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AllS’J’ll A{:rJ’

‘J’his Im]]cr ]jrcscrlts the dcwclo]mwut aud aualysis  of rr wavcfrcmt  control stratc!gy  for the Space lmcr
]’;lcctric ]’hlcrp,.y  (SI’;I,I;NJI;)  power bcarllirl[:  systcJII.  S1;1 ,)’;N14; rqlrrmnts  [L substarltial Clc!i)art.urc frot[l  lImst
co])v(!lltiorl:l]  ada])tivc  o]jt,ics syst,crrls ill t}]aL the dcforlrlal)]c c]cr[mlt  is t]]c Scp,rricrltcd prirllary  Irlirrc)r  arid
t}ic si~rlal that is fcclback irlcludes lmth  t}ic local wavcfrorit tilt rmd the relat ive edcc  ~~iisrllatch bctwccn
adjaccmt  Scfprm)ts. The major  challcrlge iII dcsignirlg  the w’avcfrorh  cmkml  systclI1 is the large  IIurnlmr of
su~m~]crlurcx<  that  lrlust  hc corrlrrlaTJc]cd. A  fasl  arid near oI)tirrlal  a]gorit}lrrl lmscd C)U tlIc  local SIOJIC  aIld
cclgc IImasurcvr)cnts  is dcfirlrxl  for this systc?[l.

1. SIJNIMAIW

‘1’}lis  rc])ort  ~)rcscrits t}lc dcwclc~]]rrmlt  rrr]d arlalysis  of  a  wavcfror]t  ccmtrol  sc})crrlc f o r  Sl+H,ltNII;.  ~’}Jc
cor)trol]cr  is clcrivcd frolrl t})c rissurrl])tio])  t}lat  t}Ic wavcfrollt  is locally flat  crvcr each subapcrhrrc.  T h i s
.xsurrll)tion  leads  to a stral,cf;y  that invo]vcs a two stcII irrl])]crrlcntation rcquirirlf! first t}lc ]ocal corrcctiou
forwavcfrorlt  tilt forcachsubapcrturcj  followrec]l)ya[flc)l):)l  cc)rrccticrn  forthcj  )islollerrc)r.  Cc)rlvcrltional  AC)
syslcrrls  crrlp]oyir!g a ccnltirlucms defcmrnat)]c  Ir]irror as the wrrcctirlg optical c]crrlcnt achicvc% t}lc pislon  cor-
rcct,ion via awavcfront  rccorlstructiorl  ])roccss hased  on local graclicrlt (tilt) inforrrlationi  Thcrcconstruction
process typically lcridsto a discrctizcd  l’oissa] equation with rlclrrrlal })cnrrldary  conditions to cstiruatct}lc
vvavcfrcnlt.  llccausc tlmadapt. ivcoptical  Arrlcrlt  for S1’Y/l’;hTl~;  is not acorllinuous surfacc,  a slightly difrcrc~]t
}mt}l IIIUSL  lIc takcrl  tc) rccorwtruct  the wavcfrorll. q’l]c l(:(:c)l]slrllctic]rl  process for SIJIJ,lI;N}C crltriils the usc
of ccl.gc clisplacclrmit  rllca.surcIrlcIlts  to su])]~lcrrlcrlt  the tilt rl]ca.wrrcumts  to fill in the grr])s,  .s0 to s p e a k ,
crcatcd ~)y t}ic discor]lirmous  surface. S1’I,lJNIC  wavcfrorlt rccorlslructior]  is S} IOWII  tc~ lead tc) a cliscrcli~ccl
l’(jis~rlcc]tl[itiorl  aswc]l. g’}]cclcrivcd  co]ltrol law’ tllrlls c]llttot )cidcrlticalt otllccorltrol strritcgyt hathas
t)ccrl pursued since thcix)ccptioll c)ft}]c Sltl,ltNlt pro&arrl:  (i) cc)rrccl  for wavcfrorlt  tilt., (2) ~rlirlirrlizcthc
edge rllis~llatcll  error ill a lca.st sc]uarcs  SCrISCl . ‘J’}Ius  our arl:ilysis rxmutially  I)rovidcs a lJcw irltcrprctatio~l
ofthis corjtro]  strategy,

