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Abstract

We report on the design and test of a whispering gallery sapphire resonator for which the dominant
(WGllnl ~) microwave rnodc family  shows frequency-stable, cornpcnsatcd  operation for temperatures
above 77 kelvin. I’he resonator makes possible a ncw ultra-stable oscillator (USO) capability that
promises performance improvements over the best available crystal quartz oscillators in a compact
cryogenic package. A ~ncchanical compensation mcc}lanis]n,  cnab]cd by the diflcrcncc  bctwccn cop-
per and sapphire expansion cocfflcicnts, tunes the resonator to cancel the tcrnpcraturc variation
of sapp}lirc’s  dielectric constant. In cxpcrirnc]lta]  tcsl,s, the WG1l$ll  rrtodc showed a frequency
turn-over temperature of 87 K in agrccmcnt  with finite clcrncnt  calculations. l’rclirninary  tests of
oscillator operation show an All an Deviation of frequency variation of 1.4 - 6 x 10-12 for measuring
tilncs  1 second < T < 100 seconds with unstabi]izcd  resonator housing tcmpcraturc and a mode
Q of 2 x 106. We project a frequency stability 10- 14 for t~li$ rmollator  with stabilized housing

tcrnpcraturc and with a mode Q of 107.

1. Introduction

A saplhirc whispering gallery resonator consists
of a wheel or disk of sapphire inside a cylindrical
~nctal]ic  shielding can. By confining resonating rf
fields to the sapphire clement, these resonators cf-
fcctivcly  clirninate  metallic conduction 10SSCS - and
so lnake  possib]c resonators which arc only lirnitcd
by pcrforlnancc  of the sapphire itself. ‘J’hc sapphire
is typically oriented with its crystal c- axis along the
central axis of the container in order to acllicvc cylin-
drical sylnlnctry  for the cxcitcd  rcsonancc  modes.

Wllispcring  gallery clcctrornagnctic  modes can k
divided into families depending on their field config-
uration, and further characterized by the number of
full waves n around the pcrimctcr  of the sapphire
clclncnt.  The modes arc doubly dcgcncrate,  with az-
i]nutha]  IJIasc  of the two sub--modes diflcring  by 90
—. ..—. —.

“1’llis work was carried out at the Jet Propulsion I.abora-
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the National Aeronautics and Space Administration.

dcgrccs. Modes typically used are the W(llIn 1 ~ fam-
ily for wheel resonators and the WGE,ll 1 family for
flat disks, where n >5.

With very high microwave quality factors (Q’s) at
easily rcachcd  cryogenic tcmpcraturcs, the sapphire
resonators already make possib]c cxccllcnt  phase
noise pcrforlnancc.  In princildc,  the }]igh Q values
also rnakc possib]c high frequency stability - if the
resonator itself were stablc[l –6]. IIowcvcr, tcn~lmr-
aturc fluctuations in t}lc sapphire cause unwanted
frcqucmcy fluctuations. If these frequency variations
could bc canccllcd  or compensated, high stability
could bc achicvcd.

The resonator Q’s incrcasc  rapidly as the tcrnl,cr-
ature is cooled, from approximate] y Q = 300,000 at
room temperature to 30 nlillion  at 77 Kelvin (for X-
b a n d  frcqucncics  w 8 Gllz). “1’his cornparcs  to Q
values of 1 to 2 million for the best available crystal
quartz oscillators, and 10,000 to 20,000 for metallic
microwave cavities. When coupled with low noise
microwave circuitry, the high sapphire Q could make
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Figure 1: Whispering gallery sapphire resonator (cylindrical cross section)

possible a frequency stability w low as 10- 14 [11.
Such a stability would be 20 times better than that
ac]licvable by quartz oscillators of the highest qual-
ity, whic]l presenily  give a stability of 2 x 10-]3.

F’initc cle~ncnt calculations of frequencies and fre-
qncncy tuning rates with temperature were made
using the CYRES  2-11 program [see companion pa-
per ,  this confcrcnce]. A comparison of calculated
and measured tuning rates at 77K shows cxccllcnt
agrcclncnt,. lU particular, both calculation and ex-
pcri~ncnt show a weakening of the compensation ef-
fect for higher ~nodc  numbers that was not prcdictcd
by a simple circuit model that was initially used to
design the resonator.

