v 1 , . . . , 00. Suhstitutillg  into (5.3) gives,

WIKN j is a I’CVCHX1 idc]ltity (i.e., 1 = [cl, . . . . c,,], j = [c),, . . . . c]]), and (9 aIld c arc!
okrvability  mid ccmtrolltibility  ]natric,cs of (A, I), c), rcspcctivcly.  Sillcc  (A, b, c) is co)l-
trol]al)lc  and observable,  i t  fol lows that  <? and (1 arc cac.11  full ra)lk. ‘1’lIc fact tllc systcln
(2.1 ) is c)btaiucd ~)Y a ZOII digitization  ill~l~lics  tlla,t A  ~ I/’’x”  is fllll ~allk (ioc., A  i s  ;,
state-trallsitio]] lnat,rix). ‘1’lICSC facts togctl!cr i]nl)ly  that  ‘H ill (5.2) is full rank aIIcl lICI;CC
}1~ is illvcxtiljlc.

If tllc systclll  (2.1) is Ilot  obtaillcxl  I)y ZOII d ig i t i za t ion , tllc lllatrix  A may ]Iot k full
ral  lk . 11 owcvcx, tllc results still IIolcl  wit}] the restr ict ion tlmt q == O sillcc  ill this c.asc A’J
is rcl)lacccl  by iclmtity  lnatrix  1 ill  rclatioll  (5.5), wllicl~  is always  full rank. M

‘1’]lcorc]n  1 is important bccausc it gcncralizcs l,oza]lo’s 2n-lifting to a lnuclI larger class of
liftillgs whic]l culjoy the same zcrc) amlihilaticm ]m)pcrtics.  Note t})at the cxtcmdcd  llorizoxl
Iiftillgs  I]HVC  total llorizcm lcl@h N =- m + .C + p -i q -1 2n  - 1, whic]l  cm] bc clmscll  lo]lgcr
tllall lmzallc)’s  liftillg f o r  wl)icll N = 2?1. IIc])cc  t}lc )m]nc ‘LC!XtC!lldC!Cl  Ilorizc)ll’).  It wil] IW
see] ] t]) at tllcsc! cxt ra clcgrcxx  of frccdoln  will ovcrcollic  several difhcult  ics assoc,iatcd  with
tl)c  27/-lifting.

TIIc  followil]g  result is esscntial]y  a “dual”  to tllc l)rcvicms  tllccmcm.

~’lleOrC!lll  2  A  Chs.% oj gcnemlizcd  [ijtings G(pU, fly) u)}Lich  .%a.ti$jy  both i?]Lc ~A a.7Ld IT
conditiom  is oj ilLc jollowing  jorm,

N
1)1 e lt - 1

f-

e-’-’+~ AA
flu  = 0 , . . . , 0 , 0 ,...,0, p ,1,1, O O.,l, O , . . . , O,m

111 -! P 11-1 11J———+
Pll ‘“ m)m,’m  0, . ...0,0 ,..., o,m

(Wil)

(5.(Y))

10



(i)

(ii)

(iii)

where m > 0 and 1 > 0 arc arbiirary,  q = O, p C 1{~’ i.% a,7L  arhitra.7y (07 7Lu.11) O-1 vccto7

clLo.~clL idcniicully i~t hoi/L  p,,  a7Ld pY; a7Ld n >0 is the oldcr  oj tlLc irrcciuciblc  ~~la.nt ( 1 ? .  1 ) .

h~thcnnorcj  ij ilLc .~y.~tc7n (t. 1 )  i<~ ohiai71cd  by a .zcro-onicr hold (ZOll)  digitizatio  TL oj a

coTltiTLl[.olL.9-tiTllc  pla7Lt, t h e  ifttcgcr q > 0 CUIL bc clto.qc~t  a r b i t r a r i l y .

l’roofi TIIC ZA cc)]lditio]ls  follow using tllc SaIIIC argulnczlts found i]] tl]c ])roof of

‘1’lIcoIeIn 1. blsidcr  the IT conclitim (4.3). Givcll  the! lifting (5.6), Hs has tllc forl]l,

J) ‘n

().?- o
H8Z i; X ?-t (/i.7)

PX.x

F’ro]n tllc stxucturc  of (5.7) it follows that  H, l]as  full xaIlk if both .7- a]]cl ?( llavc full ral]k.
TIIc  rcl]]ai]]dm  of tllc proof  is idcvltictil to tllc lwoc)f of ‘1’l]ccnwn  1. ●

l’ro~mtics  of Loza]lo’s  2n lifting  fo l lows  dircc,tly  from its illtcrjJrctatioll  as a s~mcial  case
of tllc liftilqy  in  ‘1’lJecnuIl 1 aIId ‘1’hccnan 2.

