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\4Tc rcvjew tlIc c.ur]eIIL state of kIImt’ldf,c ]c~,al di])~,  l’]uto’s IIclioc.clltric  c)lbjtal

lnotioll. l’luto>s cJrlJit is uIIusuall.Y  ecmIItIic  aIId j]lc)i]lcd to t)IC ccli]~tic, aIId ovcl -

la})s tlIc  o]l)it  of iNc])tu IIc. CoIIscqucIItly, l’]uto sufl’ms l)laIIctztIy  ]Jcrtu]l)atic)]ls  t o

a  p,l’(mtc!l’ dc!gl’cx! than ally o f  tll(! otllcl” plal](!ts, aIId its oll)it cvo]vcs significantly

ovc] loII~, ti]ncs. ‘J’lIc! c.ummt u]lccltaillty  j]) l’luto)s  orl)ital ])a]al]]ctcrs  aIId jts ilII-

])licalio]ls for t,lIc lo31~, LCIIII  dj’]la]nical  cl’olutio])  o f  l’lu~o js ]cvjcwd.  Nu][)c]ical

jlltq;]atimls  d incrcasi]lgly  loII~; tillles  jllto tlIc futuw jlldicatc’  tlIat  I’luto  cwisls  ill

a dylalnical  ]Iicllc - C.cmsisti]l?;  o f  scvcIal  lcsolIal Iccs wllicll ])mtw.ts  it f]o]ll C1OSC

Olcou]ltcl”s wit]l t h e  ~;iant ])lal Iets, l)ut wlIicl I Inay also j]ltroduc.c  a chaotic. COIII])O

IICIIt ill its motio]l. ‘J’lIc WtCIIt aIId clIaIacteI  of this dylla]llical ]Iic.llc is dcsc.]ilml.

‘J’IIc cvn]da.ce]nmt  of l)]uto  in this niche rcqui]cs SOIIIC  dissij)ativc  mcdlallis]n  j]l tlIc

eally IIistory of tlIC %lar Systcm. llre discuss two ori~;iIi  sc,e]lalios fo] t]lis unusua]

orl)it,  onc i]lvokill~ a c.atastml)llic.  :,iallt  iln]mct, the otllcv a rclativdy  dcw  cvo]utio]l

of tllc orl)it.

1



/
‘J’IIC lic:lioc.eJltric  ll)otioJl of l’l LJto is of p,rmt  iJlt(l  (:s( for s(vcra]  IcasoIIs.  It is illtri  Jlsically

illkl’c!still~  kaUSC ]’]lJto’S  OJ’l)it  dc]wts w!]’)’ si~;Ilifi  CaJlt]y  iJl dlZIJ’ZJC.t C1’ fJ’0111  t]l(! LJSUZJ1  wdl -

S(:])~l atd, JIC:\l’-  Cil’C. LJ]2Jl’ ~lld CO ])]~ll~J”  ol’hik of tll(! lll:~joI”  ])lfiJl~ts  of tll(; ~[)]al’  ‘ystcl]l.

])ul”illf,  OJIC COJll])]CtC l’C~rc)llltic)ll ~11-)~)lJt  tll~ ~lJll  (ill  ~ ])~J’io(l  of ~4~ y~~l’s ~1~ a lJl~~ll  ‘]ista])cc

of al)()~lt 4(I AU), l)luto’s llclioc.clltric dista Jlcc cl IaII~,cxi by al]l)ost  20 AU fro]]) ])oilldioJl

to a])l}(:lioll,  aIId it Inakcs cxcu Jsio Ils of 8 All al)ovo aJId 1 3  All l)c]o~~’ t,llc })]al]c o f  t,]lc

di])tlic. (see l“i~;urc  1 ); for zi])])loxill-latcl~”  ttvo (I(:GI(I(5 iII cv(:Jy oll)ital ])aio(l, l’luto i s

(][EW to t]l C SIIJ1  t]l:LJl  hlC])tll  JIC. l~IJJtlICII~IOI(:,  l)luto  is ac.mllll)a)liul  ill i t s  orl)it  :Il)(NJt

tlllc Sllll  l)y a lal”py satdlik,  ~]ltIJ”Oll; t]l(! ]{il’~,(!  JJJM+S  l’dtio  Of (;]1211”011 to l’lllt~) ll,~~l<~:s this

t’nlly a l)i Jl?ll’y  ])lallct’. ‘1’IIc oli~il]  aIId stal.)ility  of this I)illary  l)laJICt  ill ~ 1’(!0’ ])(clJli:~I’

orbi t  ill tll(: outcJ  IG3CIICS  of tllc ])lzr IIctary systcIJI  is a fascillatili~; qumtioll  ill ~olar SystoII

(lyllall]ics :~IJ(] lnay  1101(1

l)llltc)’so  ll)it:ll  IIistory  is

this systxIII (cf. c.llal)tcm

Clllc!s  to  ])]:i Jld fol”l Jlat’ioll ])1’O(X!SSCS  ill t]l[: outer S()]:i J’ SyskIn.

also of ilJl])ortal)c. c foJ’ t])(! ~,co])]lysical aIId c]i IJ)atc cvo]~ltiO1l  o f

i]) ]~[ll,J{  l’lif~l’l{;l{~l’ll’;i$  tIJI(l A?’hlo,$}’l]J;l{l;S).

]t\VtlS 1”(!(:()~;Jli7,C(]  C~l’]J’()Jl t]]at])][]to’s” orl.)itjal ])(3’;0(1  is (!xactly 3/2 that Of hTC])t,lJJl(!.

olvill~k) tl)isorhit,al  IMHIaIICCa  IICl l)l~lto’s  l~l:,~~’(:((l~tli~ity~ll(l  iIl~liIl~tjioJl) tll~’ lls~l~l

“ ]Iavc l.rccII o f  lin)itcxl  US(: i]] dctcrlllil)ill:,  tllcallalyt)lca] IIlct!l]o(ls  o f  cdcstlial lJICC]l:illl CS

101):, t(’1’111  IIlot,ioll of l’luto lllldcl’  L]](! iJlflucllc(’  of ])(’J’till’l)iifi[)Ils fl’olJl t’llc gial)tj  ])lallds.

‘J’]l(:rcforc,  IIImt  st,udics  of ]’lutlo)s orl)ita]  dy)lalllics  l)al’(:  illvolvcd  lluJncric.al illtcgratio)ls  of

illcrcasil]gly  loIIg ti]ncs. ‘.l’l)c cllc)lll)()(lsi llcl(as(:iI1 cc)lJl])lJtill$ ;s])ccclf :i(:ilitz~tccl  l)]’ dif;ital

C. Olll])UtC!l’S  ~i]ld fFIStCT lllJIJ”l  CTiC:~] illtC/;l’~tiOll al{:olitl]ll]s ill IuxHIt  y e a r s  lImv allows  tllc

cx])lcrratioll  of ])landaIy dyllaInic.s  over billiol] y(.:ar tilllcscalcs  writ]]  rclativccasco  W(> lIo\v

kllowtllat  l)llJto’slc)l]gtclIJ-l  lnotiol)  cxllil.)itsa  rich valictyof  (ly]]a]])ical ])lI(:IIoIIIcI  Ia: tllc

StJ’011~,  lllC~ll lJlotiOll l’C!SOll~tll C(! \\’it]) h’c]~tllll~) .WTcral l’csollallc.cs  ZIJld IIctlr-l’csoll:ll lc.cs wit])

tlIC secular ]])otiolls  o f  tllc p,ialltf ])laIIck, as Iv(:ll as c\’idcJlcc  of [Ictcllt)illistic.  diaos.  ‘J’l]c

1111 tlIc iIttc Icst of ljrcvi(y, wc will refer (0 tlIe IIclioccllt]ic ]I]o(io]l  of tlIc co]tcr-of-llmss of tlIc I’ILILo
(~lIalmlI lJil]z\ry assilll])ly tl]atcJf’1’llJto’.
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];ittclisc’s ])cciall~’cll  lic)lls, l.)ccallsc  I)lll))clicalc \'iclc I)ccalsc)s ll~,p,(:sts tlI.3t ovcrl)illioll  year

tilncsca]cs l’]llto  i s  sccurc  froIII I])zic.lc)sc.o] )icall  J’ lar~~(’ cl]a]t~;cs  ill its orljital  ]MIaIIIct,(m.

‘1’ltis  co]]l])licatld  (Iy]]a]nics  lIas lnotivat,cd  t,}vollcw Sccl)arios fo] tl]corip,il)  o f  t,llis  orl)it;

it a])])cars  ])lausiljlc  t h a t  l’]uto  forll]cd  ill a IDol”c ordinary  llc:il-c.ilc~llal,  cc)-])lal]a] o r b i t

Lcyo]ld Nc])tuIIca]~d  ~vastlalls])oltccl  tc)itsc\ll]cl]t,  ])ccl]lial()I  l.)itl)yc  lyIltilllicall)  1c)ccssCs

ill tllc  car]y  IIistcmy  o f  tllc Sc)lar Systc II1. \’Vc IIotc tliat tllcsc  tllcoriw arc a  Strikil]p;

[Ic])arturc fmln t,llc  ea r ly  s])cculatiolls of l’]uto l)cill{:  a]) csca])d A’cl)tullial)  satc]]it,c.

‘J’llis  c.l)al)tcr reviews t,l]c Currcl]t  statcof  l{lloJ1’lc(lp,cal)ollt”  tllcorl)it  of l’luto  a]]d is

t)lf,al)izcd  as fOlloWS. ScctiolJ 2 dcsuil)cs tl]c lIi’sk)Yy o f  l’luto)s orl.)it cl(:tcllI)il) atic)ll aIId

disc. (lsscs  tlIc q u a l i t y  o f  tlIc ])rcscllt c])l)clllclidcs iilId ]Jms])cc,t,s  fol iln])mvcIljcllt i]) t,]Ic

fllturc. Scxtio)] 3  (Icsclibm  l’luto’soll)ita]  Cvollltiol)  olI loII~, till] csmlm. III Scxtioll  4  IV(:

d i s c u s s  tllc II]dlallisllls  t,l)at, d(:talnillc  l)]uto’s  orl)ita]  stahi]ity.  1]] Scctioll  5 Ivc rcviclv

tlvo IIlost ])lallsil.)lc  scenar ios  fo r  tllc orif,ill of l)luto)s  orbit. Scctioll  6 sull]ltla]izcs t,]lc

CJ]a])tc] aII(l il)dic,atm  avcl]ucs  for futulc stu(]i(:s.

2. (:llrrc!nl!  01’1);1,

Altl]our;ll  }’luto~vas  discovmdil)  1930, tllclcc: xistl)I ~:(liscc)Jclyl)  llc)tc)p;la])lls  wllic}l  J)N)-

vidc  its ])ositliol)s  l)ack to 1!)14. ‘J’]lus l’llltjo  has  l)c(:II ol.)servc(l for IIcarly  80 years,  or 1 / 3

of its orl.)it ])(:riod. ‘.l’lic followill?,  osc.ula~ill~,, llc:lic)c.clitIic.c  lcl]]cIlts  ill tllc  J200() c.oordi-

IIate Systclll .31c tal{cl I fro]]) tl)c  II]OStj  rccolt l)lallctary  a]]d ]tIIIa I c])l]cl])clis,  ])]{; 245, l)}?