2 Background

Various approaches have been developed to reduce
the tl]crmal  variation in electromagnetic or acous-
tic resonators and so achieve high frequency stabil-
ity. Com~jcnsatcd  operation for bulk acoustic wave
(lIAW) quartz oscillators is achieved by means of an
appropriate choice of orientation for the quartz crys-

tal. This is possible duc to a very strong variability of
acoustic parameters with crystal direction. ‘1’hc  elcc-
tronmgnetic  sapphire resonators have a much smaller
allisotropy  (N 35Yo) and no sign reversal for any of its
thermal dependencies. In fact, up to the present time
useful compensation of sapph  irc resonators has only
been possible at liquid heliuln  t.elnpcratures,  where
incidental or added l)aramaglictic  impurities give an
effective compensating cffcct[2,7].  But helium tern-
pcraturc operation is cx~)cnsivc, and i]npractical  for
most applications. A compensation mechanism at 77
kelvin or above would allow liquid nitrogen could bc
used as the coolant in a very much smaller and lCSS
expensive systcrn.

l’ernpcrature  sensitivity of the operating frequency
is characteristic of all electromagnetic and acoustic
(piezoc]eclric)  resonators duc to thermal variation
of the size, dielectric constants, speed of sound, etc.
for solid state rnatcrials.  Variation of these param-
eters  is typically parts in 10 4 to 105 per  Kelvin.
‘1’hrrs,  achieving resonator stabilities of 10 -]3 t o
10-14 would require nano-dcgrw  temperature slabil-
ity - an impossible task.

Available tcchlliques  for higher stability ancl re-



duccd thermal variation in resonator frequencies are:

Very low cryogenic temperatures (9’ < 10
l{clvin) can be used to “freeze out” the thcrmal-
iuduccd  variation, which varies as V’3 as the
components arc cooled. ‘l’his technique has
been successfully applied to supcrconducting[9],
superconductor-on- sapphire[7], and sapp}lire
whispering gallery rcsonators[2], 1 lowcver, the
very low tcrnpcrature required rnakcs such sys-
tcmslargc and expensive, and therefore imprac-
tical for most applications,

An inherently weak tuning mechanism may be
used at the lowest temperatures to provide corn-
plctc  cancellation. in this way paramagnctic im-
purities can compensate the thcrrna]  variation
in sapldlirc  resonators for T <6 Kelvin [1 ,2], but
again, operation at such tcrnpcratures  is imprac-
tical for Inost  applications.

q’l)c differing therlnal cocfllcicnts  for various
~Jropcrtics  of the resonator material can be
played against cac}l other in such a way that, for
so]nc operating tc]npcraturc, thermal frequency
variations arc compensated or cancclled.  l’iczc
electric quartz resonators arc compensated in
this way try an appropriate orient at ion of this
strongly anisotropic  crystal (e.g. “SC” or “A’I’”
cut quartz resonators) [1 O]. Unfortunately, an
orientation- dependent cancellation does not oc-
cur for electromagnetic resonators where the
anisotropy is ~nuch smaller (the ternpcraturc dc-
l)cndencics  vary by only w 30% as the orienta-
tion is changed).

A resonator may be constructed using sev-
eral similar materials with compensating thcr-
rnal characteristics. For example, dielectric res-
onators for DRO’S are typically stabilized by usc
of several materials with thcrrnal  dielectric vari-
ations of opposite sign [1 1].

A mechanical tuning mcc}lauism may be driven
by thermal expansion cocfflcicnts of the con-
struction rnatcrials.  This mechanism has been
previously ap;~lied to a sapphire resonator at
rooln tcnllmraturc using a highly reentrant gc-
olnetry  to achieve very low phase noise and a
stability of 4 x 10–8 at T = 10 seconds [3]. Ultra-
high stability was probably precluded by suscep-
tibility of the design to thermal gradients. “1’his
is also the rnct}lodology of the present work.
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Figure 2: Temperature cocfllcicnt  of the dielectric
constant of sapphire for the components parallel and
perpendicular to the c- axis.

