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The Solar Test of the Equivalence Principle

Abs t r ac t

‘1’llc l’kth,  h4ars, Sun, Jupiter syskm allows for a smlsitivc test of t] K strong  cquivalc]lcc  pxill-
ci])lc (SF.]’)  wllicl] is qualit, ativcly  cliffcmlt  flonl that p] ovidcd by I,~l]]iLl  l)ascr I{angil lg. U s i n g
ana ly t i c  mld llulncrical  lndhods  we demonstrate  tlmt P,art)ll-N4ars  rallp,illg call ]movido  a useful
cstil]latc  of tl]c! SF.I’ parmmtcr  q. ‘1’wo mtilllatcs of tllc p~ ~ :clickcl accuracy arc clcrivd and quotc!d,
OIK! hs[!d ml mnvc]ltliona]  covarianm  analysis, al Id allotll(r (called “I no(lifid worst,  case]’ analysis)
wllid]  assulncs  that systc]aatjic  errors dominate tllc expcri]nmit. If fut[]rc N4ars ]llissio]ls provide
rallgillg  Ilkmsurcn]c]lts witlll an a(:curacy of o mckrs, aftc] tcm years of la]lgillg  tllc cxlwctcd  accu-
racy for tllc S1;1’  ]HlralllCtJCr  7) will k! of order  (1 12) X 10-40. ‘Ilcsc 1 illlgillg ]Il(:asllrc!l]lc:llts will
also ]mvick tl]c ]tmst accurat,c  (I(,tc:r]llillatioll of t IIC ]Ilass of Jul)iter,  il]cl(~]j(:]]clc:]lt, of tl]c S131’  cfkd
t(!st.

Subjcd  llcadil]gs: dkial  Il]dlanics,  s t e l l a r  clynanlics glavitatiol] }’;artll I)lalicts  and
satcllit,cs:  N4ars  dark matter

1 Introduction

‘J’ll(:[l~lcstio]l,  ]Nsd l[)IIgtlgc)bJ~N[!w’toIl,  oftllcrc:l~lti[) ~ll)[tw(:c!l} tll[~p;ri[~’itatiolltil  and incrtialmasscs
o f  tllc saIIlc  b o d y  co]]tillucs to h t]lc sul)jcd o f  t heo re t i ca l  and cx]wlilllc]]tal illvcstigations.  ‘J’llis
qucstio]l arises i]) I11OSL  mly theory of gravitation, ‘J’lIc equality of il]c]tia] aIId lmssivc gravi tat ional
lIlasscs,  oft,c]l stated as tlIc weak cquivalcncc  l)rinciplc (W EI’), i]nl)lics  t]lat different neutral ]nassivc
tcstl b o d i e s  w i l l  lIavc  llIc saltlc accclcratioll of  f ree fal l  10 in aII cxtmlal gravitjatiollal fidd, a n d
tllcrcforc in frcdy filllillgillcrtial frames the cxtcnlal gravitational fidd a])pcars  olIly  in the form of a
tidal intcractim (Singe IWO).  Uptothcsct  ida] corrcctio]ls,  frcclJ~ftilli]l[  ',l)()(li(:s bclla\'c:  asif[:xtjcrllal
g]tlvity~vcr(:al~sc]}t  (J]crtotti&  .G]isll(:ll~]k  1990).  ll]tllc cc)]]  strL]ctio]){)  ftll(}p,c  ]][:raltl]  c()ry()f rclilt,ivity
Einstein went further, l)c)stll]lati]lgtllat not onlynicchanical  laws of nlotioll, but all ]loll-gr{ivitatic)llal
laws should behave ill frcc]y  falli]lg  frames as if gravity were absent. If local gravitational ]Jlysics
is also i]ldc]mndc]]t  of the ]norc  cxlcndcd  gravitational cllvironlnclltj M’(! lIavc  wl]at is 1{11ow1I  as  the
Strollgl’l(jl]ival(  :llcf:l’ri]lci] )lc: (SE]’),