Stall  dish,  NcJvlIall,  aIId \4Tilli?ilils  (l{)!13)  and  Llsczi  Sllll/l’l~ltO1l )asslatic)c)f  135,()()(),()()()

(Ilclctic (t ~~1. 19S9), ‘1’11C]7  .31c l.)asd ()]I a])]) roxilllatcly 900  astroll)ctric ])ositliolls  ol.)-

srrl~cd OVCI II CaI]y Cjt;]lt, dccadcs. 11) additiol)  to tlI(: s i x  }<c])lc]id]] elel~lcllts (sclnilllajor

axis  0, cxxn]tricity C, i]]di]]atio]] i, ]Ic)clc Q, algu]l]e]lt.  o f  pcrillcliol]  cd , and IIlcall  allolllaly

ill), SOIIIC  auxil iary quallt,itics (I]]call  l)lotiol) 71 ,  orbital  })criod, l)cril]clioll distallcc q, slid

apl]cliol)  distallcc  Q) arc also liskd.
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l’luio’s  orbil, al elcmcnt,s

Cpmll h4Jl) 4( MO0.(1
([ [All] 39.’/’/445:1  41
c 0.2:)33182:1  55
i [d(!p;] 1’/.1348’/:1  3
Cl [(kg] 110.2?8631 cl 19
c,) [(kg] 112.98240:1  130
i14 [(k!?;] 331 .376:)9 :1 130
?7 [dcp;/day] 0.00392914:1 (i
]K!l’id [y]] 2[)0.8502:1  40
q [A(J] 2?9.6W86:I 11
Q [AU) 49.85004 ,1 73

‘J’llcsc  clc]])c]lt,s  arc afl’cc.tcd  l)y sllort,-])cliod  })laIIctaIy  }JcItIII1.)ati[)]Is. If tl)osc!  d’cc.ts al’c

ICI IImd, tlIc avcrqy (ova a fcw ccntlurics)  olbita]  ])criod is 24S y].

orbit (Ictjc]]l-li]latic)]l  for  olxcrvatio])  ti]]lcs l e s s  tlIaII aII orl)it ]miod ~;ivc b(:st ac.cu-

racics ill tllc obscrvd  arc of  tl]c  orl)it  al]d dcy)radcd accurac.ics  Clscwllcrc.  ‘1’llc  diflicultlics

skl)]lnil)~  frwn an incoll)])lctc  orbit, a]c c.onl])licakd  furtllcr l)y systcl)l  atic star c a t a l o g

(!1’1’0]”S. l’lllto)s  o r b i t  Sufli!l’s fmlll  llc)lllllliforJll  a(c.ul”acy: tl]c sclnilllajol’  axis is less wdl

k]low]) tlIaII tl)c })crilldiol]  d i s t a n c e  (Imillclioll  I)assa$)c  occurred ill 1989  aIId i s  iI] tllc

ohwvc(l arc), tlIc ])crillc]iol]  dircctiol)  a n d  lIIcalI .31101  ]Ialy arc marscr tl]al] tl]c  otl]cr a]]-

,gular clmncnts  (I)ut  tllc ]]lcal]  lol)p,iludc, .\ T h~-1 (1-l M, i s  k]]ow]l  ]Ically  all o]dcr o f

IIiap;llitudc  kttcr, ().000150), al)d tllc am] clli})sc  for tllc  ~)l~)it  ])c)lc  i s  ~:loJIC~tc(l  ~)y ~ to

1.

‘J’l Ic UI)WC]I orbi t  accllraq’ slIoIvs u]) ill ])rcdiciiol)s  of l)]uto’s  fu tu re  ]msitioll.  l)rc-

dicliolis o]lly a dccadc  l.wyolid (I1C l a s t  olmrvatiol)  am lloticcal.)]y  ill mm] (Sciddll]al]ll

ct a l .  1980, Standish  1993). At I)mmlt t]lc lcasi lvcll k]]o}v])  C.cmrdil)atc  i s  t]lc  ]adia]

distallcc wit]] a]) ullc.crtai]lty  whit.]) cxaxxls  10,000 klJ]. A future s])accaaft  lnissiol)  to

l)luto  wou]d  I)cu]cfit  froln  IIif;l]  c})l)oncris  a c c u r a c i e s . IJowcr acculacim cause  l)oilltinr;

llllccl’t;~illtics. ‘1’0 lnaintail]  tllc lli~;l)cst  accuracy  i]] tllc  future, i t  i s  ]]cccssa]”y  k ll-]akC

]Josit,iolla]  ol)scrvatiol]s and to rc~; ular]y u])datc  tlicorl)it.

3. I,o II?, tCISIn  evolutiol]
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]J; ];c tl]c  il)l)Clll}Ost  ]jlfillCt  h4C1’C.11]3’, tl)c  orbi t  of d i s t an t  l’]uto is distil]~,uisllcd  frolll tllc

ot,lIcI ]Jla]lcts  l)y tllc si7jc o f  its cccc:]ltric.ity al]d illdillatioll. ]’i~,ll~ ]  s]]o~ts  {])C Oll)its

of tll(!  five Outc!l” plaJK!ts. ‘]’]Ic extent of 1)011]  radial a]ld c)~lt-cjf- ccli])tic.  -])lallc cxcursiolls

far cxcmds tl]osc  of all otl]cn lnajor  ])lallcts, l)luto)s  ]xlilldioll  dist}allw  is slnallc]  tllall

N(!ptllllc’s  IIlc!a]l  distallcc!  - iI)dccd  its ])mcIJt  ])crillclio)l (29.’/ AU) is slir;l]tly  sIIIallcI  tlla]i

Ncl)tullc’s  (29.8  AU, I)otl} wit]) sllort-~)criod  variatio])s  ] c]l]ovccl). ‘1’IIc qucstioli  ]Iatu]  ally

aliscs whctl)cr  CIOSC ap])roacllcs bdlwcm)  1 ‘Iuto  and  iNq)tullc  ])rcvcvlt  orbital stability. ‘.I ‘Ilc

si7,c  of LIIC cxxmlt,ricity  alId i]ldil)atjioll  of l)]uto’s  orl)it  alId its Cross ilig; ])c:ri}idiorj  do IIOt4

II Ial(C it al I at, trractivc  subjcxt  for studim I}y alialytica] ])cltIIIl):Iti(JJI  tl)cwry. Co)]squc]jtlyj

IIu]nmical  illtq;rations  haw dolnillatd  t)hc stlldics  o f  l’luto’s  orl)it  Cvolutio]) alId tlIC

sj)u:d  of avail a})lc wln])utms lIas lilnitd  tllc  lcIIp, tlI of tlIosc  il)tq;  ratioj]s. oi’CI  tilt: ])ast

tlIICC dwadm  tl~c suc.cxssioll of inte~;latic)lls witl] lol If;m aIId lo IIF,m til]lm is tmtil]lo)ly  to

tlIC ill~]-)l~)~~clI-lcl]t  in COII-I})UtCI  S])CCXI  aIId i]l]lovativc  ])u]])crical  i]]tc~;ratio]] alg,oritllllls.  A

SUIIII IlaIy  of tlhmc IIulnuicd  illtcg,ratiol]s  fol]o)vs.

N~lmcrical ln{cp;rations  of l’]uto

Autl)om

CO IIC1l &. 11 lll)lXH’(1
~O]JCll , ] 1 ub~m]-d  $?.
\~li]]i~,,]s  & )](:]]s0,

Collcl]  , 11 lll)l)al’d  &,
l{il)os]lita  & Nalwi
h4ilalli d al.
A]qdqytc  (t ([/.

1’111) l)atc

1 9(7)
Ocstcl’willtcl’ 1 9 6 ’ (

19’(1
Ocstmvi]]tjcr 19’/3

19s4
19S(i
19S(i

SussInaIl  & Wisdolll 19s8

l{ic.hardsol]  & Walkm 19s8

Mila]]i, Nobi]i  & Car])illo ] {)s:)

Quillll,  ‘1’rmllainc  ~’ l)u IIc.al I ] CJ{)]

\4~isdoIn  S7, ] 1 olIIlal I ] []()]

SUSSII-IaII L7, \47isdolrl 1 99’:?

S])al)

1 n I(JV
300 ky]’

4./) My]”
1 h4yr
5 hfly]

9.3 h4y]
?1 ‘i h4yl”
84[)  My]

1 h4yI
100 hjy]

3 My]’
] ])~J’

100 h’lyr

ColIJ])  ‘1 ‘ij)]c:

3 d

1 111

4 111’

14 d

6!) d

65 d
14 d
40 d

l’lallctal~~ ])cltll]l)atic)l-)s caIl l)C dividd into snort  and  loII?, ]mriod  Cfl’wts. ‘JIIIC sl]ort-

])criod  ])clt~lll);itlic)lls  dc])c])d o]! Ll]c ])ositiol]s o f  tl]c })odics ill tl]cir o]l.)its, i.c:.  o)l tl]c

:)
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r e c a l l  allCJJJ~ali~s  oJ” ]l-lcall  l~)llr,it~l[lc:s.  ‘1’llc loIIF,cr lwriod  dl’ccts,  colnllto]l]y  ca l l ed  sccula]

/

~)cltjllll-)atic)]ls, illcludc tllc  Wcular ]Ilotiol)s of llodcs al]d l)clillcliol]  dircc.  tio]ls  alId lolI/,-

})criod  va r i a t ions  in IIoclcs, ])criljclioll  dircc-tiolis, cccclltricitics,  aII(l illc.lillatiolls. l’luto

cxllil)its  rcsoIIal Iccs Jvit,h l~otll  ty])cs of ])cl(llll):tt,ic)l]s.

3:2  1((:s01)011(:(:

(;c)llcll  L'lllll~l}alcl(l  f)(;fJ)illtc~;l/ltccltl]  cfiI'cc )Llt<:ll)lilllc  tsfoIII?(),()O  OJ'1. ‘J’l)cy(liscc)l’clccl

t]]atl  tlllcorl)it,  of l)llltf)isl{)cl;c{l  ill a 3:2]IIcalI  IIlot,ioll  rcsol]allce  (cc)llllllclls~l  lal)ility)~l’itll

Nc})tu]lc.  l)urillg  cvmy f i v e  mlturics,  l’]llto  IJ)akcs ttvo rcvolutiol]s  al)d Nc])ll]]lc  tl]mc,

a n d  t!llc  two  ])lfil)[!t:

IIcal’ly rc])c’ats  (m!

loll~;itllldcs  of l’]uto

])crillclioll,  w,

])ass  011(! allotll(!l’  OII((!. Af(cl  fiv(: centuries  tlic  ~,coll)ctric.  ])attcrll

“i~;urc 2). A  IuwIIaIIcx:  ar~(lll)cllt, {), C: III 1)(! dcfillc({  usillt; t]]c )IJcan

:illd  h’c])tllll(!, A :(11(1 AN rcslJcctiIcl~r , aJI(] t]](! ]ollp;i(~l(l(> o f  l’l LIto’s

(j: 3A- 2A~r- w (1)

(;c)llt!ll  &~. lllll)l.)aIclf  ()lll](lt  llattllisal  $(llllclltjlil  jlatcszil)(Jllt  lSOC’JviLll:  ill? \l))l)litllcl(!c)f  ‘i(iO

Zllld a ])criod  of 19,700 y]’ . ‘1’l)c ill)])ortallc.(:  of tllc  lil)latioll  al)out  1 S 0 ”  call I)c SCCII  I)y

,~,,.i(,il]~; tt]]~ ](:so]]~lll(’,C  al’~lllll(!llt  :Is

#1  AJ- ~(~*T- ~), (:?)

1’. lrOll’lIltOtC)lJCat”  l)crillclioll  (JY :  ())  lv])i]cwllcrc Al’:  A -  w is  l)luto’s  ]l-ICa]I  a]Io]J]a -j

lmssillr,  Nc])tul]c  (~ x Ajv), tll(! l’(’sollal)c(:  al’{’, ulllcllt!,  ~), UWllld  IIccd to :I])])lo:ldl Zcl”c).

‘J’lIus tlIc lil.)ratioll  of q+ about  180’) ])rollil)its  v e r y  c]osc  .3])] )I(Mc11cs  aII(l c a u s e s  l’]uto’s

colljullctiol]s  with Ncptulic ( i . e .  tllc  co~lfip,{l]atic)ll  ~vIIc]I tl)c t~l’o ])lallcts  sl]arc tllc sa]nc

llclio(:cl)tliclc)  ll~; it~lclc)  to I)c doscr  to l’luto)s a])llclioll  tl)all l)crillclioll.  A] Iotl Icr ~vay to

u]]dcrsta]]d  tllc IwsoIIa  IIcc ])mtcctioll  is to ]Iotc Lllat tllc  lil)ratioll  of ~~ about  1800  ]ncans

that  at ])crillclioll  (J4 :  ( l ) ,  l’]uto’s  IIlcaII lol)~,iluclc i s  II[:ar {)00  ~\\,~ly f] ’()]]’l N(!])tullc’s

loll~,it<udc,  tll(:~cl)ya~  {)i(lillp;  (c)l) j~lllctiollsof”  tl]ctIvo])lal]ctslvllcll  l)lutocmsscs  tllc orbit

o f  Nc])tulie.  ‘1’llis  i s  slIo\fIJ]  in l’i~;urc ~? ill :1 coordinate  svstclll  rotatil)p;  Ivitll  Nc])tullc’s

6
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(:OIICII  and II U1.)IMJYI  sllo\w!d tlliit'  ()\'cl`  fi\`ccclltlll'y  c.yclcst )lcclistallccl)  (!t\\'ccll l’luto

and INc])tu]lc  l)as t,llrcx lnillilna, t])c s]na]]mt  o f  l]]c]n  (18 Al)) OC.C.lll”S W])(VI t]]c p]m]cts

llavc  silllilar  lldioccntric  lollt,itudm  a])d l’]uto i s  IIcar al)lldioll. ‘J1l  IC otlIcr tlvc)  IIlillilna

oc.c.ur c l o s e r  to l’]uto’s  ])crillclic)ll  (a~ tllc  sIIIall  ]oc)])s  ill 1{’i~,ilrc 2), I)ut tlIc!  loll~,itudcs

o f  tll(! t!~vc) ])lands  al’c v e r y  diflclcllt  and  tllc  {Iistallccs arc laI:cI. l“i~;urc  3 illustraks

l]ow tllc distallcc  Iwtwcml  l’lutlo and  Ncptullc  C.llal]gcs  duril]p,  tllc  20 kyr libratiml.  I t  i s

illtmcstillp,  to IIotc t h a t  l’lutm ]nakcs  c.lcmm (a])d IJ1O]’C  frcquc IIt) a})}~roacllcs  to lJlallus

tllal] to Nq)tu])c ( s e e  l“i~urc4). IImvcvm,  tllc  l)lutOUrallus distallc.c  varim so ral)idlyill

sllc.c.cssivc C1OSC  a})proac,llcs tjllat tllc U)allial)  sllolt-])cliod  ])crturlmtiolls  arc ]miodic  over

o]l]y a. fcw thousand  years  and do ]Iot ac.c.ulllulak  si~;  rlifica~ltly  cJvcI loII:,m  tilllcscalcs.