Corollary 1 ],oza.7ko  ’s 211 -lifting (3.12) sa,tisfics t/Lc ZA, 07’ a7Ld 11’ condiiiolLs.

l’roofi ‘J’llc  liftillg (3.12) it is ccluivalmlt  to the slmcizd  case c)f tllc liftillgs i]] I’licc)rcxl]s
1 mld 2 Wllclc  ??1 =“ o, /? = o, p=- 1, (J =- [0], q =’ o. ■

G. Ill SCIJSSION

‘J’l]c  a.dvalltagcs of tl]c  cxtmldcd  llorizc~ll  liftil]gs  in (5.1) allcl (5 .6 )  r e la t ive  to I,ozaxlc)’s
2?~-liftillg arc as follows,

If cnlc clmoscs  / > 0 in (5 .1 ) ,  the re  arc mcm ccmtrol  i n p u t s  t h a n  o u t p u t s  in tlm liftccl
systcl]l (i.e., OU > ug ). It is shown i)] Sect. 7 that these Cxt,l”a  Clcgrcc!s  C)f freedom caIl bc

usd to clcsig;]l  a cold, roller wllic}] ]nillilrlizcs  a cpladratic control cc)st  whi]c silllllltallcc)Llsly
satisfying a deadbeat tracking objcctivc.  l’his significantly rcduccs control gains collll)amd
wit]] lJOZalIO’S  lifting.

If o]]c clmoscs  / >0 in (5.6), t}lcrc  arc l]]orc  cmtl)uts tllml  ill~)uts ill  tllc lifted systcll)  ( i .e. ,
ov > 0,,), It is shown i*, Sect. 8 that tllcsc extra clcgrccs  of frccclo*n  ca*, bc used t) miuimizc
a  cluadmtic  e r r o r  WlICII  cstilnatillg  tllc input  frolll  nlcasurcmcnts  o f  tllc out~mt. This
is significant for mducilg  noise in problclns  of llc)llll-lillillllllIl  pllasc challl)cl  cqllalizatioll.
F’urtllcrlnorc,  tlw p vec to r  call  colltaill  addit ional  message information to illcrcasc the
C.llallllcl  thrcmgllput.

If O]IC CI]C)OSCS  m > 0 in (5.1) or (5.2) thcm is all extra m * Y’ SCCOI]CIS of free tilnc  wllicll
call  bc used  to  ~)crforlll coluputatious  (wl]crc 7’ is tllc sanl~)lixg  illtcrval).  Sixlcc m caxl  bc
cllc)scll  a rb i t r a r i ly ,  tllc usc of cxtcllclcd  llorizcm  liftillgs  fcm citl]cr  colltml or cclualizatiol)
a~)~dicatiolw  is ]lot  collstminccl  by r e a l - t i l n c  com~mtcr lilnitatious. ‘This is ~mrticularly
useful for aclaptivc  i]ll})lclllc:]tatiolls  wllicll  involve additional computatiollm

11



7 .  A1’I’I,ICA’J’ION  ~’() PLANT INVIDILSE CON!I’ILOI,

‘J’IM2 ~daccnlcmt  of the transmission zeros to the origin by tllc class of cxtmldcd  llorizol~
liftillgs (5.1)  al lows stable illvcrtibility  of tllc trallsfcr  ful)ctiol]  frmll  Us(k) to l~,(k).  A
control law w}lic.h  will h disc.  ussml  IIcxt  dc!adbczits  the rcsl)onsc  Y.(k) to follow tl)c dcsircxl
}~(k), subjcc.t  to the IIlillilnizatioll  of a quadratic control  cost.

‘1’0 derive the dcsixcd mdrollcr,  dcfilm  the out~)ut  error as,

R(k) = yfoi) - Y.(k) (7.1)

Substituti)lg  (4.5a) illto (7.1) gives,

E(k) =- - SYASj’YJk - 1) -- H8U,(k)  +- II(k) (7.2)

@nsiclcr the ~moblcln  of fore.i]lg tllc crrcm in (5.3) to zero in a sillglc  stcq),  w]lilc  Inillilllizillg
a quadratic control  cost pmlalty,  i.e.,

]nin U~’(k)U,(k)
u, (k)

(7.3)

subjcci  io

E(IC) =- o (7.4)