'l'llis llcwilltcrl)rctatiol lfacilitatm Wvcraldcvclol)rllc]  its. l)irstly,  ~'cs}lo~' t})colltirrlality  oft}lcalgc)rit}  lrrl
( i . e . ,  t}lccclrlditiclrls  ~lrl(lcr w'llic}l iLisoS)tirrlal).  l'Yo~ll t}l(:rc wcarealJlct  owtal)lis}]s  c)lllcc rrcJrl)o[lrlclsf  cJr
thccolllrol a]~orithrr!. q’llisirl  lurllal]c)~’s  llstc~.%t  rc(jl]ircrrlcrltsc)rl  thccd[fescrmor. IIa.$ically  w}lat is s}icwlrI
}Icrc is that thcrr[]s ~)islorl error duc to edge salsir]~  is :i},],rc)xilllatcly  of~lrlity  rr)a~rlitucfc,  WC also show
I,}lrit t})c piston error grows ]ogarit,}lrrlica  l]y wit}i t}lc rlurrd)cr  ofsil~Ja])crLurrs. JIcrlcc,  rccl(lcirl~sc~rrlcrlt  size
],]:wc~tigl]Lcr rcquircrrlcrltsorl  t}lc cd~cxrl.sor, althou~h  rrit,hcr rrlilclly. ‘J’}]c cf[cct ofrcd~lcirlf!.w~rr~crlt s i z e
riclua]]y h:L$ a IIlore suhstarltia]  cffccl 011 t}lc rccorwtructior]  r?rror duc to tilt error. ‘J’}iis growth  turrls  out to
Im linear with ciccrcasillg suhapcrturc  size.

Arl CffiCiCIlt ilIl~)]CrI-lC1lta~iOIl  C)f t}lc ri!C<)?lStrLldiOIl  a]~orithrrl  k dcvc]o~)c!d t}lat r{!cluiTcs 0( fv2/o,9N)
floatiric  ])oint opcratio~]s to irr]plcrnc]lt,  w}lerc N2  dc]]otm the tlurrll)er of sut~a]mrturcs.  ‘l’tic algorithrr) i s
l)rLscd on crllbcddirlg  (rc~ularizirl~)  t}lc l’oisscn]  ~jrol)lcrr] irlto a l)rot,lcrrl dcfirlccl orl a square. lJast s o l v e r s
(i.e., those rcc~uiring 0( N21CJgN))  flc)ps exist for x)lvirl~ t}lis llrohlcrrL 2 . I] OUIICIS  otl the illcrea.wd  covaririllcc
of tl]c wavcfrorlt est. irrlatc introduced hy the crrlt)eddirl~  llroccdurc  arc J)rcscr]tcd. ‘1’}IC.W t)ourlds irldicatc  the
incrc!a.w!d error to bc rather l)crli~rl, pcrha~)s  a .13 iricrmw  for systcrns  the si~c of S1;1 ,]I;NI’;.  (“I”he lar~cr t}(c
systerl], the srrlallcr t}lc error. )
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2.  AN ll)II;AI/17,1;l) l’l{O1ll~F;M

I)rirrlary  sllrfacc  t)c rclJrc.icrltcd by

(1)
i

w’}lcrc  Ai  CICIIOtCS  t}IC it” .SC~IIICIIL,  x(. ) : c}la[iict(; ristic fllrlcl,iorl  (X( Ai)(~)  = 1 i f  z c Ai,  2,cI0 ot}lcrp,~i.%),
and v,(x)  is lillcar. l,ct ~i I)c t}ic ccntroid  of Ai. Idc[illY  wc WOUld  lik(! to rniliilllizc  the wavcfmnt  error J,

(3)

ril]d rlotc thrit it is sufficicrlt to irldc}]ctidctltly Illillilllizc tile crxor for cac}l sc~IIIcrIt..

h’ow  givcrl t ha t  ‘Uj is lirlcat,  rirlci assuulirlg  tha t  u) is C2 (two corltirluous derivatives), a rca~nablc
ot)jcct ivc for t}lc colJtrol scl]crI]c  is to C}1OO.W  ‘Ui .s0 t}iat,

‘Uj(X) = ‘UJ(Tj), ZLlld V’U; (Xi) :  \rV~(2’i). (4)

l]y satisfyin~  (4) wc llavc for z c Ai,

where ~(~) dcrmt,cs  t]]e ~Ic&siarl of w. hTow if wc assullm that the distance hctwccn  adjacent ccrltroids  is h,
rITJCi t}lc area of the total a])crturc  is &’, the lnlrlll~cr  of Scglrmlts  corrl~misirlg the Jlrirnary, call it N is of order
N  = 0(d2/h2).  q’hc er ror  ,1 irl (2) is ]IOW a],l)roxirr,atcd  a%

(6)

r
arid N : ~)(d2/}L L). ]]crl cc, t,}Ic rlorllla]izc(i r[rls  wavcfror!t c1 ror is

/,1/rr : 0(/,’) (7)

w]l~r~  t}lc ~finstant is of the or~icr  .Wf}<c  A }+’([). Wc ll[)t~ t}lat  t}lis ~orltrol]er  ~<~rltia]]y  ~or[~ct.s for t}lc
l]istorl, tip, and ti]t across each SUt)a~]Cr  LUrC.  NO113 }Ias dcrvicri an cxprcssiorl  for the error  as a functicm of
the residual urlcorrcctcd  Z,crnikc tcr[l]s of the dislurbarjcc,  ari(i irl t}lis c~sc }Ias S}lowr]  the rmiciua] error to
t)c al>pl oxirllatcly  .13 r:idiansz  of phase  hawxi or) a KolrrmF.orov  turbulcrlcc  sj)cctruri].