3 Material Properties

Sensitivity of the sapphire resonator’s frequency to
temperature is due to several factors.

● Variation of the dielectric constants with tcm-
pcratrrre  is the largest factor. As shown in
Fig. 2, they vary by 80-140 parts per million
(1’PM) per Kelvin at room temperature (300
Kc]vins)[l  2]. ‘1’he resulting frequency change is
just half this value, or 40-70 l’1’M/Kelvin  (since

●

●

jrx l/~).

‘1’hc  expansion cocficients of sapp}iire impact
the frequency directly. As shown in Fig. 3
they give rise to a frequency change of 5-6
PPM/Kelvin.

Thcrlna]  expansion of the copper containing can
is a small  but significant factor. I)ccausc nli-
crowave energy density at the walls is greatly
reduced, (typically 100 to 10,000 times, to en-
able a high sapphire  Q) the frequency sensitivity
to can size is reduced by this same factor. q’hus
the 15 }’I’M/Kelvin copper expansion (l~ig. 3)
is reduced to 0.15 P1’M/Kelvin or s~naller  [13].

Short term thermal stability of approximately 1
pKelvin  can be attained at room temperature or at
77K [14]. IIowcvcr, even this very low variability,
when coupled with a sapphire frequency sensitivity
of N 6 x 10-5/K (room tcnlljeraturc) or w 1.25 x
10-5/K (77K)[13],  gives frequency variations of 1 –
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Figure 3: ‘J’hcrlnal expansion coc~cic.nts  for copper
ant] sapp]lirc.  l)iflcrcntial  motion (shaded area) can
bc used to t,unc a variahlc  frequency resonator.

6 x 10-] 1. ‘J’hcsc values are substantially worse than
attainaldc with cxccllcnt  quality quartz oscillators.

On the other hand, if this sensitivity could bc com-
pclisatcd  to first order, the remaining response is a
second-order effect of w 10- 7/ K2. If the tcmpcra-
turc could be kept wit}lin only .OIK of the compen-
sation  point, the remaining linear sensitivity would
bc ~ 1 x 1 0-9/1{. Coupling this sensitivity value with
tllc acllicvablc  tcrnpcrature stabi l i ty  of  1 pKclvin
would rcsu]t  in a frequency stability of < 10– 15, a
very attractive prospect.

IIccausc  there arc no available internal compensat-
ion mechanisms that would give an eflectivcly un-
changing dielectric constant in the sapphire itself,
wc ~nust look for solutions where onc physical part
of the resonator structure colnpcnsates  for the effect.
of a cliffcrcnt  part.

in particular, if the thcrrnal  expansion profllc of a
sccolld  construction material were sufficiently differ-
ent froln sapphire, and if a mechanism could bc founcl
to usc this difference to give a frequency variation of
opposite sign to that of the sapphire itself, a practical
colnpcnsatcd  resonator could be constructed.

A conscqucncc  of this type of design is
that the various parts must be in cxcellcnt
thcrvnal contact with each other. J~or exam-
l,Ic, a tclnpcrature diflcrcrrtial  of 1 pK,  bc-
twccn the parts would give rise to the same
(large) 1 – 6 x 10-11 variation alluded to
above.

Fortunatcl  y, sapphire has onc of the
}lighest thermal conductivitics  for any solid
material in the 77K -- 300K tcmpcraturc
range, together wit}l relatively low thermal
mass. ‘1’bus, sapphire could bc mated with
some ot}lcr hig}l-conductivit,y  material in a
composite resonator with a very short ther-
mal tirnc  constant and overall high conduc-
tivity to provide a structure with high i~n-
munity  to internal temperature .gradicnts.