SulMCquCII,t  3(KI kyI and 1 h4~u iIltc~;Iatiolls  (COII(:II, ]]ll])had  &. OCStC1’WiJltCl” ]f)(;’/,

1{)’t3) lxwiscd tlIc libratioI1  aJnl)litudc  o f  f% to 80° aJI(]  s]i$,]lt]~ S]lOI’1, (!11(!(]  t)l[! ]i])]’al,icMJ

])mio(l.  I’;VCII loJIp;cI nuJncrical illtc~;IatioJts  siJ)cc  tllcsc or;:; i]]al stud~ui  IIavc colJfirJJlcd

tlic  3:2 rcxwiancc libratim  and t)lc  protcct$iolj  it ])rcwidcs  a~,aiJlst  d o s e  a])})rcmc.llcs  wit]]

N{! JJtlllK!  (SW ]“i~;U1’C  t)).

‘J’l Ic )najm ])lal)cts  cxl]il)it  sizal)lc  ‘(see.ula]” Varia(iolls  0]) tilJ)c s c a l e s  fro]n  46 ky] to 2?

h4yr, ‘1’IICSC  v a r i a t i o n s  arc ]Iot assoc.iakd  wit]]  tllc  f a s t  till)c  sc.alc  of tllc  orl)it,  l)miods,

l)utl wit]] tllc ]I]uc.1] slowm  ])rmxxsioll  o f  tlic  l)crilldia  and  ])odcs. l)uri])p, ColIcJl  a])d

11111.)l)alcl’soli~illal  120ky1ilJtcg;1atic)11 t]lcarp;ull-x:l]t c) fl)llltc)’s  l)clillclic}l],  cLj,lllovcclc)l  ]lJ”

1 . 4 ° .  IIccausct]lc  })rcscllt })clilldioll  and al)lldiol]  arc 16° out oftllcl)lallcc)f  tllc:cclil)tic,

tl]c })ossibility  rclllailld  tl]at tllc 3:2 lil~ratioll ~f’ould  IIot s u r v i v e  f o r  tilllcs  c.olnl)alal)lc

to cit])cr  tl]c  circulation]]  of tllc ])crilldioll  or tllc  s e c u l a r  })(:ltllll.]:itiolls.  l’;vmi if the 3:2

mmllal]cc rcl)lailld  lockd  i]] lil.)ratioli,  tl]c ])ossil.)i]ity  cxistd  tl]at tlic doscst alj])madl

distal)cc would  Ix dud wl)m] tl)c  cllcoulltcr  ]mil]t ?;ot c l o s e r  to lIIC ccli])tic  ])laJlc.  IIut

coll}ll)clltil)~ o]) tl)c  v e r y  s]olv ar~;ulllcllt,  of  ]x’rillc]ioll  l)]otiol]  dur~]lf, 1 ? 0  l{yrj  IIrouwcx

.,
1
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(] 066) su~;~mxl  allotllc!r ])ossil.)ility: ti~ lnir;llt lil)ratc iIIstcdd  of circulati]lf).

A  ]oIIp;cI illtc~,ratioll  o f  4.3 IVlyr  \Yas  ll]l(l~]ta]i~]} l)y \Vi]]ia]ils aIId IICIISOII  ( 1 9 ’ ( 1 ) .

NuIIIcTical avcTa~iIt~ tcc]]niqucs  wwc u s e d  t o  km]) tlIc c.oln])lltcr usa~,c Inodcst.  It was

fo~ll]d tl)at tl]c  arguIIIcIIt  of pc]il]clio])  lil)ratcd  aIOIIIId 900  JvitlI a 4 h4yr ]Jcriod  aIId a 24*

a]n])litudc.  l)uIiII~  tllc i]ltc:;ratioll  tl]c  lnillill]lilll distallcc bct~vccll  tllc ~~vo ])l~ll~ts ~vas

fouIld  to k 1 “i All. ‘J’lIc  lilhratioll  of (~~ kccjN tlIc c loses t  al)])roac.11  }mi]lt out of tlIc  j)laIIc

of NTq~t  UIIC’S  orbi t  maki]]p;  tl]c  ]ni]]in]uln  distal]cc  laI/;cr. IIot])  lil>rations  tclld t o  IIlakc

tlIc  cu]nulatlivc  pdurhations  smaller  in ]rla:;]litudc  tlIa]I  tl]cy wou]d otl]cnyisc  I)c.

‘J’IIC 4 Myr ])cricxlicity  of l’]uto’s  arguIncIIt  o f  ])cri]]clio]l  is  acm]]lpallicd  Ly 4 h4y]

osc.ills.tiolls of t)l]c  cc.ccl]tric.ity  and i]lc.li]latio]]. ‘J’lIc illc.lil]atio]]  varim  2° ])cal<-to])cal<  aIld

tllc cc.cm]tricity  v a r i e s  by (1.03. ‘J’lIc cxtmna  of tllcsc  c a]ld 7’ vfiliatiol]s  (o]lc a ]Ilaxi]m]lll

aIId tllc otl  Ic7 a ]I]i]li]nu]n)  ocxmr WI ICII Ld : 9 0 ’ ) .  I I I  otllcr \voIds, WlICII tlIc a])l]cliol]

CX)]It4raC.tS  toward  tlIc  SUII its latitlldc  i]]cwascs. ‘1’llis lIcl])s  t o  i]lcrcasc

Ncj)tu]lo l’]uto  distant.c.

l“or orl)iis of Inodcst indillatioll, ]JlaIIctary  ])clturl)atiolls  IIoIIIlally  dI

tl]c  ]ni]li]nuln

vc tl)c  ])c]illc-

]io]l ])mcessio]]  ])rof;radc. ‘J’IIC ]Jc]t~l]lJ:itic)]]s  hy Ju])itcr ,  Satur]), a]]d Ura]]l]s  fc)llolv  this

l)attcrl).  ‘J’IIC 3:2 cc)ll}lllcl]s~llal)ility  wit]} Nc])tu})c, llo~~cvcr, co])tril)utcs  a r e t r o g r a d e  ]~rc-

ccssiol].  As a lcsult, tl]c  ]]ct rate of ])rcc.cssioll  of I’111(0’s  w~ul]l(:]it  of l)t:ril)clioll  is al~vays

slnal]  and avcrat;cs zcm (tl]c ]ollgitudc  o f  lmillc]iol)  rak i s  IleF,ativc and 01) avclar)c  i s

CXl Ud to t,l~c a v e r a g e  n o d e  ra.tc).  AI1 carl-y attcl)]})t  (Ilori  and  (;i.ac.a~;lia  1968) h alJalyti-

CXIl]y c.om])utc  l’]uto’s  orbit  cvolutioll  l)ascd  0 1 1  tllwc-lmdy tlIeoIy (SUII, NTCl)tUIlC,  l’]uto)

fai]cd  t o  find tllc w lil.)ratiol),  I)ut sulJscquoIt Jvork based OII ])criodic  orl)its aIId sc]J]ia]]-

alytlic kc.l]]liqucs  usinr;  ]nultip]c  ]mturbil]g l)lal Icts  (Nacozy  alId l)iclll  1 9’(4, 1 978al.)) did

col~firln  tfllc m ]ibratioll. ‘J’IJc first dircxt llulllmic.  al intc~ratjioll  (no avcragill~;  tcclllliqucs

or scllli:illtll.yt)ic  tjrcatlncllt)  w i t h  a 101 If) Cl]our;]l  s])alI to cm]IfiI]I] tllc  Ld lil)rat, io]l lvas that

c)f ]<illoshita  al]d Nakai (]9S4)  IV]IO illtcgrakd  t]lc five outer ])]aIIcts for a ti]]lc  S] J?lll of [)

h4y]. ‘J’l]cyfoulld  that  tllc(~~li})]atio]]l]:i(l  :i3.8h4j]])(:]io(l  a]]d aII :i]]]])lit~l(lcc)f2;3°.
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\~~j]]iaIIIs and ])[:IISOII (]g’i’] )  ]Iad sup,[I,mtd t]Iat, l’luto Illi?,]]t cx]li]~it,t~fro ot]lcr “sccu]aI’”

rcsoIIaIIc(x il)volvill?,  l)lutc)  alId lXC])tuIIC’s  110(1(: aIId ])cril)clioll  l)ruxssioll ratcs aIId l)luto>s

a]g\]]Il~I]~ of ]) C).i]l[!]i C)]) ]ib]’atic)]), b u t  I,lleir 4 .5  hLlyr i]]tcflratio]l  Jvas ]Iot ]011?; cIIollglI  to

COIIfiIIII  tl]is  possil)ilil,y. Si]]cc t,lIat  Jvork,  ll-IIIC.ll  loll?,cr illtc~;ratiolis  IIavc bum ])crforlncd

( 1 0 0  My]’ 1  IIyl’, Scc Mow). lJOJI~,  ]miod  variatiol]s  of l’luto)s orbital  Clcl]lcl]ts w e r e

Iq)ortcd by Al)plcF;ak ci al. (1986)  i]] tllcir  210 hlyr  illtc?; ratiwi. s[)lnc of  tllcs(! }Vcl”c

sulxicqucIlt,]y jdclltifiul by h4ila]li CL al. (1989) ~vitl]  tlIc sKula I IcsonaIIc.m ]) IO] JOSCC1 by

Williall]s  &’llclJsoIl.

A1)])lcgI;atc  C{ al. (198(;) USC(I  a  sl)ccial  l)UI])OSC co]n])utw  - Lllc IA.(]ii.(tl  ol’)wg - to

1111 I1l(!l’i  Cally illk~;l’at(!  t]l(! 01’}. )ik O f  t]IC OlltCl ]dall CtS (t]K! 4  F,ialli ])]a]]ds  ])]11S a ZC!l”()-

lllaSS tes t  ]HII+C]C l’C]H’CSCIltiIl~; l ’ l u t e )  for :1 ]~(] h~yr. ‘1’llis was a lea}) b y  a factor o f

c., 4 0  ovm  tl]c  loI]8cxt illtc?,latiolls  till tl]atj  t,il]lc. l)]uto’s  orbit, w a s  dctcrmilld  to l)C

stahlc aIJd tl]c  prcvious]y  kIICmTJ]  lil~ratiolls  of ~~ al]d LO were ])rcscrvcxl over tl)is  til])c  spa]].

Soll)cil)tclcstil-l~I)c\v fcatul’cs also ClllCI’F;Cd. ‘J’l)c Lf.Jlil.)latioI)  wasfoul)d  tc) bclnc)dulatd

wit,]) a 34.4  ,hdyr ])criod, its alll])]iiudc  varyil){:  hctwm] w ]8° aIId w ~8° (] ’’ir;urc 6 ) .

lkcausc l’]uto’s c a n d  i arc strollp;ly COLII)lUI (Il)rouf,ll tl)cw  lil.)ratiol) ,  l.mtlI tlllcsc  orbital

clclllcnts also cxllil.)it si~;llificallt  validations. ‘1’IIc 3.8  h4yl oscillatioljs o f  i WCIC found  to

~J(I stwllr;ly Inodu]atcd by t]Ic 34 h!yr  j)criod,  aIId t]]crc wm’c illdic.atiolls of  (:VCII loII~(:r

])(:rio(l variatiol]s. }1 : csillw ~t'aslcl~()ltc( ltc)cxl]il)it:ls tl()llp;lI-)  ()(llllatic)1l  witl]a~’ihfyl

])cliod, as ~vcll a s  a 137 h~yl  ])criocl.

SussInaII  &, WisdoIn  (1988)  cxtcndcd  tllc  lli~)ital  orrcry i])tcp,ratiol]  to a till)c  sl)a]l

o f  845 h~yr. ‘~’llis  illtq;ratioli  collfilllmd  all tl)c almi’c f e a t u r e s  ill l)luto’s  ]Ilotioll.  ‘1’lIcy

a]so rcl)ortcd a  150  h4.yr ])criod ill tllc ~’a Iiatiolls o f  l)]uto’s illc.lillatioll  aIId illdicatiol)s

of a]J CVCI] 10 NF;CI ]xriod  of a])]~lc)xill-lately (W] hlyr. II

(Ictcll)lil)istic.  chaos  (sccbc]olv  al]d l’i?;urc 7).