‘1’}ic idealized situatic~rl at)ovc is c}laractcrixeci  by ])crfcct recor]structic,r] of the wavcfrorlt ti~(r) followed
I,y t}lc irrl~,lcrrlcrltatiorl  of the corltrol law dcfirlc(i irl (4). q’his ccrrlLrollcr prcsu~,poses trot}] global knowlccigc
of t})c wavcfront  a~d of the a[)crturc  fuuctio[l u(x). In the true S1tI,l CiVI~ cmrfi~uration  neit}lcr of these is

—.



. . .

for}lclrizc]rltally acljacerIt  .wl~rrlct~ts; atldfc)r  cliagollally  acljaccr)~sc~lllcrlts

(~J = ?J,.I lj - Z(ij ‘1 - “ (7:,1 j-1 7;- (7:,1 j-1 7:)).
2J2

(!kL)

to thcsc)ut}iwcst  cliagc])lal,

(l\Tc will igrmrc this
later.) IIltrc]ciucc t}le

w}lt’rc

arlrl

?IICFLWrCVIICIlt  irl t}lC a]1211J%iS  and  al~,(lrithIIl
cliff’crcrlcc o])crator  A,

(w)

folic)ws, but revisit it

(10)

(IOU)

(lob)

Au: b (11;

wtlcrcbisaiinc!ar  HJ1r]t)ir)ali[> rloft}lc 7r~casuT(’dti]Ls,  NcM’]ct  fidcrlc)tc a]c&sLsc~Llar&%  estirrl:itc  (c,rrrlirlirrlllr[,
variancw esLirrlaLc) of u. t~c wi]] Z%surrlc agairl  t}lat L }Ias twcrl rlorrr]alizcd  . S 0  t h a t  j: ‘iiij  = O .  Iri this

ir]tcrlllcdiate  case a c<]rrlperlsatic)rl  sc}]crrw car] t]e dcfirlccl t)y ttle local tilt mrr~rrland, AT ,

AT=  V I I I - 7 ,  7  “ t :  7-IA7 (1?.)



[(dl{wcd Ijy tlic dif[crc~ltial I)istoll rX~IIIIIIarId, A u ,

1 Icrc 7 I , & 1 denote the u~datcd tilt aT Id pist,orl  vectors . N o t e  a~airl th:it L}IC diflcrcrltial  cor[lrrlarld  A u
reqi]irm  L}IC g]otm]  reconstructiorl  of L}tc wavcfrorlt VI) v<llilc A-I oIIly  requires local lrlc:~sllr(>rrl~!rlts.

PJcxt wc will treat L}IC rlmc ficrlf!ral SII;I)ICNII;  ca.sc wlwrc wc do rlcjt }Jriw irldcl)crldcrlL rlmriwlrcrtwllts of
\hJ) alld  7 ,  b u t  uII]y ~}lCit diffC!rC1]CC y,

~Jij : VUI;3  - Iij . (14)

Note t],at wc sti]] h:ivc t},c difrcrcrltia] t,i]t corrlrlla~ld  via (] 2)

INIL wc crmnc)t  US(! (13)  for  t}lc diflcrcrltial  ]jistorl mrl)rrla~lcl ]wcau.sc  the cstirrlatcs  L, ‘r~~  car]rmt hc forrilcd.
] ]ovwvcr,  olmrvc t}]at to irrlr]]crrlcrit  (13) it is orlly rlcccssary  to have :irl cst,ir[l:itt!  of t}lc diflctcrlcc  v) - U . ‘J{)
this crld let’s mwulsic  t,llrit (15) IIas  lwcrl ili]}~lell]rx)t,cd s(I t.}lat wc rr)ay write

v u ) :  7. (16)

NOWF  sirlcc
(17)

suhsl,itutir!g  (] ‘i’) irlt,o (8) givc$ (r]cp;]cctirif~ t}IC ~)(h2)  tcrrr])

AI.SCI  c]l)scrvc  t,hrrt

(19)

Arid  cor)scqucrlt]yj

Nowj tf~ij+  1 - ‘U)ij arlcl ‘UJa.l  ]j -  Zl~ij arc c]o.sc approxirrlatiol]s
rq)cctivc]y. ]rl fact  a]] of t])csc qu:irjtitics  are just c]ifrcr(vlce
‘J”hc  lrja~rlitude  clf L})cir cliflcrcr]ce is crnlscqucr]t]y ()(h?), wit}]
for cxarll])lc

[ l/2(71,\, ~j  - ZIJij ) - (U’,]+ ~ - V;,j)l

(x?)

tO 1 /’2(ZfJij i 2 -
7J)ij) a~!d l/2(~1~. Zj -  ‘UJij)l

a~)]]rc)xirllatic)ris  tc) cit}lcr d7/)/~lT  or {hi)/dL/.
c(,rlstarlt a~flirl of order ?)lCITf<A,  lW(f)l, i.e.