Since sap~dlirc’s  expansion cocfIlcicnt is relatively
small compared to most matcrialsj a natural choice
is for a second rnatcria]  with a larger expansion co-
cfllcicnt.  Figure 3 shows a colnparison  between sap-
phire and copper - a likely candidate by virt,uc of
its high thcrrnal  conductivity. ‘1’he cliffcrcnce bc-
twccn sapphire and copper values, as shown in the
figure is the driving force for our compensation rnech-
anisln.  It is useful to comllarc  this diffcrcncc with the
tclnpcraturc cocfflcicnts of the dielectric constant as
shown in Figure 2. Such a colnparison  S11OWS  that the
compensation task is ~nuch eassicr at 77K than 300K,
since, dielectric coefficient variations arc shongly  re-
duced as the tcmpcraturc dccrcascs  from 300K to
77K, whi]c the copper-sapphire expansion diffcrcncc
I1oIcIs  constant.

A comparison of the magnitudes of t}lc two effects
shows that a very effective tuning mechanism is re-
quired to achieve compensation. 1 lowcvcr, at 77K
the task does not seem out of reach. JIerc the differ-
ence between sapphire and copper expansion coeffi-
cients  is

1 rh.— = 0C(77K)  — U~(771{) = 7 P1’M/Kelvin,
x 821’

while the dielectric tuning cflcct (one half of the di-
electric constant variation, averaging pcrpcndicu]ar
and parallc]  cornponcnts)  is

1 aw—— = 13.5 I’PM/Kelvin.
w af’

Combining these two equations wc find that the re-
quired tuning sensitivity is given by

(1)

‘J’hat  is, differential thermal expansion between cop-
per and sapphire could bc used to compensate t,hc
cliclcctric constant variation in sapphire at 77 Kelvin
if a rncchanisrn  could bc found t}lat is able to tune
about twice (actually 1 3.5/7) as much as it moves on
a fractional lm.~is, cornl~aring  IIcrtz  pcr hertz with
ccntimctcrs  pcr centirncter.
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Figure  4: Compensatccl  sripphire resonator,

1 t is worth noting that compcl[sation  at
roo~n temperature is much more di~cult.  It
could be acco~nplished by t}lc usc of a rrlatc-
rial with a greater coefficient of expansion,
such as zinc, or by the use of relatively ex-
trcrncly  geometries. A comparison of Figs.
2 and 3 shows that increasing the tempera-
ture f’rorn  77 to 300 Kelvins  increases the
required tuning sensitivity by mcnw than 4
times.

4 A Compensated Resonator

Figure 4 shows a composite microwave resonator that
uscs thermal expansion in an added non-sapphire
tuning clcmcnt  to compensate for sapphire’s thermal
frequency variation. ‘1’he resonator consists of two
saI@lire  parls (each approximately half the thick-
ness of a conventional whispering gallery resonator)
sc])arated  by a copper post which has an expansion
cocflicicllt larger than that of the sapphire. If t}lc
gap between the two parts is small  the resonant fre-
qucllcics of SO:IIC  of the whispering gallery modes are
strongly iuncd  as the gap spacing changes. }Iowcvcr,

for availaMc  rnatcrials,  a weak tuning effect results
if the post is only as tall as the gap spacing. Thus
the sapphire parts must be rnadc re entrant, so that
the post is approximately as tall as the entire res-
onator itself. In this case a strong  thermal tuning
effect, due to the rfiflcrence  between post–material
and sapphire expansion cocficicnts can completely
cancel sapphire’s inherent frcclucncy  variation. ‘l’he
post can be lnade  of copper for compensation at tcrn-
peraturcs  up to about 100 Kelvin, while rnatcrials
with higher expansion coeficicnts (e.g. zinc) could
bc used up to room temperature.

In order to achieve high stability in an oscilla-
tor, the high Q of the sapp]lire  resonator must not
bc degraded by the presence of the post. Further-
Inore, because the compensating tuning effects are
due to physically distinct parts, thermal gradients
must bc rninimizcd,  requiring high thermal conduc-
tivity through the post. We find that a copper post
of approximately 20- 30% of the sapphire diameter
provides the required thermal conductivity. An axial
position for the post minimizes any Q degradation,
since elect, romagnctic  energy in the modes is concen-
trated near the outer pcrirnctcr  of the sapphire disks.