All illdcpcl~dcllt  100 h4yr  IIIIIIICIiCal il]tc?,ratioll of t

$)

addition, t}]q  fou II(l cvi(l(:l}cc of

)(! outer ])l;ill(!ts J\’as ])cl’forll)c(l  Ly
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~l,c ], OPJGS’J’()])  ])rojcct  (SW ~o])i]i 19SS for a mviclv  of t])is  }~()]li). 111 a tlmrollg]l  ]M]xl’

(,.r, ~11 t,llc ana lys i s  o f  their ]Iu]]]erica]  so]utio]l  fol  l]lllfjo)  Mi]a]li  c[ al. (19S9) disc.ol’crcd tll IaL

tllcre was a 1:1 Cc)lllllocllslllal.]ility  betwccl)  tll]c  lil)r.zttio)l  period of cd and tllc circulation]]

])criod  of (fl~, - fl). ‘.l’hcy refer to this as a ‘~s~l])cl-lc  scj]lallcc”, a]]d idclltificxl tlic 34.5

h4yr lnodulations  with tl]clibratio]i  ]miod  of tl)cs~l])cl-lcsolla]lcc. ‘1’his  rcsollallccllas  a

{~col)]ctrical  CO] ISCCIUCI)CC  WI)CD Cx)nsidcrinp,  tllc  illclillatio]]  o f  l)luto’s orbit:  tl)c  3.8 h4yr

v a r i a t i o n  in tjl)c inclination  wit]] rcs]wct to tllc  illvarial.)lc ]Jlal)c is o])]mwcl  tic) tl]c  illclil]a-

tioll variat ions of  Ncl)tu])c’s  orbit (actual ly tllc  c.ocfficicllt-  associatd  wit]] tllc l)rillci])al

frcqumlc. y) so that  l)]uto’s  illc.lillatiol) wit]) rcslwc.t  to Nc])tul]c’s  orbit ])la]ic varies l)y o]]ly

IC’.

h4ilaIii d al. a l s o  attmri])tcd  to dctcr}nil]c  tl]c orjgil}  o f  tllc  loJIp;cJ  ])cJjod  ]xrturba-

tiol]s  and tllc si~,naturc of cliaos  dctcctcd ill tllc  ()]rcry ca lcu la t ions . ‘J’l)cy idclltificd  yet

allotllcr ‘[ SU1)CI- wsonallcc”: tl]c diflcxmcc of tllc lol]~;itudcs  of }mrillelio]l  of l’luto and

Nc])tul]c,  (w - Vc!ly C,]()$K!  t,o 1/3 o f  tllc 3.8rdjv),  c i r c u l a t e s  wit]) a ])cliod of 1.26Y My], .

h4yr circ.ulatiol]  ])cliod  o f  (ON - 0). (]lcc.ausc  o f  tl)c  fi]st  s~]})~]-] ~so]la]ic.c,  this guara]l-

tms a coll)lllc]ls~lral~ility  wit]] tl]cw lil~ra.ticnl  also. ) 1]] tllc  I, ON(;S’J’()]”  jlltcp,latioll, tllc

cc)lnl)illaijoll  {)f all f,lcs, (w - zd~l) 3(fljv - (1), l~ras c l o s e  t o  but IIot lodcd ill rcsoIIal  Ic.c;

l)owcvcr,  ill tlllc  orrcry illtc~,ratioll, tl)c avcla~~c  rate of tljis  al)glc }vas illclistillr;llisllaljlc

flol)]zclc)~~’itl]ill  ll~llllcricallcsol~ltiol~,  h4ila.lli  ci al. IJavcsuggcstccl  t h a t  tl)cori~;illof  tllc

c.l I:ios j]! tlIc  onwy ca.lculatiol]  could  bc this slI])cl.lcsc)IIaIlcc. Wllctllcx l’lut[) is IOc.kcd

i]] tl)is ImOIIa IICC mmaills an outstalldil]p,  qucstio]].

Cmnporison oji7ticglwtions

‘~ ’IJc accuracy of l’luto)s  orl)ital  clmncl)ts

o f  tllc  ou te r  plalld  lnasscs bcnditcxl  ~;rcatly

lIas illl])rovcd  Ivitll tilnc and ouI kIlcnvlcdF;c

IIIa SS colmct)iol)  aII d OIb; tl ul]ccrtlainticx  oll tlIc loIIF;- tcr]]] orljit cvolutiw]  Tvill be c.c)llsidcd

llcrc.  ‘J’l Ic 210 hlyr iIltcF;ratioll  by Applc~,atc  c1 ol. (19S[i)  a]]d tllc  100 h4y1 intc~,ratioll

o f  h~ilarli  ct al. (1  9S9) a r c  tljc  loII~,cst  tltat ]tavc IJCCIII  a]talymtl  f o r  tl]cir ful]dalncl]tal

1()
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l)y tllc dmivativc o f  tl]c  rcsollallc.c  argulncllt. CoIIscqLIcIItly,  rdativc lncall II)otion  UII-

cxrtlai Iltly is aln])lificd  hy two (Jl(lcls-c)  f-l]lap; llitllclc WIICII dctcrInilli])f,  lihratio)]  alnl)lituclc

ul}ccrtaillty.  1“0] tfllc nlca]l  lnoiioli  ullccrt)aillty  p,ivc]l i]) Scc.tioli  2, tllc allll)litudc  ul]c.cr-

taillty  is O.1O. ‘1’l]c two ])apcm  g i v e  ]wak,  ratllcr tllall IJlcal), li])ratioll  ali]])litudc,  a]ld

t]lcy  difl’m  ])y 2° ( 8 4 °  f o r  hdi]al]i  c.i al. aIId 86* for Al)l)lc/:atc  d al.). A s  tl]c  lil~ratioll

ccllkr  oscillaks  by 3° about  180° (Willizillls & II CIISOII 1971, h4ilalli cf. al. 1989),  tllc II]CXIII

liljlaticnl  ~tll-l})litllclca])])cals  tc)bcal.)out  82°, but is Sc)]nclvl]atl  Ll].]ccrtaill.

‘1’llclibratic)l]  period fc)ltllcalf;lllllcl]tof  pcril]clioll,  w, is IIcar 3.8 h!yl.  A})])lc~,ak  c1

al, ~ivc 3.796  hflyr aIJd h4ilani  d 01. fiIId 3.”/83 h4yr. ‘1’l]c 0.3% difl’cm]cc  is ])lausil)ly  duc

tolllass  clif~clcllc.css  iIlcctl ]clil.  )latioll  frcqucllc.y dc])cl]dsu])o]]  tllcsc][lalcl[)c)t  of a linwl

c.oll]l)illat,io]l  of all of t,l)coutm  ])la]lct  Inasscs, I)ut tllcc()cfli  cic]ltsc  )ftl](:li  ]]ca]cc) ]l-]l.)i]latic)ll

arc IIot l<llown. Assullli118  tl)at tllc libratioll frquc]lcy i s  dolllillzitcd  by Nq)tu]lc’s  ]nass

~;ivcstl]cripllt  size corrcctiml , hut tllc  Jvro])r;  si~ll.

]Iccausc  tl}c m libratio]l  i s  IcsolIa IIt with tllc  difl’crcnc.c  ill I,llc ]IOCICS  o f  l’]utc) a])d

NC]) LUIIC,  (fljv  - f)), coI)sidcratiol)  o f  tllcscllsitivity  o f  tl]cllodc  ])rcc.cssiol]  rate to outo

])lal)ct  IIlasscs sllou]d  ])cnnit  .3Cljustlllcllt. ‘J’llis  CaII CJIIly  }JC dCJIIC :i])])lc)xil]latcly,  but

tltc  Zi])])lc)xilllatiol)  fro]]] IJa])lacc- l) fip;rallgc  tllcwy is  I)cttm kllCJWIJ  t]l~Il  t]l:lt  fO1’ t]lC Ld

lihratioll. l~c)r l’luto)s  avcraF;c Ilodc rate,  l.wtlI illtc~)ratiolls c o r r e c t  to - 0.3502’’/yJ.  ‘J’IIc

avcl’a~;c loll!; itiudc o f  ])cril)clioll  r a t e  JYill  bc tllc  saInc (owill~,  to tlIc  Ld lil.)ratiol)).  l’or
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c1 al.).  Mass c.omxtcd,  the p e r i o d s  fcn a full cycle of (flfi~ - Q) am 3.791 h4y1 .3JICI 3.’/81

ATc]jtllllc's  aI'clag;cl  ol]~,itllclcc  Jf])c)il)clic)l]la  tcisals ()c)fiI]tclcst.  IICIC

i s  (;ood wld  a JJIaSS corrcctcd va]uc i s  0.6730’’/yI. ‘J ‘I]c difl’crculcc  of the

tllc  agm!lllcnlt

loIlf,itludcs o f

l)CI  i]lclic)ll  Of ]’]~lto a]]cl Nc])tullc,,  (W - 2UAT), c.ol]ll)]ctcs  a c.yc.lc  ill ] .26”/  Myr, very c.]osc to

1/3 of tl]c  ])cric)ds  of tllcw libratiol]  al)d t,l]c circulation] of (CljV - (1). l“or tlIe coll)biI]atioI]  of

aIIp,lcs, 3(0 - ON) - (WNJ - o-J),  t,lIc. IIJaSS c.oII CXM rak for A])] )lcgatc  ct. al. is 0.002.4’’/y1,

al~out IIa]f t}]c h4ilal)i ct al. va]uc  o f  0.0051’’/yr. Wc cal]llot  ])rcdict  wl]ctl)cr  tlllc l]]ass

c.orrcc.kd  va]uc  of  A])]kp;atc  ci al. wou]d  k l’CSOllalli,.

‘J’l)c  illabi]ity  to COI’JWCL  to t]tc SaIIIC I’ak!s ill t]Jc t w o  il)tcf;ratio])s  i s  duc to smnc

col]]l)il]ation  of tllca])])1C)xill12~tioIls  usd for tllc  lIIass scI1sitivitiw,  tllc  rcsoIIa  IIccs,  difl”cxnltl

iliitial  col]ditions  f o r  tjllc  ])lal)cts,  fiIId  IIlodclil)f;. ‘J’lIe ])lal)ctary  orl)it,s  ltavc  IIOW tvwl

fit Usill?;  the iln])lovcd  ])lal]ctary 111.asses alId could  serve as st,artin:;  c.oJlditioIls  for loJIg

illk~;rat,  iol]s.  1{.atl)cr  tlIzIII  tryil]g  t o  rccollc.i]c  tllc  col)scquc]]ccs  o f  dif[’cmlt  lrlasscs  alId

il]itial  col]ditiol]s  of ])ast  il)tc$;rat<iolls, tlIc tilllc  scclns  li])c to ])crfolll]  IIcnv iI]t,cg,latioIls

wl]icl] clilnillatc  tl)mc ul)ccrtailltics.

‘J’l)c  aVC!l”aF;Ck)  rak is ZCI’0, Lut  t,l]clibr{itioll  c a u s e s  tllc  rakto vary  wit]] tiInc. ‘J’lIc

avcra~;cw  t~IllJ)litll{lcfIojll tllc twolollp;  illtcgratiol)s  is bctwccn ?.1” aIId ??,O. ‘J’l IcIcslIould

I)c a slnall  il]flucl]cc  of t}jc  diflcrcllcc  ill tl]c Nc])tul)c  II Iass, al)l)I[)xiI1-)atclJ~  ( ) . lO , OIJ tllc

aln])litudc.