< }L2s\lp\~(f)\. ( ? 3 )

(

l’utti]l~  (18), (22), arid (2?3) to~ettlcr  wc get

(24;)



c~J,  UillJ-U;j-  (lf),l]j- UJIJ )  -t ~~(/L2). (25)

Ilcriw, for Srrlilll 1},1,
f % A(7J - U)), (26)

ar)d t}lc ](!a.st squares  (or  rr}irlirrlutrl  va r i ance )  rxxli]riat[:  of u - ZI) ciirl tlc ol)taitlcxl  dirccl]y  frorrl the ccl~,rc
lrm:lsurclrlcnts  after t}lc local tilt corrcctior]s  }Iavc bccrl Irtadc. ‘J’}lus  L]IC corrtl]crwlLiorl  sc~lcrrle Ixcorrlcs:

(i) ]Irr])]erncr]t  the dif]rxerltia] till corlmlarrd via (15)
(ii) Iklirrmtc 0, v = u - v), frorrl  (26) (l[mrc or] this SICIJ ill a ]iLL]c bit,)
(iiii) ]rllJ,]crrlcllt  tllc cliflcrw!tia]  pislor,  corrlrrlarld via (13)
]t is worlllw~ii]c  to tmtc ttlat this two stc]) contro]  ]aw call also ~)c iltc!rl]rctcd  a.s rrlirlirrlizirlg the ]cast

sqUarCs  CrrC)l ill thC ~(]jaCCrlt Cd~C lIlkrIl~tC}l (lfiC7’  ti]t COr rCCtiorr }Ia.$  hCCI1 IIldC!. ‘lb scc this su]I1m.sc t}lc
dificrcrllial  t i l t  corrccliorl  }Jas tjccr! ~rladc, arid rmw t})c o}]jcclivc i s  t o  irrrp]c~rlwlt  a  pistotl  corrlrr]arld  to
t[iirlirrlizc t}lc edge cxror. 1,ct ti” dcrlotc  tllc vector of cl)] rent ccrltroid  clis~)laccrrlmlts. Now recall (8)- (9):

<:j= U;j l,. ‘)U~3 -  }L/9(7,~.j ] ‘1 7ij (8)

AfLcr a])~)lying the difIc~clAial  corrlrnand  AU  t}lc trc]~uslcd CXIKC error  is sirrlp]y

and
- I v .Cij . C~j ~} Al)i.~ lj - A ui j.

Mir)ilrlizirlg the vcclor  ‘1 c , [“l Cq -1 ~v] i,, t}, c ]ca.~L Squares scrlsc leads tO tllc Imblc!rl

which is J)rcciscly  t,hc corltro]  law dcfirlcd in Stel)s  (i) (iii) at]ovc.
q’}lis corltrol law is very ~Icarly  o]jtirrlal if t}lc wavcfroljt  is locally flat over each sul)apcr  lure.  ‘Iltc prc)of

of tlli,s is sketched below. 1,ct  u)(z) dc~mtc the il]stantar,cous  wavcfrorll, and let the sc.p, rrlcrltecl prirrlary
surface he rcJ)rc,scrltcd  t)y the piccewi.sc linear furlcliorl U“(r),

(cf (l)), ‘J’}Ic ot)jcctivc is to iIrlplclrlcr,t a diffcrmltial  corrlrrlar,c] Au(r)  of t}Ic forrl]

wit}] carll  A ui a linear functiorl  orr Ai to rrlinirnizc t}lc error

(cf (2).) lIcre  I,; clc~lotcs  tlic expectat ion o]xxator, and the rcquircrrmnt  is t}l:it Au is rr]casural)lc with
rcspccl  to L}IC otwrvcxl  dat:i,  that is it rrmst  I)c a furlctic)r] of the tilt ar]d cd~c scrlsor rlmasurcrrlcrits, \Vritc
I),(T) : w(r) - u:(x),

cm

j: 0



AM,(r)  :  u,07;0 -} U,17; I -} u,2’/;2

where  K derides t,}Ic rlur[lhrx  of s(lhapcrlurcs. ] ,Ct u  {\ C1lOLC t}iC VCCtOT  wilh  COIIl~1021(211tS  tLij, FLIIC]  ]ct  n

{] CrIOtC t}IC vcclor  wit,l) COTII~)OIICIIki ~ij, i : 1, . . . . K; ~ = O, 1, ‘2. q’hc solution Lo t}lc o])tirnizatioI1  prob]crrl  is

to clIoose  u to hc t,hc coriditior}ril cxl}cctaticJrl,  ti, Of Cz {:ivcr] the Irlca<urcrrlcnts. Assurr]irlg  Cr,o = ~(~i),  arlcf
[C?t , CYiz]  = V71(Z:),  (tliis is t}w awwll]pticJr]  t}lat  t}lc Wavcfrorlt  is lC)Cally  p]arlar), i~ can hc  s}lown that & is
t}lc rrlirlirriurrl  variance  solution to t}lc Ijrob]crrl