‘1’hc compensation mechanism can be understood



as follows. As the temperature is e.g. raised, the
lnodc  frcqucncics  arc lowered duc to the increasing
dielectric constant and thermal expansion of the sap
~Jhirc (Figure 2). l]owcver,  the gap is widened duc
to tllc large thermal expansion of the copper post
(U’igurc  3). “1’hc  resulting increase in vacuum gap
volu]nc (dielectric constant c = 1 compared to x 10
for sappl)irc)  tends to raise the frequencies. !l’hcsc
canceling effects can give rise to cornplctc  compen-
sation  at some tcrnpcraturc.

As prcvious]y  discussed, the sapphire clcmcnt  itself
is the primary tcmpcraturc-dependent element in
this resonator. ‘1’bus, the compensated central sub
assc~nbly (consisting of sapphire parts and the cop
IJcr post) is thermally isolated from the copper can,
and hc]d at a stabilized operating tcmpcraturc above
77 K by action of a small heater and thcrmo~nc-
tcr (not shown). ‘1’hc  exact temperature depends
on tllc cxpcri~ncntal]y  dctcrlnincd  turnover tcrnpcr-
aturc for the sapphire resonator subasscmb]y.  ‘i’hc
can’s tc~npcraturc  must also bc controlled for the
highest frequency stability, even though its thermal
sensitivity is 100 to 10,000 times rcduccd from t}lat
of tllc sapphire. This is accomplished by means of
a second heater/thcrrnomctcr feedback systcm  (not
shown) that stabilizes the can tcmpcraturc to a value
just slightly above 77 K.

4.1 Variation of mode Frequency wit]]
Gap Spacing

As indicated  in Eq. 1, the copper/sapphire coln-
positc  resonator requires a high tuning sensitivity in
orclcr  to achicvc compensation at 77 Kelvins.  Wc
present two different approaches to evaluate the sen-
sitivity of the frequency of tl!c fundamental WGIInl I
rnodc to changes in a small gap at the resonator ccn-
tcr p]anc.

With a knowledge of the mode configuration, wc
can estimate this sensitivity using simple circuit
models that incorporate the resonator dimen-
sions in a natural way. This approach has the
advantage of illuminating the qualitative fea-
tures  of the design prol-dcm.

A finite rdcmcnt computational tcchniquc  can bc
used to estimate mode frequencies, both  with
and without a gap. Accuracy of this method-
ology depends on the number of nodes used to
characterize the geometry, with ficlcls being eval-
uated only at the node points, and with the

Figure 5: Electric field configuration for the WG}1611
mode in a sapphire ring resonator. A horizontal gap
at the dashed center line will cut the loops of electric
field and strongly tune the mode frequency. Other
modes, c.g, the WGE611 mode with horizontal loops,
would not bc strongly affcctccl by such a gap.

space bctwccn flttcd  to a simp]c power law be-
havior.

Wc know that the magnitude of the tuning can
bc relatively large, as required by Eq. 1, bcca,use
clcctromagnctic  boundary conditions can give rise to
larger energy in the gap region than in the (high c)
sapphire. In particular, this is true for rnodcs with
large electric fields })crpcndicular  to the gap such as
the WGIInl 1 mode family chosen for our applica-
tion.

4.1.1 Grip Smmitivity Estimation by Circuit
Analysis

In order to dcrnonstratc  that our approach is sound,
the circuit analysis approach is used to estirnatc  a
lower bound for the tuning sensitivity. ‘J’hc WGllnl 1
mode is characterized by a chain of approximatc]y  el-
liptical loops of electric field in the z – ~ plane (as
shown in Fig. 5) linked by loops of magnetic field
in the r – @ plane. Dccausc of the, continuity of
the electric tlcld lines and of disp]accmcnt  current,,
wc can estimate the cfl’cct of the gap using a sim-
p]c series- capacitance model, Conventional circuit
analysis gives w = {~, and assuming that any
change in cffectivc inductance is small  wc find:

Aw 1 AC_~— .._.
w 2C”
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Figure 6: Detail view of one E-- field loop showing
clcmcnts  of series-capacitance model.