4. l)yJlamicd

‘1’IJc dominalltl

]llass is flv 10- 4

to collsidcr tl)c

a s  tll]c  IIlassivc

s{al}i]i(cy  ancl chaos

])clt~lll.);lt,ic)lls  o]] 1’1111,0’s  lnotioll  alisc froll) Ncptul]c.  IIccausc  l)luto’s

tl]at of Nc])tu  IIc, tllc sill) plcst, II Iodcl foI alialyzijlg tllcsc ])cItllll.)atiol~s  i s

])lanar  r e s t r i c t ed  tl)rcc  body  ])101.)IcI1l collsistili:;  of (IIC SUII aIId Nc])tu]lc

])rilnarim  in circuldr orbits  aljout,  tllcir Cclltcl  o f  II-lass,  aIId ]’]LIto a s  a

] :2
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,Ilasdcss  kst ]mrtick ‘] ’]}iSl”IIOdC!]  ]JaSt]lC  illl])O1tallta(  ]\ ’alltaF;Ct]lat  t ] l C S t l ’ l l C . t i l l ’ C ( J f t ] l C

~}]tdsc sIx-icc can  bcvisualizcd  in a ~j.]) s~llfa~~.c)f.s~~t,ic)l).  ]11 SUC]] a ]}i~,tllle,  qllasi]~criodic

(i.e. secularly stal,lc) motion a],pcars a s  lmil]ts  that Iic ml a s]nootl), C.lc)sd  CUI’VC>  wl]i]c

c h a o t i c  (or sccular]y  u n s t a b l e )  motim]  a])pcars  as ]millts that  fill u]) a 2 1 )  rcF;io]]  (SW

llc]~o]]  1983 for furt]lcr  ddails).  l“iF;urc8  slIcws tllcstlucturcof  tl]cp]lasc  spacci])  tllc

vicinity  of I,ltc 3:2 A1cptunc-l)luto  rcso]~anc.e i]] tcrn~s of  c.allollic.al  rcsona]lm varial)lm. III

ObtaiJJil  JF; t]Ji S Sill’faC.C-Of-SCC.tiOl”l, tile value  o f  the  Jac.ol)i illkp;ral  was  set  qua] to that

f o r  t,lic ol.)scrvcd l)luto  I)ut wit]) its illc.linatioll su])])rcsscxl. It is obvious froln this t}tat

skb]c  lil)rat,iolls  of  tllc msona.nc.  c all~,lc  aw }msil)]c  only  in a )iarrow r.eF;ioll 6f trllc ]jl]asc

S]mcc. ‘J’l~ca]~]jloxil]  latc]lalf-~viclt}l  of t]iis sta})]c~c sc)~lal}cclc f;ic)l] i]) knnsof  scmilnajcm

. .
axis  ]s o])ly A(( N 0..5 AU.  ljibratio]]s  w;t}] all-ll)litlll(lcF,r(:atcI  tl]all -’100° arccl}aotic.a]ly

Uns(rablco])  very snort tilllcsc.ales, (9(104 )?17-. ‘I’llcc)l)scl  l’ccllil.~latic)l]  aln])litudcc)f  l’]utois

8Y’, and isillsiclc tllcstlal)lc  ]c~;iol]. ‘1’111]s, within tlllisa])])lc)xill  latcll-lc~(lcl,  ]’luto’s IJlotioli

is l)oulIdcd  all(l stal)lc for all t)illlc.

'J`]lcc~llcsti()l  lllai~lla]]ya  liscs\\'  lict]iclt]]c  ~Il()ti(J1]  lcll]aiJ]ssLa}~]cil]  t]lc]c:~]isticc  .asc,

ill wllic)l l)luto  IIas a noII-zcm  inclination]], Nc])tu  Ilc)s  orbit,  is l]ot o]] a fixed c.irc,lcl)ut  IIas

a sll)all ccccntlric.itly  slid  illclil)atioll,  and  tllc  ])cltllll)a.tic)]ls  d tllc  otll]cr  })lancts  arc a l s o

il]cludcd. It call l~c ar~;ud that tl]c third  dqyx:of  frdom (1’luto’s  illclillatioll)  l)y i t s e l f

wi l l  IIot make  the  orl.)it unstal)]c.  ]Iowcvcl,  takilif,  .3 Ccoulltf of tllc IIon-circu]ar  orbit  of

Nc])tu]lc,  and tllc ])cl’t~ll}.)zitiolls  o f  tllc  otl)cl pla]]cts  il)troduccs  ]Ic~f’ dyllalllical  fcatuws

wltosc  cfl(:cts  o]} l’]utm’s IO]IS tc!r]n o r b i t a l  s t a b i l i t y  arc IJIOK difiic.ult  to al]alyzc.  ‘J’IIc

IIIOSt  siF;]]ificallt  of tllcsc is t]]c w ]il)ration  dcsmibcd  ill t]]c ])mvious  s e c t i o n .  ‘J’IIc IIigll

illc.lination  of  l)luto’s  orl>it to~;ctllcr  ~vitll tllc  (d lil~]atioll hcl])s to kcc}) l’]uto’s  ])crillc]ioll

o u t  o f  tllc Ccli])tic })lallc, al]d thcrcforc  llcl]ls  rducc t h e  lna~,llitudc  o f  t h e  ])lanctary

])cltlllljat,iolls. Otllcr wcmk resonances (’(sll])(:]-lcsollall  ct:s’” ill IVlilalli  ct al. 1989)  t h a t

]]avc!  1.WCIJ idc]ltificxl iJI t h e  lo]lg tcrlll  IIul]lcrical  illtcgratiolls  o f  tllc c)utcr ])lancts  .31s0

h a v e  (IIC cflcctl of  illcrcasill~  tl]c c.loscst  a])pmac.11  distallcc I.)ct]vcc]l  l’luto  al)d Nq)t,ullc.
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01, t,llc Otll(!r lIand, it i s  Ivcll cstal~lislicd  tllatj rcsollallcc rcf;ioIls  am acxx)m])alii(xl  by

,.
cIIaotic.  ZOIICS in ])llasc’ S] MC. C. ‘J’l Ic ]clm’a]lt  []11(’StiOII, l,llcrcforc,  is wllci,licr  tllc  dyl)alnical

ljrotcc.tion  lncd]al]isms rcnairl  IotJust for a suflicicnltly  wiclc ra])p;c o f  initial  col)clitio)ls

al)d ])aramctcrs that cncO1n]mss  tl)osc of tlIc  actual Solar  Systcll). WC discuss tl)is  I.)clow.

C h a o t i c  solutiol)s  of a dynamica l  systcnn arc dlaractcrizd  I)y all extreme  sm)sitivity  to

i]litial  mnditimls  wl)ich is Inost  dircd]y lmasllmd by its maximal lJya))LIIIOV  CXl)OIICIIt,  ll.

‘1’llis  is tllc quantity t,llat measures t,llc rate of Cx]mllclltial  divcrgculcc  of two Lrdjcctol  ics

ill ]Jl]asc s]mcc  that initially  arc arbi trari ly close to cacll otllcr:

(3)

IICIC d(0)  is  tllc i n i t i a l  sq)aratiol] ill ])l]asc spacx  and  d(i) tlIC sq)aratic)li  at till]c  t. III a

rct;ular  rq;ic)n  of l)hasc  space, ]’  is  mm; in a c]]aotic  rcp,iml it is fil)ik  a]ld })ositivc. ‘J’lic

] ’- ] . ]], l~la~,ti~c, ill llull)cricalassoc. i.atlcx] til]]csc.alc for chaotic. divcr~c)lcc  of orl)it)s  is 7;,  I

m]wril])cntjs oJ)c dctcrmillcs tllc socallcd  fillitlc-tilllc II]axilnd  IJyal)u]]ov cxj)ollcl]t,

<1, !11 d a d )

f’
(4)

wlJc:rc d(0) is s]nal] but llml-zero. ‘J’l Icl I, a t  illc.rcmil]gly  larp,c f, ~ asyll]])totic.ally  a])-

])mac]lcs  1 ‘.

‘1’llc  l,yapul)ov Cx])o]lc]lt,  ~, for l’]uto’s  n]otio]] l]as ]low l.wa] dctcrlnillcd ill s e v e r a l

1011$;  nuIIlcIical  intcp;rations. III tllc fiIst o f  tl]csc (SussJIIall  & Wisdol~l  1988),  tllc orbits of

tllc four lnassivc oukr l)lallds and a lnassless ‘(1 ‘]ut o“ were illtc~ratd for a pmiod  of 845

Myr usin$; a  s])cxial  plllposc CO III]) IILCI (tllc l~ifgiiol Om.ny) al)d tllc lnulti-stq) Stonnm

iIltcp;ratol. ‘J’IIC m a x i m a ]  lJyal)UlIC)V  Cxl)cmcmt  lvas found  to lm 1 0 -  7“3  yJ- 1.  111 a ]norc

rcmltf dlort,  tlIc same syskm was intef;ratd  for 1 IIyr wing;  a sylnplcc.tic.  lnal)~)ill:,  l]letlld

(Wisdo~],  & IIolman 1991) .  l], tl,is  ,sork, ]  ‘]uto’s ] ,~:i])llJloV cx]mncmt  lVaS  ]q)ort(d  t o  h

‘~consistc]ltl  lvitll))  that  obtaillcd  ill Suss]na]l  S’ Nrisdoln  ( 1 9 8  S ) .  Most, rrccnttlyj  scvcra]



/
~jff’crcl)i  l)ull”lclicd  CXpcrimcllts  J$’crc! l’C])C)ltCX] i l l  $lISSIII?III (!!’, \~fiSdOIIl  ]  {)()”:/. ]11 C)ll C! Of

t]]csc,  all 9 ]Jl~Il~t$+  WCYC jII@’Y~tc(l  f~)l’ I ~~ h4yl; iII tlI~ ~)tll~l’  Cx])cl’illlcllts,  tlIC folll’  o~lt~J’

plaIIcts oIIly,  togdhcx  with a masslcss  1 ‘lute, w e r e  illkg,rakd for tilnc ])cxiods  l’all~;i Il$;

fro]n  250 My] tm 1 1  lyr. l~acll o f  t}lcsc  runs yiddc(l  a lmitivc  lJyapUIIOV cx}m])wlt  for

l’]lito, witl]  l,ya])uJIov  timcsc.a]c  bctwccm  1 0  hlyl and 20 h~yr. ‘J’llc  Value of tile l,ya])ullov

cx])oncmt,  ol~tainc(]  is cvidoitly  sm]sitivc  to tlic  illkgratio]l  lIlctl Iod alId sk]) size used,  as

}~,~]] as to ~]i~]]t, c]if~~~~l)~~s  j]] t]l~ ll-l~(]~]illF;  al)(l  ill ])]allctaly lIla SscS and initial c,ollditiolls.

‘-1’IIc dlaotic  d]a.ractcr c)f a dyllamic.ztl  systmII also lnal]ifcsts itself in the lmvcr sl)cc.-

trlIII-I of its dynamical variables. l“c)r rq;ular (c]{lasi]~clioclic)  motion, tllc ])c)wcr Spcztl’llln

lIas discxk li]lcx cmnposccl  c)f linear coll)l.)illatic)l]s  of tllc fulldalnmtal  frcqucllcics  of tlIC

systwn. IIowww, for irrq;ular  (chaotic) lnotioll, tllc  ]) OWC!l’  S])(!drull”l  h a s  a 1)1’oad  I)and

c.oIII])oIIcIIt.  in their 845 Myr intq;ratio]] ,  SllssllIall & Wisdoln  (19S8) rq)c)rtd  j[lst,  t]lc

l a t t e r  ty]w of  s]wctrull)  f o r  l’luto)s  h = csi]l cd, thus  ])mvidill~  col]ol)ol-atic)ll for tlIc

cllaotlic cl)aractcr of their numcrica] solution fo] l’luto’s orl)it,

‘1’IIc (Ictc]j)lillatic)ll  of a ]msitfivc  ljya])IIIIOV  CXImIICIIt  for a cly~lalnical  systcln  is usually  a

qualltitatlivc  col]fillllatlic)l)  of chaos that is readily ap])am]t iIJ tllc  tilnc cvo]utioll  of its

dynal])ical varial)lcs, IIowcvm, l’l[ltc~’sc)l~)itllas  lIow]wclI  ;lltrc:#;lalc{lfc)l;+O  100 tilncs its

lJya])~lllc)\’tilTlc,al]cl  yctl]()( )l)vic)llsc  llac)ticl~c llal’icjlisto  l.xfoullcl  i)l tll(!cl’c)ltltiollc)fits

orbital dclllcnts.

Cou]d  l’llltc)’sll-lotic)ll  Ixacascof  ‘(stal~lccll~~c)s”~? A]lcxal)l])]cof  “stal)lccl)aos”  lIas

I)ccn mportcxl  rccclltly  ill a  IIumcrical  study  of tl[c loIIf, tml~l cvolutiol]  o f  astmwid  5X?

llclF;a  (h4ilal~i  &. Nol)ili 1992). ‘I”his  astcmid  l i d s  d liyaI)UIIOV  tilnc of oIIly  6 9 0 0 ”  years,

yet its orbit  rc]-l~ai])sllalro}t’ly  mnfil]cd  for IIlorc tllali  IO(KI (ilncsits  l,ya])ullov  ti]llcscalc.