ValiC)llsc xl)crilllclltjsl l:ivC:l)C\cll ])crfor]llC!Cl  tol]lcasL]rcl  llcrati()sc )fgr{~vilati{)]lal  toillcrtial ll]asscs
of bodies. l~x]mri]nc]]ts  o] I lmdics of lalmratory (Iill]cnsions  verify the WI;]”’ to a fractional ])rcci-
sio]] 6Ao/Ao  = 6(nLg/Ttt)  N 1 0 --]] by (Roll ,  Krotkov  &, Di(:kc 1964) aII(l ]l~orc rcccntly to a precision

‘I+]nail:  j(la<~z(~lls.j]  )l. ]lasa.gov
21)  C]mItIIICl  It of l)hysics  aIId  AStIOIIOIIIY,  Califonlia State U]livcmity,  l,ong
IIcach CA 90840. ]Lmail: I]lgr(jssK?c.s~llt~.e{lu

3Norll,wcst Al,alysis, 118  Sourdoug}I  Itidgc  ltoad, }lozml)alI  Ml’ 59715
4011  ]Cavc frolll  }jogo]y  LIIjoV ]m(itutc  for I’hcorciical  Mic]ophysiw,  ~~os~ow
Stmtc  LJnivcrsit.y, hfoscow, 1198{)9  ]{ussia.
E-]t)ail: sg(($xc:l]s.  j])l. )]~~.~il. gc)~
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6Ao/Ao  N 10-’2 by (Ilragilmky  & l’anov 1972;  Adclbcrp;er  d al. 1994). ‘1’llc  accuracy of tllcsc cx]mi-
lllcnts is suflicicl)tly lligll  to confirm equal strong, weak, a]ltl  clcct~’olllag)lc:tic  interaction contributimls
to both tllc lmssivc gravitjatiollal and inertial masses of the l;lboratory  bodies. ‘1’llis iml)rcssivc cvidcllcc
for laboratory size bodies dots not, ]]owcvcr, carry over to cclcstial lxdy  sca]cs.

]jaboratory  size bodies usd in tjllc cxpcximcnlts  cited al)ovc  possess a IIcgligil)lc  fraction of gravita-

tional self-mlcrgy and thcrcforc such cxpcrimcmts indicate llotllillg;  almut tllc quality of gravitational
self-m~crgy cc)l)tril)~ltiolls  to tllc inertial and ]mssivc  gravitational ]nas-+cs  of tllc bodies (Nordtvcdt
] ~~~a).  ]Iltcrcstillg ~~slllt,s for ~clcst,ial  I)o(lics  am ol)taiued if 011(! i]l(:llldcs  tCI’lllS O f  frad iollal OrdCr

(f),j/nLc2),  wllcrc Tlt is tl]c mass of a l,ody IJ al,d QB is its gravitatio],al  l,il,dil)g or sel f -energy:

(1)

‘1’llis ratio is ty])ical]y w 10-25 for bodies of laboratory sizes, so cx]x:ril)lclltal accuracy of a part in 10’2
sllcds ]10 light 011 l)ow gravitatio]lal  self-cmmgy colltril)utcs to the inertial and gravitational lnasscs of
bodies.

‘J’o test  tllc S10’
considcra]dy IIighcr.
mcxlcl  (lJlridl 1982)

onc must  ut i l ize planetary-sizccl  cxtmldd lmdics ill wllicll  cam t,llc ratio (I) is
Nulucrically evaluation of tllc iu{,cg] al of cx]wcssioll  (1) for tllc sta])dard solar

ol)taills
n(---) z= --3.52 .10-6

nw2 .q

and tl]c analc)gous  value has kc]] ol~tained for the Earth (Al]cn  1985) :

(2(,)

(2b)