Eacl) electric field loop traverses a path 4 through
the sapphire with dielectric constant ~, and then a
gapdistance  rlwithc= 1 asshownin  Fig6. Because
of the continuity of displacement currcnt[15] we can
al)~moxirnatc  the sapphire capacitance as C, w c,/1
and the gap capacitance as Cg w I/d. IIy combining
these capacitances in series we estimate the dcpcn-
dcnceof the capacitance Con thcgapspacingd  as:

Wc estimate a lower bound for the tuning effect
by assuming that the loops arc as long as possible,
touching both the resonator top and bottom. A}F
lmoxilnating  t}le elliptical loops as circular the loop
]cngth bccomcs

where h is the sapphire hcig}lt. Combining these two
equations in the limit of small g, shows the frequency
sensitivity in tcrrns  of distance sensitivity to bc

or

(2)

where Jx/z S fSg/}1  is the fractional variation of the
resonator height.

Since c, N 10.5, a comparison of Eqs. 1 and 2
SIIOWS that the circuit model predicts a sensitivity
more than sufficient to achieve complete compensat-
ion at 77 Kclvins.  ‘l’hat is, the tuning sensitivity of
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Figure 7: Gap Sensitivity Estimated by Circuit Anal-
ysis and Uinitc Element Calculation.

c,/rr w 3 is larger than the required value of 13.5/7
from Uq. 1.

4.1.2 Gap Sensitivity Estimation by Finite
Elcmcmt  Calculation

ligurc  7 shows a comparison of the circuit rnodcl
prediction with calculations using a recently dcvcl-
opcd f i n i t e  clc]ncnt  mcthodo]ogy.  ‘1’his CYRIM  2-
1) program[8]  rncthod  takes advantage of sapphire’s
cylindrically symmetric dielectric properties to allow
a simplified and more accurate calculation of whis-
pering  gallery rnodc frequencies and fields than was
]mcviously  possib]c, “lihc finite clcrncnt  approach al-
lows relatively cornp]icated  geometries such as cwrs
to bc easily treated.

As cxpcctcd,  this more accurate calculation gives
a larger tuning effect than the (lower bound) circuit
model prediction, but, sorncwhat  surprisingly, shows
an additional effect. As shown in Fig, 7, the finite el-
erncnt  method predicts that tuning cffcctivcncss (the
slope of the curve) will bc degraded for gaps as small
as 0.02 of the resonator hcig})t.

‘l’his reducing sensitivity is shown to bc duc
to a feature not inc]udcd in our sirnplc  cir-
cuit model. For larger gaps (and also for
large n, where tllc wide c]liptical  loops for
E as s}lown in Fig. 6 tend  to bc narrow
and tall instead) finite  clclncnt  solutions ex-
hibit a substantial horizontal (azimuthal)
electric field component near the gap, show-
ing that the gap capacitance Cg is bypassed
by azimuthal displacement currents in the
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Figyrc  8: Frequency dcpmrdcnce on gap spacing for
]IIodcs from various families (finite clelncnt  calcula-
tion).

sapph i rc. ‘1’hat is, a more accurate circuit
~nodcl  would contain an additional capaci-
tance  C~g acting in parallc]  with Cg.

‘J’hc variation in tuning sensitivity with gap spac-
ing provides a Incans  to adjust its strength in order
to ~natch other rcquircmcnts.  Thus the gap may bc
varied to provicic  compensated operation in a partic-
ular rnodc at a particular temperature.

Not all mode fa]nilics  are found to bc strongly af-
fcctcd by changes in the gap spacing. l’his is to be
cxpcctcd,  for cxamp]c,  for modes with very small
E fields in the gap region. Figure 8 shows the fre-
quency dcpcndcnce  on gap spacing for three exam-
p]cs of modes with different characters for their elec-
tric fields. In order of decreasing sensitivity to gap
spacing they arc:

‘1’hc WGIIS1l rnodc with a rnaxirnum  of verti-
cal E field in the gap shows a rapid incrcasc  in
frequency wit}l increasing gap spacing:

‘1’hc  WGE811 mode has a maximum of radial
(Ilorizonta])  E field at the gap and shows a slight
frequency incrca.se:

‘J’hc WG1181  z mode with a sign reversal of ver-
tical  E field at the center, and very small values
in the gap shows almost no change in frequency.