IIcre  ~ allct c are t}lc ti]t arid cc]gc displaccrrlcrlt  rrlcasurcrllcrlts  bc~om c o r r e c t i o n ,  and q’ is a rrlatrix  t.})at

kincr[latical]y  links  the tilt rr]casurcrr]cr]t  to t}lc edge dis~,lacerr)crlts. ‘1 ‘hc corltrol  stratccy c~f first  cmrccting
for the tilt,, fol]owccl  Ijy ])isLorl correction (or Cquiva]cllt]y,  rIlirlitrlizirlK  the  edge disp]acculerlts)  is t}rc So]utiorl
Ohtaitm]  ])y czstirrlatirlg \7v frorlj the ti]t lrIca.wrrcrrmrlL ?I a l one  ar]d i~nc>rir)~ the cclgc scrmr ]Ilcasurcn[mnt
alt.c,gcthcr. ‘1’hc optirrjrd (i,c., ]rlir)irnurrl  variance) solutior)  couples the tilt ar)d eclgc .scrmr  Irlea.wrrcrrlcrtts at
the corlsiclcv-ab]c  cx~)crm of corrlplicatirlc  arlalysis  arid irl})it)itirlg the dc!vclrq]rrlcrlt  of fasl  so]utiori  techr]iqucs.
‘J’}Ius  wc opt, for t}lc suboptirna]  ]easL squares sdutior].

A l o n g  t,hcse sarrw lirm wc note that alt}lougll  inrmrk,oratir,g  the c]ata c’ frorrl  (9t~) is straightforward,
th i s  tc)o hru~ a dclctcrious efIect  ill t,crrrls of al~oxithrll  clcisgr) and arla]ysis. I’hc  rlexL two .scctiom  dcscribc
ir[l~~l{!rllcrltatic>rl  a~ld analysis of the algorit}lrll ckcril]cd  ill (i)- (iii) ahovc, saris t}le sensor clata c’. Wc will
shcrw ]ater  how to rcslclrc  t}lis data in ar] efficicrlt  rnarlricr.

4. ltS’J’l  M Al’] N(< u - v)
‘J’hc irr)plcrricrltatic)rl  of the ccmlro] law outlirlcc] ahovc  requires solvirl~ t}lc ]ca.st scltrares ])rol]lcrrl

w}lcre A is the tllc ctiffcrcrlcc  oljcrator  dcfirlcd in (1 O) arid c is clcfirlcd irl (24)-(25). Orl a square grid this
car] hc accnrnplishcd  via t}lc usc of fast l’oi.wor]  solver tcc}~rliqucs  irr]~)lcrrmnted  orl serial or parallel parallel
]rlac}lirrcs  sirlce (27) reduces to t}lc discrctizcd  Neurrmrlri  ])r(lt}lcr]l

Alt}]c)u~}l the SIII,l;JNIC p,corllctty is TIcjt  squrrrc, wit}l a ]itt]c  c a r e  the r~%u]tirl~  ]casL squarc$$  prob]crii
call I)c trarlsforr~lccl  to a sq~lalc. oQ

[1
. .—- - ----

].ct  fl dcrlotc  t}Ic rcgiorl  occu[)ic(i by t,}Ic SI{I,KNI; a~jcrturc,  arid ]cL }< clcrlotc  the region occupied by
a circunl,scrihcd  squ:ire. Now A is trivially cxtcndccl  frorI] f] to }/. IIowcver, cxlcnding the forcing terrrl c



Now if  OC, L z x irl fl, tllcrl  CCTL , c irl f?, arid Cczt is ari cxlcrwion  c)[ c satisfyin{~ the  Vc]ocity  co]mtraints,  If
wc c8TI dctcrlrlinc  t,hc bourldary  va]ucs  o f  x or] dfl, call t}]is furlctiorl ml~fl,  t}mri tllc ~mlxxltial Oe,t cm bc
ctcfincd arl)itrari]y  or] )? - Q, ar)rt thereby dcf,crlrlir]ir]g arl cxtcrltior] Cclt to c.