1)1 light of tile () ’l’ c.mlditioll  (4.2), tl~is  nlillin~izat,ioll  l)rc)blc]n  caxl h solved u~liqucly  tc~

~iv~ [~1[~1)
2CT0 A n~(ihilatio~L  periodic  (ZA ~’) (?ontrol  l,aw:

(u:(k) =- l]! - Sym;’}’s(k - 1) -t Yd(lc)
)

(7.5)

wl]crc t}lc cc)I”lcsJ)[))lclillg  fccxlba.ck  gaills arc dcfi]lcd  a s ,

KO = ---H@9AS~’ (7.7cl)

l .O  ~ @ (7.71t)

Here tllc su})crscript  “o” is choscm to mll)hasizc  the fact that the control nulls (i.e., clcacl-
bcmts)  the output. Also, in light  of tllc 01”  collclition, ~~, haS full  row  rallk and OIIC Call
write 1{ t c 11~’(H811~’)-1  (cf., Ila.r]wtt [2]).

For collvcnicllcc the ZAP control law is sumllmrizc{ 1 ill the block cliagralll  of Fig. 5. We
l]avc  tllc followillg  r e s u l t .
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( i )

(ii)

(iii)

].c!mma 2 (ZA ~’ ~onirol)  6’olLsidcr  h c~o.~cd-ioop  sy.~ic~n  a.ri.~in.g  from the ~ ~’ cd clLdcd
lLo7izon lijling (5.1) u71dcr 2A Y control (7. 6). Y’hen,

Y’}Lc quadratic co7LiTolcom!  (7.3) is ~fLilLil\Lizcd a.t ca.clL.qiagc, subject to the dead bca.t tracki71g
constraint (7.4),
Allclosc{l-iooI~~~olcs  a.rcat  i}Lc origin (i.e., t}Lc clo.~cd-loo]I  respomc is dca.dbcat),  a7td/Lcncc

]’8(k) COlLVC7gC.q  tO ]Td(k) i7L aSi7L~lC  .14~Cp,

l’}Lc clo.%cd-loo~~.%ysic~rti<~  intcrna.lly  stable  (e.g., Y~(k)  rcliLa.i~L,q  houmicd).

l’1’cmfi Result (i) follows frcn]l  t}lc () ’I’ c.ouditiol]  (4.2) ZI]ICI  WC1l kl]owu  lllil~iI1-1~1111-x~c)rlll
l)rc)~Jcrtics  oftl~chfc)olc-l  'cllrcJsci  llvcr.w( cf,, Bal.llctt  [2]). Now formthcc  loscd-loo~)systcnl
fro]n  tl)c  sim~~lificd  lifted })laIJt (4.5) u~!cler  ZAI’  colltxol  (7.6),

[ill= Ac’[%:il’’’2(k)(k) ’7 8 )

where,

[

(1-- 11. HJ),S,AS;’  o (1
Ac/ :- S;(l - -  HS:’HJSY)AS;’

_ ~&$#s~’ : :1; “c’’-[st;ilil ’7 9 )

]{csu]ts (ii) mld (iii) follow by substituti)lg  tl]c O’1’ col)ditioll  (4.2) into (7.9), ZUld Ilotillg
that  tllc rcsultilg  C1OSCX1-1OO1) lnatrix  is stab]c with all of its cigcnvducx  at the origin.  ●

licsu]t  (i) of lmlnlna 2 is iln~)cmtallt bccallsc  i t  indicates  t}lat  control gai)ls  a s s o c i a t e d
wit]]  usil]g  extended horizon liftillgs will he significa.)lt]y  rccluccc] ccmparcd to thc)se fro]n
usil)g; tllc 2n-liftillg. I{csu]t  ( i i i )  c)f I.cxnllla  2 is i]nlmrtallt  bcca.usc  it c]lsurcs that tllc
colnl  )Imlcllt  my outl)ut  }78C rc] nai IN “well l)cl)avcd”  cvc:l  though it is ]Iot lxillg  col]trollcd
dir(!ctly.