OtlICr ma]]]plcs  arc dcscril.xxl ill Gladlna]i  (1993) w]lcrc  chaoticorbitls  arc foul]d  t o  l.m

lmundcd  for tilncx  as long as 105 l,yapunov  t imes! l’crlIzqJs  tl]is sl]ould  )Iot co)nc  as a

C.onl])lck  sur])rjsc: a positive l,ya])uliov  Cx!)ol]cllt  is a lllcasl[rc  of a local illst,  al.)ility c~])ly;
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l)illioI1-J~c:ilti  ll)cscalcs.  11)tllei184tih  4J'Jilltcp;1aticJ  I1,Sllssl]-)all&,  \l~iscl()lll(19  S8)lc])c)1tccl

t h a t  t,hc clivmp;cnc.cof  two  i~)itially ncarb-y l ’ l u t e s  saturaks  at a distanm of45  AIJ. It

w a s  ]Joint.cxl  out by I14ilani d al. (1 989) that  this  saturat ion should  lm Cx]xctcd  if tl)c

diflk:rclltl  l ’ lu t e s  r emain  ill a])pmximakly  ttlc  sa]]]c orl)its, but  siln])ly  d ive rge  i]] ])llasc

wl)ilc  ])nxmving  the libratioll  of q“ with an anlplitudc  IICaI 8 0 ” . ‘J’l]is  su?;gcsts  that  tllc

chaos dctcc.ted  Ly Sussman & Wisdom does l)ot afl’cc.t  tllc  stability of tllc 3:2 rcsol)al]ce

lil)ratio]). h~ila~ii  d al. ltavc  argued  that tllc orir;ill  of tllc chaos is  onc  o f  t h e  w e a k e r

sl]l)c]’-]cso])a]~ccs  and t h a t  the })c)sitivc  IJya})ullov  cx])oncl)t  il]dicatcs tl]at 1’111(0 ]J]ay he

]~car a cl)aotic orbit  associatcxl  lvitl]  t h a t  lcsollallce. ‘J’llcrcforc, if l’luto does i]]dccd  live

in a chaotic.  ZO]IC, t h a t  7mc is cxc.ccdingly  IIarrow. Wllctlicr it is mlIIIcctcd to a l a rge r

cliaoti(  7jOJlC  (wllidl would allow larpy sc.alc cllaotlic  cl]all~jcs  ill its orbit, sucl] as IIa])]mlls  to

as t e ro ids  IIcar t,he 3:] Kirkwood  Gap (Wisdom 1988)) wnains aII O])CII qucstioll.  A fl)]al

l)oillt  to IIotc  llCIC is that Lllc Sussman  &7, Wisdc)lr]  calcu]atiolls  used  a value  for NcJ)tul]c’s

IIIaSS w}licll  is off l)y about 0.5(70 frmn itlc mlrcckd ])ost-\~c)~’ziF,(:l  value; wc c.alll)ot  IIrcdic.t

lIow tl]is  Cmrrcctioll  wou ld  afll:c.t  tt]c IJyal)ullov cx}m]lcl]t c?\lculatioll.

(i. origin  of’ ]’luto’s orbit

According;  to the acc.cl)tcd  l)aradig;ln for tlic ori~il}  of tl)c Sol{ir  System, tllc ])lallcts  ac-

cu])lulatcd  i]] a flattcl)cd disk of dust and ~,as orl)itillp;  tlic youl]~ Su]) a])proxilnatc]y  4-5

IIyr a~;o. II)tcrna]  CIissi])atil’c])lc)ccsscs  cfJiciclltty  dall)]xxl  tllc ralldo]n  IIml-c.irc.ular  and

out-of-l)lal]c  IImticnls of tllc fo rming  pla]]ct,  s, and, as a rcsu]t,  ttlc  ]])ajor  planck  lllovc OII

l)car]y  cilcular  al)d co-]) lanar orbi ts . M e r c u r y  and l’]uto arc tt]c strikins cxcc])tim)s  to

ttlis /;cIIcIal ru]c, l)luto  l~einp;  tl]e IIlolccxtllcll]cc:isc.

‘J’llc ea r l i e s t  s])cc.ulation  almutl ttlc  origil] of l’luto  was  a sllgF;CStiOll  b’$ ],~tt]~h])

(1936)  tl,at l’luto  may l]avc I,cc], a satcl]ik  of Nc]]tul)c  wl)icli  csca]d into a l,clioccn,tric

o rb i t  duc 1,0 a ram c.atastro]~]lic Cvellt. ‘J’llcl]lai]l ol)scr~’atio]ls tl]at IH1 to t]]is su~,p,estion
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/“ ,WC  t,l~at IJlllto)s o~~it CTOSSCX tl~~t Of N~])tllll~) a]]d that NclJtu~)c itsdf  possesses a laqy

sat,cl]itc,  ‘J’ritol],  silni]ar  ill Lri?,lltl]css  to l’]llto. \rarious  ]nca]ls  o f  accolnl)lisliing  suc}l

csca])c  ]Iavc I)cc]l c.onsidcrcd  i n  tllc  likraturc  (I)yttlcton  1936, llorcd(  1974, }Iarrirlgtol]

& Val] l“lal]dcrn  1979, 1{’arillclla  ct al. 19”/9,  IIorlllalld  & Woo] fsoll 1 9 8 0 ) .  ‘J’llis  llyJ)cJtllcsis

l]as fallen out of favor in rcc.cl]t  years as a result of i] II])rovd k]lowlcclgc al)out.  tllc c.l]arac-

tcristics  of tl]c l’luto  (ham]) systcln  wllicl]  stlc)ngly  supl)c)lt  its forlnatioll  in a llcliocm)tric

orl)it.  ‘1’llc  detailed arguments arc rcwicwcxl  ill tllc clla])t)cr  by StcmI, hld{illlloll  L’, l,ullil]c.

If 1 ‘]uto’s  formation was similar to that  of the otllcr })lallcts,  it would llavc  forlncd

ill a IIcar-circ”ular,  low inclination) orbit about tllc Su]]. lnclccxl,  it IJ]ay l]ave ken o]lc o f

several  small icy ])lanct,s t,}]at  forlncd  ill tllc outer ])lallctary  rq;ion. Its })ccllliar orbit  ]nust

LI]CI)  k cx])lai]]cd as a Icsu]t of ]Jost-fo]]ll:itioll”  dylla]]lica]  ])mc.csscs. 11(:1’c tvc su]]]lnari7, c

two  sccl]arios ])ro]mscd  lcccnt]y wllicll  a])]war  ])ro]]]isillg, III botl]  tlIcsc sw)arios, l’luto

fO1’lnCd ill a low-c, lo~v-i orbil

mquir(: a (lissij)ativc process

A .  (JIIOC)S  -I  G’ionl  inlpcict

Imyond  Ncl)tullc,  a]I(l outsid(!  tl]c  3:2 rcso]ItiI)cc; a]ld I.)ot]i

o  CVOIVC l>luto il]to its rcsm]allt Nc])tullc-  c.mssi~]~;  orbit,

A sc.cnario  that IJas bcc]l around in a gm]cral  way is tllc 1 )anviniall  s~lI~~iI’al-c)f-t llc-fittest:

Ilanldyl  t,llat l’]uto was onc  of a s w a r m  c)f silnilar  s]nall  bdics wllicll Ivcrc c.olltilluously

scatted  by tl]cir lnutua]  collisiol)s  into al]d out of tl]c  3:2 resonance Jvitll Nc])tullc;  ]’luto

siln})]y  hal)])cncd  to bc tllc o]le that  s u r v i v a l  t o  tlIc ])rcsclltj  tilllc ill its ])lotcctcd orbit,

wllilc tlIC OL)ICW ldics w e r e  rcIIlm’cd  l)y collisimls  wit]] tllc  ~;iallt  ])la]lcts.  ‘1’l)c cxistcllcc of

‘1’IitoII,  l)luto and Cllamn lcl)ds su])]mrt,  to tllc  idea  t list tl]crc lVCIC  otllcr  silnilar ice dwarf

~JlaIIcts  ill tllc outer  Solar  Systcln.

Nu~]]crical  calculations l)Y A])plcp;atc d 01. (19S6), Killosllit,a  & Nalmi (I 9S4), and

Olsoli-Skd  (] 988) ltavc  i n d i c a t e d  tl)at, givcll the cuncllt  )nasses  and  orbits  of tllc  gi-

al]t  l)lallcts, ]nost  l ) l u t l c - l i k e  orljits  l]car tl}c 3:2? A’c])tunc rcsol]al]cc  cxl]iljit  lalp;c  s c a l e

cl~aotjic  variations over very snort tilllcscalcs,  e., 1 O:’yr. ?{cccllt I)ulncrica]  intc~ratiolls  l)y

lIoIIna II &, IVisdol]l  (1 993) a]ld l,c~’iso]]  ,1; Stcrll  (1 993)  ltavc furtllcr cx])lord  tllc  orl~ita]

1 ‘[
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({j~]):imlcs  ]lc~]’ t)t~ ~:~ ?’i~])tl]]]~ I’~SolJ:IJjc~, ‘J’llm! alltllo]’sfilld  that t e s t  pa r t i c l e s  ])laccd

ill ini t ia l ly  lc)~v-ccccl  ltric.ity, IC)lv-illclil)atic)ll  orl)its  llcar this IcsoIIa IIc.c evolve raJ)idly  (OJI

W106yJ  i imcsc .a les )  into orbits wit])  IIip,ll  cccclltlicity  and  illclillatioll  s imilar  to that  of

l’luto. l{’~lrtllcllllc)rc,l  Jcvisoll  X'Stcrl]f  i]lcltl]atsc  )lllcc) ftlllcscc)  lljitscx]  lil)it1csoltallt  lihra-

t,iol)s of #, but  with large alnplitudcs  tl)atl  vary cllaotic.a]ly  bctwccll  100° a]ld 120°. ‘J’l]c

dyllalnica]  lifcti]nc of such c)rl~its  (be fore  a dose al)})roac.11  to ATc])tulic)  was found  to bc

sl)c)ri,, 0(]07)y I’, alt,l Iou/;l I ill soIIlc  c.ascs, tllc tilnc tofirst Nc])t\lllccllcoll)ltc] was  allnost.

1 liyl’.

ljcvison  &Stcml suggest tllata ‘(l’lllto” on such acllzic)ticc)ll~it  l!la~’l>cstal)ilizccl  by

]Ilca)ls o f  a collisiml  wit])  a  slnallcr  II-laSS  ho(ly.  III [llcir  s c e n a r i o ,  tlIc collisiol)  Icsulk  i])

tlllc forlnatioll  of  tl]c  l’lutOCllaml  bil]ary; tlllcorl)it  stal~ili~jatioll  is acxx)ll]l)lisllcd  if the

collisiol]  klloCliS  tllc  lil.)ratio]l  alnplitudc  of @ to a Valucslnallcr tllall  W80°.

‘1’l)is])ro])osa] isattracti~’cfolit  acc.ountsfor  tllcllip;ll  Cccclltric.ityalld  illclinatiol]of

l’luto’s  resonant orbit. IIc)l!(:t’clscfcra 1  qucstiol],s  rcgadil)t;  its ])lausil.)i]ity Icmai]]:  (i)

l’lutc))s  initial  l o w - c ,  low-i orl)it,  is rcquid to bc ill a v e r y  IIaIIOW lall~;c  of a; (ii) tllc

ulidcrlyillg dylla]nica]  rncdlanisrll  for tllccxcit)atiol)  of c aIId i is lJc)t know]];  the IIulncrical

ca lcu la t ions  Idy u]wl] tllc curmlt collfiguratioli of tlIc giant l)lal)cts; is tllc c,i exc i ta t ion

.ll]ccllaIlisII-l  sufficicllt]y inscvlsitivc  k) tl)c cvolutioll of LIIc o u t e r  ])lal)ct  masses aI]d orl.)its

duJill F; tllcir forlnation? (iii) tllc l\’illclcJlv-  of-( J])])  c)Itlll)it J~ for a (;llalf)ll-fc)lIr)iI)~;  iln])act i s

a  slIort ]miod of til Ilc a f t e r  l’luto l)ccolncs N{:]~tllllc-c](Jssill~,  aIId I.)cforc it lIas a c . l o s e

cIIcou IIkI’ with Ncpiunc; (iv)  tlI(: tyl)(!of c.ollisioll  tl]at wwu]d stal~ili~jctllc  c.llac)ticc)ll~it  (a

~;clttlc  ‘(llll(l/;c” tllatj places tllc})lallct  Closctotlllccdr,c hut  il]si(lc  tl)cst:il.)lc liljlatic)ll mIIC

o f  tllc 3:2 Nc])tunc rcso]lallcc)  is diflk~m]t  ill c.haractcr frolll tl]c giant illl])act  Icquircd foI’

tl]eforl])atim] c)f tl]cl’llltc)-~llaroll l)il)ary; tl)cfollllcrill(]icatcsii vcryslllall iln])acior-to-

tarf;ct IIlass  ratio, wl]crcas  tlIc giallt-imljac.  t orip,ill for tlIc l’l LItc)-(;}I{IIc)II l)inaIy iI]vc)lvcw

llmrly cx-equal colliclillf;].)oclics. l“ill ally, tl]c ori~,ill of tllc u lil}ratioll aI]d tl]c other  secular

rcso]la]]cm  of IJ]uto  ]Clnaill [lll(lctc:llllillC:c]  ill this sccl Iario. lf’urtllcr s tudies  01] this ori~in

IS



,,lcldcl will Clc)ubtlcss  pmvc!  Valllal.)lc,

13. l(csollallcc:  CCJpilll’(:

l’hasc-locliing  as a result of some slow dissi]mtivc  ])roc.css is a l)l]C]IO]I-lCJIO]) well-kIIolvIl

j]) IIaturc.  in tllc Solar SyStCII-l, orbi t-orbi t  rcsol)allc.m  (as wdl as sl)i]i-orl.)it  rcsoIia Iiccs)

arc commonly found alnongst  the satellites of tlic giant  ])lallcts. (;a])turcjntoa?l  orbit-

orl)it rcsonancm  occurs  wllcm tl]c mbits  of two b o d i e s  ap]~roacl] cad) otllcr tl]mugl]  so]nc

dissilmtivc  ]) NKCSS. ‘JIIIC orir;i~i of  rcso]lallces  allml$;st I)laIIctaIy  satellites is tllo~lp;~lt  tO

Iw duc t,o t,ida] f r i c t ion  and js a W C]]  ~ll](lclstc)()(l,]  )llcl~olllcll()ll  (1’cmlc 198(i). OIIC of us

(h4all,otra  (1993)) has pm]mcd tl]at l’luto ,nay have bm, c.a],turcd  into tl)c 3:2 Nc~,tuI,c

rcso JJaI]c.c  dul’ing tl)c late stlagcs  of p]anctl forl)latiolll lvl]c]l  Ncl)tu]lc’s  orl.)jt cx])alldcd  a s

iI Icsult  of  all$;ular ]1’IomcntuIn  cxclla])?;c  wjtll  midua]  ])lallctcsilnals.