“XJW

l“rolr] t}lis discussiorl  wc scc t}lat the vcctcm field c call bc cxtcr)dcd  (~lo~)urliqucly)  to t})c squrm once arl
cst,ir[]atc  011 t.]Ic lmr~ldary  is ol)tair]cd, ‘1’}]is a])pmac}l  al.sw works for arlnular  regions since  lIartrI]arln  .scmsor
data is sufficicIit to rccox]struct  these t]oullclary wducs  *$ well,

To .SCC how this is ctcmc let VO, U.I, . . . UN dcIIote I,}Ic bourldaty va]ucx of x 011 dfl. ‘l’he vj.s are related hy
the d iffercnce cquatic~rl

‘Mi.l ] = Ui ‘1 CJj ‘1 ?)~, i: o,..,,~. ] (X3)

(0 j : SIOpC lrmrr.surcrrlcnt,  7/, = rioisc) with t}lc periodic conditic~r)

tiO ~ tlN ‘1 ON ‘i rjN. (29)

‘J’}]c lca.sL squares sc)lutior] to this problcrri is c~t,tairlcd hy .m]virl~  the systcln

llu : f, f z .17’0 (30)

w}lcrc

(

2 -1 0 . ..-1

1(= -.l

: ‘: “’” 0, “(-!;’!: :1 :)-“1 o . . . -1 2

INOW R }I&$ null space cor]sistiri~ of the vector [1 . . . 1 ]7’, c{]rrcs~~orldirlf~ tc] a pistorl.  IIow’ever, solutions tc~
t}lis ~]rc)trlcrrl  arc easily  obtained by ir[lposirl~ a corwtrairlt  orl u. Orlcc u is ot]tairlcd,  C=XL c.arl hc ctcfincd with
just Idfll (I,hc nurrlbcr  of poirlLs  orl t})c tmurldary  IX]) adds }Jy takirl~ XCTL = O orl It - f], arid we CaTI J)rc)cccd
to .solvc t}lc l’oisson cqu:itic)rl.

“1’his cnlt,cddir]g  proccdurc will irlcrca.sc  t}]c covariarlcc  of L}IC estirr)atc.  orl  an f~ x A’ square grid, t}lis
covariar)cc grows proport.iorlal]y  to .Y,~,



AsyI[lphtically,  9N : O(N210gN).  ‘1’o [y:t a ]Iar]d](! orI h~w this error ~trows  wilh thc errlljcddirl~  wc calculated
t,hc rtitios  sg/~~,  .s80/.’?40, .~l~/.$BO, and ~:{20/slrfi. Ilacll  of t}wsc ratios corresr)or)ds to the error  var iance
irlcrmsc  rcsultirl~~ frorll cl[lhcddirl~! ZL sqllare  rq!iorl irito iirlOthf!r squzre  rc~ioll of twic(!  thf! sim  ( f o u r  t,irrms
tlw rirc:i). ‘1’}tcsc  results rrrc s}lowrl  lm]ow

ssj/sq = 1.1914, s80/s40  = 1.1617, slso/.$8rJ  = 1.1458, s:{20/.$lGo  = 1.1309.

1“01 Corrljmri.xrll  the asyrrl])totic  cstilrlatcs  rm!

]11 addition to t}]is arlalytica]  arlalysis,  we a]sc) did Morrtc ~:arlo sirrmlatiorls  of the s8/s4  case. 500
Sirr)lllatiorls  were rut] ar)d we crr]])irically  C)~ltlLirlCd

.$8/~4 : 1.0698 (h~Or]k ~tirk)).

~’}iis result is slig}ltly better thrr?l ard,icipat.cd  by t,hc rwra]ylical  cstirrlatc. q’}lc rcasorl  for this is that the
c]lllwldi]ig  ]woccdurc  dctc7-rTIi71i.stzc4z/lg  adds data. ‘1’}nrs a trrrc  rrjirlirrluro variance cstirrlator  s}mrld very
rr~ar]y  yiclc{ a ~r!lit,y ratio for $8/s4. ‘1’lIc ka+t scplares  cstirrrator  is sut)optirllal  fcm t}m crrlbcddcd  problcnrl
tnrt should ~Jcwcrl}lc]m  produce hcttcr results t}lan given by the atlalyt,ical  cstitr~atc,  As rulot}m  test
wc conducted these  sarrlc siroulaticms  without ]mopcr]y crr]lmciclirlg tlm prol)lcrr].  We rrlrmcly cxlelldcd  t,hc
gradictlt  ficlcf by usiI}g 74cro  values  outsiclc of t}m 4 x 4 sclua?c. ‘J’}Ic rmrlts of t}Icw Morltc  Carlc~ rrrrx were
disaslcrous,

s8/s4  E 1.37’79  x  103 (Morlt,c (;a~lo, irr]lmopcr errll~cddirl~).