‘J’hcsc results quantitatively confirm that a strong
vcr~ical E field in the gap region, as exhibited by the
WGllnl 1 lnodc  family, and displayed in Figure 5, is
csscutia]  to achicvc high sensitivity to gap spacing.
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Figure 9: Frequency difference bctwccn  experimen-
tal results and finite clement calculations for several
mode families.

For this geometry it is also the “fundamcnta]”  mode
family, showing the lowest microwave frequency and
highest rnodc confinement for any given azimuthal
wave nurnbcr  n [1]. ‘1’his family is thus an ideal can-
didate for use in a composite compensated resonator.
Similar effects have been previously used to provide
frequency variability for sapphire resonators [1 6].

4 . 2  Experimental T e s t s

4 .2 .1  M o d e  Frcqucmcim

A resonator was constructed with configuration and
dimensions M shown in Fig. 4, and with the parts
lnechanically  and thermally bonded by means of pure
iridium solder, A clean (Scraped) molten iridium pool
ou each cnd of the copper post was mated in turn to
an evaporated gold layer on the sapphire parts. Af-
ter cooling to 77 kelvin, the frequency, Q, and cou-
pling cocfllcicnt  was measured for each of 69 resonant
modes from 6.6 Gllz to 10.75 GIIz.  q’his  list was
then prcliminari]y  matched by frequency with the fi-
nite element data, Analysis of the electromagnetic
visualization of the resonator cross section using the
CYIHIS 2-D software conclusively identified the ex-
perimental  modes for each family.

Figure 9 shows the excellent agreement between
theory and experiment for the three lnodc  families
previous] y discussed. ‘1’he  data indicates a frequency
diffcrcncc of lCSS than 0.4%.
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Figure 10: Calculated (lines) and cxpcrimcntal
(points) tclnpcrature tuning rates at 77 Kelvin for
the 3 dolninant (lowest frequency) mode families in
a sapphire/copper compensated rcsonaior  with a gap
of .050 cln.

A direct demonstration of the effectiveness of our
colnpcnsation  mechanisln  can bc shown by cxperi-
)nental  lncasuremcnt  of the rate of frequency c}lange
with tcrnpcraturc at 77 Kelvins.  As shown in Figure
10, the cxperilncntal  points with positive values in-
dicate  modes that are actually overcompensated at
77 1{. ‘J’hey will have turnover temperatures (com-
l)lctc co~npcnsation)  above 77 K, as desired. Nega-
tive values indicates under- compensation or even no
colnpcnsation  (if values are approximately the salile
rw expected from the sapphire dielectric variation
alollc) ~ and a zero value would indicate a turnover
temperature at exactly 77 K.

A comparison of calculated and measured tuning
rat,cs in Figure 10 shows excellent agrccrnent.  Sen-
sitivity to small changes in the gap spacing was cal-
culated with the finite clement software. ‘1’he  re-
sults  were combined with values for the expansion
cocfIicicnts of copper and sapphire (Fig. 3) and
a fi~~c~  value for the sapphire dielectric temlmra-
turc dependence, As shown in Fig. 2, the dielec-
tric variation values can be expected to vary bc-
twccn 9.4 l’I’M/Kelvin  (pcrpcndicu]ar)  and 16.75
l’1’M/I{elvin  (parallel) at 77 Kelvins. }Iowever
this re})rcscnts  data measured at kilohertz freqrrerr-
cics[l 2], and may bc modified at microwave frequerr-
tics.

‘1’hc  fitted values were 1 I} ’I’M/Kelvin and
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Figure 11: Temperature dcjmnderrce  of frequency for
WGJIS1l compensated mode at 7.23 GJIz.

10.51’PM/Kelvin for the WG}lnl ~ and WGlIn12
~nodc families, respectively, and 7 I’I’M/Kelvin for
the WGEnll  family. It is to be expected that the
WGE  families would have a lower value, bccausc  the
electric fields in this case are almost entirely in the
r – # plane, and so correspond to the lower ‘(per-
pendicular” results, while the values for the WGII
modes have a substantial fraction of their electric
fields ‘(parallel” to the z axis.