‘J’lIc  lnccl]allisln  is sulnmari7d  as follmvs. ‘J’l]c  F;iallt  ])]ancts’  ~ravitationa] dkcts

c.lcmd out, tllcir i l ) t c r -p lane ta ry  q,ions Ly scatk:rirl~  tlic  unaccrctcd ll]ass of plal)ctcsi-

lna]s.  (Some  f rac t ion  o f  Lllis  mass  ]]ow rcsidm ill tllc (k)rt  Cloud  of comds  ill a rougl)ly

isotropic distributio]i  surrounding tllc  planetary systclll  (\Vcisslnal]  1990),  but most, has

~)(!C!Jl ]ost froln  t])t! ])]a]]c!tary  systcln.)  A ])]allctcsillla]  Sc.attc!l’cd  o u t w a r d  gains  all~u]ar

II]olJt[!]ItIllJ],  wl]ilc  o]]c scattmcd illJvard  lo ses  ant, ular lnolncniuln  at, tllc cx])c])sc of tllc

l)]iiJ]ds.  ‘J’lIc  ~)adi Jx!acticnl of ])]al)ctcxilllal  Sc.attc!l’illg C)II t]lc ])lanCts C.allS(!d  t]IC l)]alld

orl)its to evolve. .  bnsidcr  tllc d“cc.t on N1c])tullc:  a])])lc)xill)atlcl~’  qua] nulnbcrs  of ])lal)-

cksilnals  arc scattcrcd  inward as outward; tllosc  ])lallctcsilnals scattered out}vards  })y t]lis

])lallct  cnd  up  i]] tjllc oort,  C l o u d ,  or rctur]l  to I)c r c - s c a t t e d . A frac.iiml  of tllclattcr

set is a~ain  scatltcd inwards < ‘J’llc  inwardly  scattcml  ])lallctcsilna]s  a rc  systcmatical]y

cjcctd  fro]n  t,hc p l a n e t a r y  systc]n  by tllc Jnorc lntissivc  Ju]~itcr  ]vllicll msidcs  illtcrior t o

Nc])tu]lc.  i n  d“cxt,  tl)c  oukr ICSS massivc])lallcts,  Nc:ptul]c  a]ld lJraIIus, traljsfcr  col]tro]

of tl]c  cjcc.tioll proc.css to tl)c  inner  Inorc nlassivc Jul)itcr  (a]]d to a lesser cxtc]lt,  SaturIl).

Nllmcrical  silnulations  confirm  tliis  F;cllcral  ])icturc:  Nc])tullc, Ura)lus  al]d Saturli)s  orbits

cx])and,  while Jul)itcr’s  orl)it  sllrillks  (11’cr]Iandcz  & l]j 19S4).

]:]
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l)luto.  III ]mrticular,  if l’luto’s initial orl~ital radius were SUC1) that tlllc 3:2 rcsonancc was

tile first,  lnajor  Nc])tuIlc  m+onance  to SWCC])  b y ,  l’luto tvould k ca])turcxl  il]to  this rcsc)-

]IalIcc. ‘J’llc rcsonancm  ca])t,urc  occurs  wit)] 100(% ])robal)ility  if ]’luto’s  i]litial  ccc.m)tricity

WC:](: sl~ja]]cr tf]]al~ - ().()3; t]~c ~,a,pt~lr~ l)~ol>al)j]jty is sll]allcl  for ]li~llc!r  initial ccxmltricitics

(1 ()% fOl’ Cj,,i,j~l R 0.1 5). 1]1 tlIc sukcluc]lt  cvo]utioll, a s Nq)tuIlc!’s  (Jrl)it  colltiJlucd t o

cxl)aIId, t,]lc rcxonallt pcxturl)atic)Ijs  illcxc:ascd  l)lut, o’s orljita] eccm)tricity. h4alhotra finds

il?IC followi  IIg rdat,ion l)e~wcm) l)]uto’s cccmltricity  al)d Ncl)tuljc’s  sclnilnajor  axis:

(5)

‘J’llis cquatioll  s]lows that  1 ‘ lu t e ’ s  c.urrcmt  Cccmltricity  ~vould l]al’c })~~11 ])1’odUC{!d  ~J~ j(s

c.al)turc  into  tl)c  3:2 rcsol~ancc  wl]cm P4c1)tullc’s  sclnill)ajol  axis \Yas a])])  roxinlak]y  25 All

(-5 AU ]CSS ~]JaJI its cummt va lue) .  IIy iln])]ication, l’]uto’s  initial orbits] radius was

w 33 AU. ‘J’llis cquaticm  also indicatcx a ratllcr  wmk dcpcn(lcmcm  of tllc fil]al  ccc.m)tricity

o n  tl)c illitlial  a al)cl c. WC IIot,c that iIl this sccIIa  Iio, }’luto is i n i t i a l l y  IJOt ill a NTcy>tul)c-

CMSSiIIF;  01’1.Jit; a]thOUg;h th~ l’(!SOllall CC fol’~cs t]l(! IliF;]l cCC.clltl’icitY c)]l ])lllto, it also  ])]’o~’i~l~s

]>rc)tlcxtiol~  af;aillst clc)sc apl)roacl]cs  during tllc cl]tirc cvolutiml.

h4al110tra’s  nuln(!rica!  silnulatiolis  c.o]lfirl)] tl)c  fcasil)ility  of this  tlIcory  fc)r accountill~;

f o r  {IIC obscmd  ccmmtricity  as \vcll  as the ol)seIvd ]ibratiol]  aln])]itudc  of ~~. 1 lut tl)c

tl]cc)ry  i s  IIc)t co)np]ctc: l’]utc)’s  higl) inclillatio]l, tllc m lil~ratioll,  as w e l l  a s  i t s  otl]cr

s e c u l a r  rcsonanc,cs  rclnaill  to Lc cx])lai)]cd. ‘J)JIC l-,-,a~llitll~]c  of t,]]c  r a d i a l  lilif;ratioll  of

Nq)tunc  (as wcl] as tl]c  other ~;iallt  ])lalIcts)  im])licd  in tl]is tl]cory  has otl]cr t,]lcorctical  and

obscrl’atic)l]a]  cc~nscxjllcllc.cs  that rclnaill  to bc Cvalllatd. ‘1’l]e apl)awntly  lli~l]  cf(icicllcy

o f  rcsc~nal]cc  ca])turc  and il,s ilnl)lic.atic)lls  for tl)c cvolutiol)  o f  otlim slnal]  ldics  ill t}lat,

rcp;ioll  a lso needs (,o bc cxalnillcd.  ‘J’IIc for~nalioli  of tl]c l’luto-(;liarol]  I)il)ary ]mir is JIOt

addrcxscxl,  I}uI, that is IIot a d i f f i cu l ty  witl~ tllc tllcor~’; a  l)luto-(; llaroll  binary forIIlcxl in

a  1OIV-C, low-i  orbit would llllclcl#;c)t llc:sal]]cl(  :s()ll:illccca]  ~tllr(:cl'( )lLltic)ll.

:?()



‘J’lIc  IIclioccntric c)rbit of tl)e  l’luto-  CIIaron  l)air IIas I)cc]l obscrvd  for ]Icarly  ollc-tllird  of

its orbit  ])criod.  l’;pl~clncridcs of tllc  pair (c.ollcctivc]y  called ‘(] ’luto “ ill this clla]jtcr) fit the

kl)own  okrvaticms  wall. IImvcvm,  olIc Inustl bear i)} mil)d tl]at tllc  slmll  of ol.xscrvatio]l  is

still  )nuc)] less than all orbit period, and tllcrc is a llccxl  fc)r future  positio]lal  ohscr~’ations

and orbit  fits. A spacecraft missicm to l’luto would nmxl cpllcmcridm  of lii~l~ accuracy.

l’luto’s  orbit is tllc ]nost  cccmtric. WICI i~ldi~jcd of tlic  ]na~or ])lallcts  (Figure 1).  At

]mil)clioll  it ventures closer to tllc su]l tllal)  Nc])tullc,  sccmi)lp;]y  violatin?;  tllc well-s])accd,

IIicrarcllical ])attcrn  of tllc Otll]cr  ])lal]cts  that is associatd  with lon~;-tcrln  orbital stal~ility.

lllvcsti~ation  of the clynalnica]  cwolution  tif this collfi$uratioll  sl]ows  a sur])risillgly  coln])lcx

bcllavior  involving at least tl]rcc Icsollallccs.

i.

ii.

. . .
‘ltl,

l~vc]y 4 9 4  y]’ l)]uto  orbits tl]c S u n  t w i c e  w]lilc Nc])tullc  orbits  tllrcc tilncs. ‘J’lIc

rcsollant  pcrturbatim)s  froln  Neptune cause l’luto)s  orl)ital  l)criod  to lil~ratc  about

2?47 y] ancl tllc rcso)]a]lcc  argumm]t  ( c f .  l’;q. 1 ) to lil.)ratc al~out 180° wit]) al) aln-

])litudc of 82°. ‘J’hc libratiol]  ]wriod  is 19,912 yr. ‘J’llis rcso]lanm  })rcvc]lts l’luto

fIun l)assillg  close to Nc]JtuIlc; wlIcII tltc t~i’o ])lal]ctfs  IJavc tl]c salnc IIdioc.clitl”ic

loll~itfudc  l)luto is closcx  t o  i t s  al)lldiol] tl]all  its ]Jcrillclion (1’’igurc 2). ~o cflcctivc

i s  t,]lis rcsc)nal]c,c at kcw])illf; tllc t w o  ])lallcts al)art tlla.t l’]uto call  a])})roac]l  lJIaIIus

IIlo]’c Closely tllall i-lc!])tllnc. ‘JIIIC 3:2 rcso IIanc.c is a strong stal~ili~illf;  illfluc)lcc  o]]

orbit,. l]ldccd, inkgrations  of l’luk-like orl)jts  just outside of tl]c rcsollallcc  libratiol]

rc~;iol~  display strong; c]laotic  Idavior  ill oIIly a fcw lnil]ioll years.

l)luto)s  ar:;umcnt  of ]mil]clioll  do t s  )Iot ])rcccss tl]rou~,ll  3 6 0 ° ;  ratllcr,  it lil.)rates

almut a val~lc  of 90°. ‘J’lIc lil.)ratioll ]mriod  is 3.8 My] and  i t s  a]nl)litudc  a~rcra~cs

‘~] 0 ‘J’]) us, l)] U{,O>S ])cri]lc]ion  and  a])]]dioll  nc~~cr., . cross N’q)tulic’s  orbi t  ])lallc. ‘J’his

also l)cl]m kcwp LIJC two  planets a]jart.

‘J’hc difl’crmlcc  bctwml l’luto  and Ncptullc’s  nodes  c.irculaks  cvmy 3.8 My I tlic

:)]
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SaIIIC ]miod as tlIc arp;ulncnlt cjf ])crillclioll lil.)ratlioll. ‘1’llis is 21110tlIm rcsoIIaIIcc aIId

/

it has all assoc. iatcxl liljratioll  l)criod  of 34 Myr.