11.cmark 1 lnstmd  o f  deadbeat  cmltrol,  a ~mlc })lacclnc)llt  sc,hclnc call  be obtaixlml  by
lnodifying  tllc deadbea t  collstraillt  (7.4) to bccmnc  E(k) = c~lj(k  - 1 ) ill which case the
ZA1’ COlltrOl b(!COlllCS  U;(k) = ~~”}~,(k - ] ) + ~,”~’d(k)  – (k~,”~;(k - 1). m

l’lxaml~lc 3 As all example, a 12-state ]lc)llll-lillil~l~llll  phase transfer fullc.tioll  is s11ow]] ill
Fig. G (Imlc-zero ldot,  salnl)ling  time T :-.025 SCCS), aclo~)tcd froln the ASTlU41~  flexible
s t r u t . t u r c  IIlodel  [G] [7].  ‘1’lic o~m]-loc)l~  rcs~misc  to all i:litial c.onditiml  is SIIOW:I ill Fig.
7. A silmda.tion  is first run using  tlw dcaclbeat  control (7.6) with tllc Lozano’s  2n-liftillg,
?~i c O, ~ = O, p == 1, /) == [0], It == 12, q == O, N = 2n  == 24, and using  1’~ =- O (i.e., a
vibrat ion damping object ive) .  ‘1’llc rcsl)onse  is sliown  in Fig. 8 to rcacll --3 x 104 at tllc
outlmt  and ~00 at t}lc input.  As cxpcctccl  frc)m t~lc theory, the rcspcmsc is clcadbcat  after
a  sillglc  IIoriy,cnl. Ilowcvcr,  t/Lis contro[ l a w  is u7LxL.9ablc  8i7Lcc tlLc u7Lits arc in volts, and
t/Lc a.~lowable  range is only  +1 O Volis. It i s  e m p h a s i z e d  that  these cxt,raorclilmily  large
rcslm]ses are tyl)ical  of tllc 2n-liftillg  due to the fact that tllc plant is ilwcrtcd ON a horizo)l
O f  k\l@l AT . T = .6 SCCC)lldS.
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II) al] attcln])t  to get a lmmtical ms})cnm  with tllc 2n-liftilig,  the }mlc placmllcllt  control
of liclliarli  1 is used.  The choice o = .5 is ]nadc to get al)lmoximatcly  a 10 sccm]d  decay
tilnc (ally slower would k worse tllall tllc cqml-loo~)  rcs~mnsc).  ‘1’llc results arc sillnllatcd
I.)ut IIot sl]ow]l llerc sillcc  it turns  o u t  that  tl]c  rcs~mllsm  arc rcduccd  50$Z0, al]d  arc s t i l l
ullac.cc})tlably lar.gc by scvc!ral  cmlcrs o f  magllitudc. ‘1’lIc ZAI’  c.cmtro] usi~lg WI mtclldcxl
horizcm  l i f t i ng  m == O, / =- 40,  lJ =- O, q = O, 7L := 12,  N == 63 is tried ]]cxt.  I’lIc  rcsu]ts
arc sllow]l  ill  Fig. 9 whcm it is seem that both  the in]mt a]ld  output ar(! well  witllill the
allowable Iallgcs. Tl]c deadbeat Ilaturc  of tllc rcslmlsc  is also llotccl,  as tllc vibratim:s  arc
da]n~md  illstallttillcc)llsly  after the first  horimll. W

8. A} ’} ’Ll~A’I’10N ‘1’O Cll ANN1tL  l~QtJAl,l  ZATION

All ilnlmrtant  INoblc]n  in cc)ll~lll~ll]icatiolls  is that of cqualizixlg  a Ilonlninimuln  }dmsc clmn-
I]clo ‘J’l  Ic usual lnx)blc]n  is that tl)c c.lml)l)cl  callllot  Lc ilnwrtcd in H stable fashion. IIowcxmr,
usillg  tllc lrl’ cxtcllclcd  horizon lifting  (5.6), this l)roblcln  call  bc ovcrcomc.

1 ,ct U,(k) h tllc scqumlcc of nlmsagcs  tc) bc sent, and assulnc  that an IT cxtcuckxl  horizon
lifting  (5.6)  is usccl to trmlsmit tllc data (i.e., tllc signal  scllt  is givcm  by U(k) = S~’U. (k)),
‘1’l]c cllall]lcl  is assu!nccl  to bc a stable lillcar ll(~xlllli]li]llllxll  phase transfer fullcticni  of the
forln (2.1) with order n. l ’he l l  fI’0111  ‘1’llCOK!lI1 2 and l,clllllla 1, the plant dyllalnics  arc
givcll  hy (4.5),

Y,,(k)  =. A8YJk  - 1)+ H8UJk) (8.1)

whcl’c!
A, = SYAS;’ (8.2.)