‘J’}lis cx~ral)olatiol]  ap~)roach  sugfpts  at]ot}]cr fast soluticm to our ])mljlcrr]. SICI,Y;NIC  occupies an annular
Icgio]l that can bc iritcrprctcd as a scclucrlcc c)f rir]gs, say [Jo, . . . . UN , where [J” is the outcrlrmst  rirrg and
(JN is the irlncrlrnst. Note that, UO reprcscr!ts  the solution  c)]] the bourldary  8Q, and wc hrivc already solved
tliis ],roblcrrl  in t}lc paragr:il)h  al)ovc. ~lcarly ww c:ir) irilJ~chsc  the sarrrc  solution forrrl for every ring U i.
llowcvcr,  it is ]Icccxsary to crlforcc the corrricctivity  t,cd,wccrl ri?igs. So supJmsc wc have ol)tairlccl  cstirrratcs
for [Jo, [J1 , . . . . Uk- 1 arlcf now seek all cstirrlrrte  for [Jk.  OIIC diff’crmrw  cquritiorl for [Jk ccmms clircctly frorrl
(?8)- (29),

(31)

w}icrc  7L(k) denotes  the rnrnlbcr of scfyllcrlts irl the kth lirlf~. Wit}t  t}lc vtLlucs {tJJ+- 1 }~,(~- ~), and slope

Ir)ca.surerlwrlts  cmlr)cctir]g  the succmsivc  rirlgs, ar.litiorial ecluatiorls  arc devclc)pccl  for t}lc kth rirlf!.  I’}mc  take
crIi t h e  gc~icral forI1l

(w)

w}lcre tlk-  ] is t}rc cst, irrlatc  of Uk - ‘, 0 k is the vector of slo]w Irleawrrclllcrlts, and g; is a filt,crirl~ operator.
‘J’}lc t)otbi~ li]]c here is t}lat  (31) arid (X?) car] t)c: rrla.w+ri~lcd  ir]to a forrll

(33)

lcadirl~ tc) a “ Ilclrllholtz”  cquatiori
(1 -I R)[Jk = [J7’ l]i (34)

.
where the rig}lt side IIOW’  corttairls  t}lc cstirrtatc  LJk  - 1 a.s w’c1l  as the SIO~IC rrlca.surcr[lcxlts.

‘1’})is looks very lr)uc}i like a filtcrirl~ o~)cratiorl  v,’here irlforrr)atior)  is pro]) agatcd  irlward]y,  i.e., IJk dcpcrld<;
G ’k - ] ‘II)  coIIJ~,lcLc the so]utiorl, irifor~rlatic)rl  s}lcluld flow in theorl previous  irlforrrlatior]  frorrl t}lc rirlfls  [1°, . . . . .

ot}lcr directio]l  as well, just as irl srr~oothirlc. “1’hus otlcc the c:ltirc  filtcrir]~ sulution  is ot)tairlcd,  0°,..., 0“,,
Wrc s}lc)u]d  actua]ly repeat the  ~)rocc.ss, goirl~  backward frorll t~’v to ~~” to utilize all the irlforrrlatior]  avaiiahlc,

—



5. 1’:1{1{01{  ANA I,YSIS

Id, L(T) dcl]otc  t}lc corrcclcd  [,rirrlary surf:icc, 1,’torrl  (3) t,lIc error J is :ivcrl t,y

w}wrc  ?~~ dCrlOt,CS t}lC ])istorl error (?), = 71~(T,) - &( Z,)), 7, d(:llCJ@ t}l~ tilt error  (’II = VVJ(X,  ) - Vti(Xa)), alld q,
dc[lot,cs I.hc quad ra t i c  rcrrmi~lrlcr tcrlrl. l,ct l; dcr]otc the cxJ)ectatiorl  c,I)crator. Assurllirlg I;(?)i) : I;(T1)  : (),
:tlid that qi iS dctcrvrlirl istic wc otltairl

])istor] error

I, Cl, ~(z~) = V~(Zi)  - 71(Z1). ltccall t,}lat t}rc corltrol laW }18<  t}l(: for~rl
ralldorll  variable  rc])rcsenti~l{: the actuator ])isto]l ]Ic)sitiollil)g error.

Au = u -I 73. I,ct a? dwrotc  a zero ~r]can
‘J’}lcx]

W}lcrc o~p is the vatiallce of the actl~ator  ]]ositim]irl{: error. ‘J’}]  us,

w}mc  & derlotm  the apcrl,urc  area. ‘J’}Ic .WCOIICI tcrlrl 011 t,hc ri~}lt at)c)vc  is t}w rccc)m.t,ructio]l  error associated
with (26), Write (26) as

c : Av -I 7J,

w}mrc! wc a%urrlr! that ~j(rl) =- (), arid ~’j(7p17’) z o~dgc). ] Icrc o~doe clcliotcs the variance of the c@e  .Scrlwr
r!lcasumrrcrlt.  hTc)rlrlalizir)g by t}ic total a])crturc  area  d2 WT have t,}ic mean square  crrc)r

w}lcrc A(Ai)  dcrlotcs  the area of t}le suba~)crlurc  At and >: is t}]c ccwariarrcc  rrlatrix  of the cstirrlatc  ~,

>; : I’;((V  - i)~’(1)  -  i)).



lwrdirl{l  to arl rll]s pistor] error cxJrIIIJc)r]cItt

W}]ci-c  M dcrlotcs  t}]c r]urrlbcr  of sul)apcrlurcs.
~b corn~}uk  the wavcfrcnlt  error duc to tih cr[or,  wc will a.%su][m  t,})at

W}ICIC l,i iS a mro nlcarl rrLTICIOIIl varirrh]c Wit]] ccwririaricc )’j(lJ~l~j)  = CJ~61j. NcJtc t}lat  v rc~J1cscnt,s t}lc
cor~ll)incd  ]]arlrrlarlrl  s(;rrsc)r  error arid ti]t ccrrrcction error. ‘J’hus

‘J)his irltcgral  is corrlputc(l  over the }lcxagoIlal rcp,iorl Ai as

‘J’}ms  the ltMS tilt error  is pivc]l as

llMStltt  = J13
)0,, L.