‘J’l~c  dcvclo])lncnt of tllc ])alalIlclclizccl post-Ncwtcmian  (1’I’N) forlnalislll ( Nordtvcdt  19681);  W i l l
]97] ; Wi]] &, Nor{] t,vc:(lt ]972),  allc)W,s  Ollc to dcs(:li~)c within tll(: COIIII  11011 fralncwork  tllc lllot,ion  of

cclcstial I)odics  ill cxt)crllal  gravitational flclds  within a wide class o ]Ile,] ]cf t ‘ tllcorics of p,ravity.  W i t h i n

the accuracy of  modcm cxlmimcnla] tdniqucs, the 1’I’N  fonnalisn] l~ccmncs  useful frmucwork  for
test ing tllc S1’11’ for cxtmldcd lmdics. 1]1 that formalisln,  t hc ratio of passive gravitational to i]lmtial
mass is ,givm by (Nordtvcdt  1968a,l~)

(3)

iu wllicll  t)hc S1’;1’  violaticm is quant if]cd by the  ]mralnctm q. lu fully  -collscrvativc,  IJorclltz-ill\’ariElllt
tllcorics of gravity tllc SE]’ ])aramctcr is related to tl)c 1’1 ‘N paralnctcrs lry

?/= 4p--7--3 (4)

aud is nlorc gc)lcrally related to the comldctc set of I’1’N ])aramdms tllrollgll tllc rc]ation

(5)

A diflcrcncc  bctwccu gravitatiolla]  and inertial masses producns  01 )scrvab]c  pcrturlmtions  in the
motion of cclcstlial  lmdics iu the Solar Systcm. IIy  ana]yzil)g the cflcd of a noll-zero 7) 01] tllc dynaluics
c)f tllc Itartll-Mool) systcm m o v i n g  ill tllc .gavitatiollal fif!ld of the Sun, Nordtvcdt  (1 W%) found a
polarization of tllc h~oon’s  orbit iu the dircdion of the Suu with am])lil  udc 87 N T/Co, wllcrc Co is a
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COIIStaIltl  of mdcr 13nt. WC call this cflcd, gcncralixcd to till siulilar thrcc body s i tuat ions,  tl]c “S131’
~mlarization dfcd”. ‘1’hc nlost,  accurate test of this cffcxt  is } mscnt] y } mo~idcd  by I,uIlar I.ascr I{an.giug

(1,1.1{)  (Williams 1976; Sha])im d al. 1976; Dickey d al. 1{)89), and in ttlc most mmt results (I)ickcy

d al. 1994; Wi]lia]ns d al. 1 995) the parameter 71 was clctf!rmiucd  to bc

?/ =- –-0.0005 + 0.0011 . (6)

otllcr tests of Sl~~l’ violatiou  h a v e  Lccn  discussd.  All cx]mrimcllt cll~l)loyillg  mi s t i ng  biuary  l)ulsar
data has lmm Imqmcd l)y l)alnour  and Schtifcr  (1 991). A search for t l]c S1’;1’  ]mlarizat,ioll dlkct ill
the mot,ioll  of t,l~c ‘1’rojau  asteroids was suggcstd  iu (Nor(ltv(!dt  19&Sa) and carr ied out l)y (orclaua
& Vuccticll 1992).  A l s o  r e s u l t s  arc availabk! fronl  nunlcri~jal  cxlx:rilllcllts with coml)illcd  ]nwccssiug
of 1,1,1{, spacecraf t  t racking,  plalmtary  radar aud Very 1 on.g IIasclinc llltcrfcromdcr (VI,]]])  data
(mmdl(!l’ d al. 1994) .

It llm Imcll observed ])rcvious]y  tllmt a mcasummnt of tllc Suu’s  gravitational to illcrtial mass ratio
mu lx: lmfomcd using th(! Sun-Jupiter-hlars or Suu-Jupit  cr-Earth  syst  c]]] (Nordtvcclt  1970; Shal)iro
d al. 1 976).  ‘]’his is tll(! first palm from a ]dand smi(!s addrcssill.g  ttlc almvc ]m)l)lcm.  ‘1’hc q u e s t i o n
wc would like to mswcar first is how accurately can wc d(} this rallgi~l~  cxlmrilncllt? WC clnl)llasizc
that the Suu-Mars-12arth-Ju]  )itcr systmn,  thougjl p;ovcrnd  basically lry tllc sam(! equations of motion
as Sllll-I{;al’tll-h40c)ll  systcnl,  is significantly diffcrmlt lilysically. For a givcll  value of S1:;1’ parameter q
tll(! polarizatiml  cfl’cds  ml the l’kutll aud lL4ars orl)its arc al]nost two orders of magnitude ]argcr  tjhau
on tlm lunar  orbit. 1]1 this work wc cxamiuc the SE]> cffcd on tllc l<;artll-h4ars  rallgc, wllicll  has bccN
mcasllrcd as ])art of tl)c Mariucr 9 aud Vikiug missions. Nlorcov(lr,  flltllrc h4ars  missions, now  bcillg