]’luto  is )Icar  a fourth  rcsona])cc,  I.)ut tl]c difl’crcnc.m  I)ctwccll  indcl)clldc]lt  integrations call

su])lmrt  cit,))cr an cxactl rcso]]ancc  with  a lil.)latill~;  arf,ulncllt ,  or a ]lcar-rcsollallcc  lvitll a

circulating; aqylncnt. ‘J’IIc diffcrcxlc.c  of tllc  loll~,itudcx of ])criliclion  of Ncq)tu]lc and )’]utc)

circlllatcs in 1.267 h~-yr - onethird  of tllc ]mriod  of tllc arp;umcnt  of ~wrillclioll lil)ration,

and also of the circulation period  of tl]c  ]kodc dif~crc]lcc. 1 ]cc.ausc lcso)jal]cc  sej)aratriccs

am usually associatcxl  wit]) chaotic 7,0])cs, tllcm will I)c ullccrtaillty  almut this ]wtmltial

sourc,c of c.llaotic  bcllavior  until l’luto’s  I,ruc placcl)m)t ]vitll  ]csl~cct to this  ICSOIIa JICC  is
. .

known.

‘J’l Iatj l’luto>s orl)it  is c.]laot,ic is il~dic:itwl  l)y tl)c lmsitivc IJyal)ul)ov ml)o])c]lt  dctcr-

lIlil]atiol~  ill scvcra]  diflcrcnt  long ]Iull]cric.al  illtcf,ratio]ls. IIowmwr,  illc  illtcgratiol]s  IVllic.1)

il)dicatc  t,l)c! ]Jrcscnc.c of chaos do ltotl  s]low obvious cmatic cl]a]Igcs ill tllc  orbital dc]nc]]ts

tlllat onc lnigl)t  Cx])cc.t  with the snort ljya])uliov  tilnc of (9(107)yr.  IIlclccd, all tllc  cvidc]lc.e

SllgI;/,C!Sk  t]lat t]l C ])1’OkCtjO”ll  aCCC)ldCd ]’]lltO  l~y tll~: 3:? h’(~])tlll’1~  l’Csollall[C is l“c)~~~lst c)v~~

I)illioll-year tilncsc.a]cs. ‘] ’])cIc  lcnjaills  a dcp,mc of ullc.mtail]ty  ill tllc  lnagp)itudc  of tllc

ljyaj)u~iov  tilmscalc  - slig;ht]y  diflk:rcllt  values ol)taillcd  in diflcrcl)t  IIlllllcrical  illtcp;ratiolls.

‘1’IIc orif;in  of tlic cl]aos mnains unkllo~vll,  as ~v~ll. ‘J lIIC llcal-lcsoll:~llcc: dcscribcd  above

i s  onc ]mssil)]c  but  uII])mvcn  SOUIC.C  of tl)c d]aos; it d o t s  illustraks  all inl]mrtallt  ]millt:

tllc  ll)a~l)itudc  of the  cl]aotic, orbital  ]~cltllll.)atiolls  may  l)c Sll-l:lll  all(i l)ollll~~~d,  01, if 1111-

lml]]dcd,  lnay require times muc]]  lon~;cr tllal] t hc ap;c of tllc  solar  systcm to bc dangcmus

to l’]uto’s  cxistcwcc.  Ncvcrtllclcxs,  a l,yapuliov  tilllcscalc of 0(1 (J7)yr  inlp]ics  a rclat  i~’cly

SlJOJtf  IJOI;ZC)II of prcdictal~iliiy  for its cx:ict  position  and  ve loc i ty .

I S  it si!;llific.allt  that,  sl]lall diflcrcllc.cs in tllc lnodclillg; or illtfcgratio~]  mdhds rcsu]t

..-.III IJya])u])ov cxl)oncllt$s  difl’cring  LJ7 a factor of several? If l’luto’s  orl)il  is chaotic., Jvllat  is

tlic origin  of tllc chaos, and IIow is it lnal]ifcstcd ill its orl)ital clclncnt  cvolutioll?  Ikcallsc

l’]uto’s  cl}aotlic  lnotion  jnay  IN assoc.  ial,cd Jvitll  a l)armlv  cllaoiic  zo]lc, it i s  dcsira}jlc  to
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~)j,l~jnat,c  Lllc unc.crt)aintics  i]] p a s t IIumc I’ic.al illtq;rations duc to (now klIowII)  cmors in

,,-
p]at)ctal’j) masses and orbital initial colldjt,jolls. ‘J’l)c \royagcrflyl.)ys  of thcoutcr  ]}lallcts,.

have ]JIwviclccl a mud  im]-)rovd sd of outer planet  ]] Iasscs  and contil)ucd  ana]yscs of posi-

t i o n a l  data scts IIas pmvidd com])atil)]c c])l)mn(!ridcs  for tllc  ])lallctary  initial cmnditic)ns.

lrutum llulncric.a.l  in tegra t ions  should  take adva~)tage c)f t,lIcs(: ill-!])lo~’(:jj-lcllts.

WIIat N)IC do t,hc varicms Icsonal)cxx })lay ill tlIc orip,in aIId colltillud cxiskncc of

tllc ]’luto-  Cllaron systlcm?  ]kcausc  so]nc  o f  tl)c  rcsona]lcm arc protect ive in that tllcy

incmasc tllc lnillilnum  distancm  betwml l’lute) slid A’c])tu)lc,  IJas a dylla]nical “survival of

tl]c  f i t test”  lef t  c)bjcds ol)ly ill I)rotdlcxl  orl.)its?  or, lnigllt  tllc  rcsonanc.cs  IIavc cal)tud

tl]csc (allcl  ])c:rl)aps  a l s o  .otl]cr)  objcck  t])at d i d  n o t  start out, ill rcsmlallt orbits’? \Ve

IIavc d i scussed  two orig;ill  scm]arios  l>roposcd  Icc.cIItly,  oltc  i]] caclI  c~f tlIcsc t~vo catcg,c)I;cs.

IIc)tll tlicsc sccmarios  su8gcst  tl]c  formation of l’]uto  in all initially IIoll-rcsollallt,  ncar]y

circular and c.c)- planar  orbit ill tllc outer rcac.llcs of tl)c  Solar Systmn, bcymkd tl)c  orljit of

Ncl)tullc.  (311c il]vokcs  a catastrop]lic iln])act to cIJI]Jldcc l’luk  ill its stab]c’ Icsc~I~aIIt orl.~it;

L]IC ot}Ic!I’ sugg;csts  a S] O W  Cvo]ution  of t])c! Or})it durill~; t]Ic! ]atc Sta$,cs of forlnatiol) c)f the

outm plallds. hfucl w o r k  rclnail]s  to bc do]ic k cstablisll  tl)c ddails  of cad of tllcsc

]nodc]s.  lktailcd studies of tl)c  dynall-lic.s  c)f cad] of l’luto’s rcsoIIa  IIccs w’il] lIcll~ to Cvaluatlc

tllc! Idativc lnmitls  d tl)csc IIIC)CICIS. ‘J’llcy  call also  lx cx])cctcd to l)m~’idc CIUCS to tlIc

undcr]yinp;  c.auscs of Lllc lal~;c-lj ya])llllc)v-c  x] J()llcllt-J  i'itllollt-l al~;c-sc.alc-  clkac)tic- l.)clla I~ic)l.

III turn, tllc mbit of Lllis ])air of bodies at tlIc cclr;c of tllc ]jlal)ctary systcm ]nay  lJold  CIUCS

to tl]c early dynamical cvo]utiol]  of tl]c  Solar Systcln.

‘1’IIc fast . i l la t inp;  dynamical  con]]  )lmity  of l’luto)s  c)rl)ital  cvolutlio]l  could  IIot, have

km] ~;ucssd  at its first sig]ltinf,  a s  a IImviu?;  ]millt  cJf ]if;]lt ill ]  {)30. A  ]argc  IIUIII]mI of

cjucstiolls  invites furifl)cr study  of tl)c  l)llltc)-(;l)alc)l]  pair.

:?3



~ck])ow]c(]gc]~~c]~l,s

l’art  of  t h i s  d)a])kr Jvas IvJittcm ]J’l]ilc  ojlc of  us (l{M)  1~’as a Stafl”  Scicnl,ist  at tlic

l,unar and l’lancta]y  IIlstitutc  wl]ich i s  ope ra ted  l.)y tl]c IJllivcmitics  S]EICC l{cscarcll  As-

sc)ciation  UIIdCT  contract  no. NAS\V-45’i’4 with tllc N a t i o n a l  Acro])autics al)d Space A&

lninistrat;  m]. ]’art of this daptcr  presents tllc results of OIIC ]Jllasc  of rescardl carried out,

at tllc Jet l’roljulsicm  l,aboratmy,  California II)stitulc  of ‘J’ccl IJIology,  u]ldcr  ccnltract ~vitll

tllc Natiol]al  Aeronautics and Spat.c Aclll~illistrati(~ll.
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ll’l GllltlI;  CAI’’.loh  TSTS

fmn t h e  Su]J ]nc)jcckd in tl]c  ccli])tic., aIJd 2 is tllc  distal)cc  al.)ovc tllc ccli])tic).

}~’igurc  2?, ~’]l~!  01’bk  C)f t]l(!  OUtCT  #~JK!tS fO1’  d[~,~~~  YC:IJ’S  iJl :1 l’Cf(XllCC  fl::JIK: C()- ddill~  W’i[.]J

f,lJc njcalj mc)ticm of ATc~>tunc. 111 this rcfcnw]cc  frame two orbits of 1 ‘luto  trace out

a ccnnl)ldc  loop ill  w 500 y]. ‘J’llis  fig;urc visllalizcs  t h e  cflccts  of t h e  IJ-IOSt  ilnporta]lt

l’csollal)c.c  of 1 ‘Iuto’s  IJ]otioll  : tllc 3:2 rcscn]mlcc  libratioll  wllicll  c a u s e s  l’]uto’s  l]dic)-

c.clltric. lol)~ituclc  cmjunctio]]s  with Nc])tunc  to Ii br:itc al.)out a])l]clioll  with a ])criod of

almutl  20,000  yr; its ])crillclion  libraks 90° away  froln  NTc])tlll]c wit]] tl)at sa]nc lmiod.

l“igurc 3, ~’]Jc  di.staIJcc  bciwccn  ATcpiu~~c  and ] ‘]ufo. ‘J’l]c  synodic  l)criod of Ncptullc  a]icl  l’]uto

is N 500 yr. ‘J’llcir  closest approach distal]c.c  (IJcar  a])llc]ioll)  varies bctwccn N 17 All

a]id  N22 All.

l“igllrc  4. ~’hc d i s t a n c e  k!iwc!c!l]  urzIIJus  aIJd  ]’]uio.  ‘]’]Ic  Syllodic  ]K!rid of lJralJus  a)]cl ]’]utc) is

w 1 3 0  y]. ‘J’l]c c.]oscst a])])rc)ac])  distal]cc  ])ctwcc]l  tl]csc  ])]ancts v a r i e s  l.)ct~vcc])  R 12

A U  a]Jd N26 All.

l“ig;urc  b. g’]l(! I’CSOJI:I.lJCC  :J?AlllllCllt,  (/J : 3A - 2AN - w (ill dq;rccs)  as a function  o f  t i m e ,  ill

y e a r s ,  froln tl]c  prcscl]t. (I{cproducxxl,  wit]) ]xmllissioll, fml]]h4ilal]i  ci al. 1989).

l(’igurc~.  l’luto’s  arg[llncllf  OfpC1’J%ChbJJ,  Ld for 2 ? 1 4  M y ’ . ‘J’hc al.)sc.issa i s  til)lc,  in d+iys.  ‘J’IIc

3.8 L4yI lil.natioll  is lnoclulakxl  wit]] a 34 ILflyr ]wiocl. (l{q)roduc.cd,  wit)l]  l)erlnissioll,

flOIJl A]y)lc~;atc  ci d. ] 986).

Fif;ul’c 7. ~’hc finiic-t  ime ljyaJ)unm’  cxponcmt  o f  l ’ lu te ,  ~ as a ful]ct,iol] of tiljlc. 1]1 t h i s  log-

log ])lot,  cm]vcrgcncc  to a posi t ive liyal)UIIOV cx]mnc]it  (for a chaotic trajcc,tm~)  is

indicated by a ]cvclil]~; off”; for a Iq?;u]a I’ tl’t~jcckwy,  t]]is  trace ~vodd  appmtic]l a straiF;]lt

lillc \vitl) slcqjc - 1. (I{q)roduc.cd,  Jvitll ])crlllissiol], from Suss]na]l & Wisdoll]  19S8).

y [;
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s. Surface  of sccticul iII the c.ilclllar plaIIa I r e s t r i c t e d  3 body II1OCIC1 for tile NTq)t,UIIe,<

l’luto 3:2 l’csonallcx!.  ‘J’llc palall]ct(!l’s  o f  tllc nlodel til’~ ?/l,\~/?~/@ ‘ 5.146 x 10” 5, t~l~
,,

, S u n - N e p t u n e  sqxwatiml is 1.0, aIIcl tlic ~lacohi illtcg;ral  has the va]uc  (~ N - 1.4899;

,, l,llc dy])amica] v a r i a b l e s  arc # n 3A - AN - cd , ,1 = {~1(1 - {(1 - c?)), l\’lIcIe a is in,,.

units of the Sun- Ncptullc!  distal-)  cc.
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