]2

~c)rld)inir]~ these error  colr]])cnlcr]ts  wc ot~tair]  the rIICaII squtrrc  wavcfront  error

] f wc s}irillk t}lc s ize of  t}lc .sc~[t]crtts  w that }1 -1 0 ,  wc CkCrVC that N ~rows  ]irlCar]~ with  }L. Ar]d
hcricc I)ccausc of the a$yrrl~,totic  rclationslli]]

the rrlm ])istorl error will grow as /logN. ‘1’htrs the irrlpro)’crrlrmt rmclcd irl the CCIEC scrmors  to ~ImiIjtair]
t}m  sarrm  cr[or  is rat}lcr  t]cr]i~r].  C)rl the ot}]cr  }]ancl if IIarlrrmrlti  scrwors arc usccl for t}lc tilt ~llcasurcrr]crt,
t}]c crrc]r  irl this nlca.surcrncrlt  is ]irlcarly related to tllc rcci])rocal of t}lc Scgrflcrlt size. “1’0 scc this ob.serve
f i r s t  that f o r  }1 < To, ou ~ &I~/]6}L~NphO~m,3, W h e r e  ~ = v:avc]cII~th, arid ~phO~Cm,5 = rlurrlt)cr of photons
captur(!d  over t}le sut]aJ)crturc5. h’ow Npt,OLm,~ is lJroporlic)!la]  to  }L 2 .  ~’}lUS 0,, iS ~)K1[K)rLiCJrla]  to ]/}L,

6, WfJ@lUNG  ‘J’IJR Al,GOl{l’J’IIh4

l’hc  algorit}lrr]  clcsi~rl pre.scrltcd  }]as not illcludcd  t}lc dat:i  c= (cf(9tJ)). A sLraig}ltforward approach for ili-
Corl)oratirlg t}lcse rrlca.surcnlcr)ts  is to sirrl])ly  avcrri~c this dat:i  wit}l ttlc other r[lca,surcrllcrlts. q’}iis  a}q)roac}l,
alt}lou~)l sorrlcw]lat  ad hoc, dots riot irltrudc  orl t}lc algorithrllic  sLructurc  that h[~s t)ccrl dcvclo~}cd,  sirlcc the



rt~c]dificatio~}s arc i~ll atm~rljc(i iii tt)c  rrl(:iLsllr(:rIj(:rlt cxlllatiorl.  A rlmrc systerrmtic  way for irlcor~mratirlg the
data is t)y il)t,roducirl~  t}m ctifl’crcrlcc o~~crator

wl](:rc  A is clcfillcd  as irl (10) arid AS is ddirlcd

axjd r]lcmurwrlcrlt  vector c+,

l’cxl\]ally, t}]c a]lalysis  procccds  by replacir]c  A arid c wit II A* ar]cl c’, rm],cctivcly.
“J’hc  crux of t,l]c irrl])]clricrltatiorl  prob]cnri  irlvo]virl~ t])csc cxlcrldccf  opcratcws  and vectors is to solve t}lc

new lC:LSL squares ~)rohlcrrl

~r~rt IA*z - C’12.

Usirlc the rc]mmcr]tatic)m  for A* arid c’ ahovc,  t,}m solutic~}l is c)l,t.airlcd  via t}lc systcrrl

A prorrlisiri~  a~)~>roac}l fc)r solving t}lis systcrrl that ca~)titalizcs  or] our ability to ral,idly irmwrl  A7’A is tc,
use a  eonju~ate  gradicrlt  rllcthodG  wilh Imccnlclitiorlcr  (A1’A)- ‘/2. ‘1’}]c rcsultirlg  algorithltl is  based  on
iteratively solvirlg syslcrns  of the forrrl  A7’Az = b. Wc CXI, CCL suc}i aTl a~]proach  tcl be cfficiellt  allct have good
cc>rlvcrgmlcc properties.

“1’hc  rcscrmc}l dcscribccl  ir] t h i s  ~,almr was c a r r i e d  CJIIt i)y t}lc Jet  l’rc)pulsic)rl  l,alwratcmy,  ~aliforriia
lrlsitit.ute  of ‘lbc}IIIology, uridcr  a contract with the Naticnlal  Aeronautics arlcl Space  Adrnirlistration.
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