Both calculated and experimental values in Fig.
10 show a weakening of the compensation effect  for
higher ]node numbers (higher frequcncics)  that was
not predicted by the silnple  circuit model as dis-
cussed in relation to Fig. 7. T}lus, modes with n z 9
in the WGlfnll  mode family are under- compensated
at 77 Kelvins,  and so would require operation at a
lower temperature. IIowcver then = 8 modes at 7.23
GIIz are just slightly over–co~npensatcd, and so can
be operated at a tmnpcrature a little above 77 K, as
desired. More detailed calculations show that higher
frequency compensated operation is possible using a
small cr gap spacing - where the colnpcnsat  ion effec-
tiveness  is not so strongly dependent on the mode
number.

4.2.3 Compensated Resonator Operation

One of the two WGH811 modes was chosen for fur-
ther study. “l’his ]node showccl the highest qual-
ity factor of any of the compensated modes with
Q = 1.8 x 106. Figure 11 S}]OWS  a plot of the res-
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onancc frequency for this mode showing a turn-over
tctn~]craturc  of 87.09 Kelvins.  A quadratic approxi-
mation in the vicinity of the peak gives:

~} N 1.17 X 1 0-7( T- 87.09)2.

A residual linear thermal coeJIicient due to imperf-
ect temperature adjustment J7’ = 7’ – 87.09 can be
derived froln the slope of the curve as

I  aj—— = 2.34 x 10–7J7’.
j a71

(3)

Equation 3 allows us to estimate the thermal require-
~ncnts that would allow such a resonator to achieve
its ultilnate stability of 6 j/ j w 10-14. If the tcrnper-
aturc is held at the turnover temperature with an ac-
curacy of r57’ = 1 millidcgrec,  the slope given by Jlq.
3 will be less than 2.34 x 10-’0 per Kelvin, requir-
ing a stability  of 43 micro- Kelvins  to achieve 10-14
stability. Accuracy and stability are distinguished in
this discussion, because the 67’ accuracy needs to be
held over a relatively long operational tirnc  period
(possibly days or months), while the strength of the
sapphire oscillators is in short-  term stability. Thus,
in order to achieve a stability of 10-14 for a time pe-
riod of e.g. 100 seconds, the temperature would need
to be stable  to 43 micro- Kc]vins for 100 seconds,
but could vary up to 1 millil{clvin  over the time pe-
riod of operation. These requirements are easily rnct
usi])g conventional thcrlna]  regulation tcc}lno]ogy as
dcvc]oped for usc by other types of frequency stan-
dards[17].

4.2.4 Oscillatcrr Stability

An oscillator was constructed, stabilized by the
WGIISI I rnodc of the compensated resonator. l’re-
liminary  oscillator tests were accomplished with open
loop control of the resonator temperature, and with
tl)c can tcmpcraturc not regulated, but determined
by direct contact with a liquid nitrogen bath. ‘J’he
stability of tllc oscillator was characterized using a
hydrogen rnascr  frequency standard as refcrcncc.

As shown in Figure 12, the AlIan Deviation of fre-
quency variation was measured to be 1.4-6 x 10-1 2
for ~ncasrrring  times 1 second < T ~ 100 seconds.
‘J’here was a large  but constant frequency drift dur-
i)lg the course of the measurements which wc at-
tribute to the uncontrolled can tclnperaturc and the
changing level of liquid nitrogen. It seems likely that
the frequency variation observed was also caused
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Figure 12: Frequency stability of sapphire oscillator
with uncontrolled can tclnpcraturc

by can tcmpcraturc  variations. We project a fre-
quency stability 10-14 for this resonator with stabi-
lized can ternpcraturc and with a mode quality factor
of Q== 107.

5 Conclusion

We have demonstrated a new ultra-stable oscillator
(USO) capability which promises performance in~-
provernents  over the best available crystal quartz os-
cillators in a compact cryogenic package. First tests
of this rncchanically  compensated sapphire oscillator
show stability in the low 10-12 region for mcasrrr-
ing ti]nes  T < 100 seconds. We project a stability of
10-]4  for this tcchno]ogy at liquid nitrogen temper-
atures.
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