At tllc rcccivillg  c1lcI, tlic qumltity  l’,(k) =. SYY(k)  is mcasumd,  al:d it is clcsircd  to cstilnatc

tllc lncssagcs  U,(k)  which were sent. For this purl )osc, a]] output lmxliction  y.(k) is fonncd
as,

~,(k) =- A,YJk - 1 )  -t ll,u~(k) (8.3)
.

and al] estimate Us is found by millimizillg  tllc least squares crit,cria,

II&l (Y., - iJqY8 - i.) (8.4)
8

Sillcc  tllc IT condition (4.3) holcls for the cxtcnclcd horizon liftiI1g, the unique solution to
(8.4) is givc*l  by,

tis = - H~(AJ’@ - 1) - Ys(k)) (8.5)

wllcrc ollc  call  write) 11) H (}1$’}1~)-  ) }1~’  sil]cc 11~ has full Ccdulllll rallk (cf., Darllctt [2]). It
is l)otcd that this dyna]nical  system rc~mcscllts  a stable imcrsioll  of t}lc ]lonmillilInun  ~)lla.sc
CJmlllcl  cllaractcristic.s.  F’urthcrmorc,  the usc of an cxtcndccl h o r i z o n  1? > 0 has allowccl
C.lmllllcl  illvcrsioll  by l e a s t  s q u a r e s  wljicll  ~)rovidcs s]lloc)tllillg  ill case  of ]Ioisc. IJoza]lo’s
2?/-liftillg  ill this  application woulc]  ]Iot allow  slnc)c)thing  and would hc very susc.cl)tiblc  to
]Ioisc. TIIc usc of p ill the IT cxtcnclcc] horizon lifting also ~)rovidcs a mcalls  for scllcliIlg
additional il]formation  with cacll  ~)ackct,  to iml)xovc  the overall tllrouglq)ut.
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9. CONCI,USIONS

A  gm]cral  class of  lifti]lgs  was  dcfi]]ccl  and sl)own  to liav(! tllc sa]nc clcsimblc  mm alllli-
IIilatlioll  }mqmtics  o f  IJomno’s  2?~-lifting. III cmdrast t o  the 2n-liftillg,  a l l  ncw liftings
have  horizmls  greater than 2n, i.e., t h e y  are C)f tllc! Cztc?ldcd  }Lo7’i20?l tyq)c!. ‘llIIC!  llSC of

mtclldccl  hcmimls  IcscJvcs malIy difiicultics  assc)c.iatc(l wit]) tllc 27t-liftilg.  FcIr cxaI1lplc, a
ho AIIIlil]ilaticnl  l’crioclic  (ZAP )  ccmtmllcr is dcfincdfcm  wllicll  the contrc)l gaius  CZLII  Ix:

siF;uificalltly  rcducccl  rcla.tivc  t o  I,ozallo’s lifting. This is CIUC to a quadratic control ccxd
which  i s  )nillilnizcd  sil~~~lltallcc)llsly  with the clcadbcat  tmcki)g  objcctivc.  The cff”cctivc-
I)css was shc)wII ill  a silnulaticm mmnldc wl]crc  the col)trcd  tcmcpc  was rcclilcccl  4 cmclcrs  of
magl]itudc.

A s  a dua l  result,  it wa.s shown that  a xclatcxl c]assof  ]iftingscnabhxthc  on-linccqual-
izatioll  of llollllli)lillllllll  pllasc chzmncls  ill cc)llllllllllicatioll  s y s t e m s .  T h i s  ovcrmmcs  t}lc
stalldard  bottlc]lcck of inverting tllc cllal]nc]  ill a stable fasl]ioll. IIcrc, cllallllcl  imcmiol~
is accolnl)lishcd  I)y least squares cstilllatiml  wllicll  ~)rcwidcs  slnootllillg  ill tllc case of noise.
ltis  wort]l noting  that  tlliscl)allllclc  (lllalizatioll  apprcmch  call l>cr]laclc  a~la~)tivc  bytlsillg
stal)dard rccursivc algoritlmls  sillcc  tllc Iicw liftings  arc lilkcal’-ill-tl)  c!-l)ar~~lllctcls.  TIIc  fu l l
sigllificalc.c of t,llis  result rcullai]ls tc) bc cxl)lorcd.

It is cx~)cctcd  tha t  tlw r e s u l t s  contaixlcxl in this  lmpcr wi l l  be uscfu]  in really arms c)f
modcm  colltrcd, ncud coI1trol, fuzzy control,  aclaptivc  colltro],  cc)IIIIIILIIlicatiolls, acla~)tivc
filtering, signal  processing, or other alq)licaticms where a stable systcIIl ilwcrsc is clcsirccl
but IJcA ~mssilkducto nonminimum ]Aascccnkraints.
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