plauu(!d  as joiut U. S.-l{ ussiau  cdcavours,  shoulcl  yickl ad(litional raugil)g data.

‘J’hc dynamics  of tllc four-body Sun-h4ars-Ear t l l -Jupi ter  systcm iu tllc Solar systmn lmryccntric

i]lcrt ial frame w(!rc  cons idcrd. ‘1’hc q u a s i - N e w t o n i a n  acm:lcration of tl)c l~arth (E) with rcslmct to

the Su]l (S) is straightforwardly calculated to bc:

-1

(7)

[ ‘Gn+dasl al](l ~”: = ‘n’kW]KV’C  ~l~l,; = //s+ /1])+?/ ~1.$ ‘1’hc slllxmi])ts (M) and (J) illdicatc

Mars  aud  Jup i t e r ,  rcs]mtivcly. Also ~IjCy = &J - fill is tile vcdor fro)li lmly B to body G and IN
is the Ncwtolliall accclcratiol] term. A7, is the SF,I’ ac(dcration term, wllicll  is of order 1 /c2. Wllilc

it is not the only term of that orclcr,  the other ])ost-Nc:wtolliall”  1/# tcrll)s (sul)]mcsscd  ill cq. (7)) do
not, afl’cct  tllc {lctcrlllillatiol~  of ?) until  the sccc)l]d  ])ost-N(!wtoniall  orclcr  (W l/c4). F’illa]ly Aticl i s  t h e

—,

Ncwtmlia]l tidal accc]cration tcrln. N o t e ,  {hat, A,l/AN w 7 1 . 1 0 -  ‘(] an~] AtM/AAI  w 7 .10-6 .  Givml
ttlat lCVC1 of accuracy, wc ignore t]lc mutual attra(:tion of 111[!  two ])lallcts, l<;artll and Mars. ‘llllc S1’;1’
accc]cration is tjrcatd m a ]~(:1.tllll~tltic)ll  on tllc restr ic ted three- l)ody ])mljlcln, aud tjllc SE1’ cfrcct is
evaluated as  au allcratioll of t,hc plauctary ]<cplcrian orbii.

IJsiug cxlwcssiou (3) a]d lloticil]g that ~IAf/RSAf  << }LLI/ltL$J,  wc c)bt :~ill from cq.(7),

(8)
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Corrcslx>lldillg cquatjiolls for M a r s  arc obtaine..l by rcldacin.g  sulmxil~t I; by J4 in cqs.  (7) and ( 8 ) .
‘.l’o god :l])ljroxilll:lti{)ll  t,ll(! SIT accdcrat,ion An has consl  ant magnitu[lc and ]mint,s  in tllc dircdion

f r o m  Ju])itcr  to the SUI1 , and since it dqxmds only on tl)c mass dist ril)utlion  in the Sun, the Flarth
and h4ars  (!x]mricllcc  the same pm-t urbing accdcration. ‘1’llc rcs])olms  of tl]c trajectories of cad] of
tll{!sc })lancts  duc to tllc t,mn X T, dctcrlnincs  tl]c ]mturlmtion in tllc l’; artll-MaYs  range and allows a
dctcctjiol  1 of tjllc S101’ ]malnct(!r q t] I rough a ranging cx]wJ ilncmt.

‘1’llc  ]wcs(!llcc of tllc accclcl atio))  term 17) ill tllc cquatiolls  of Illotioll rcslllts ill a polarizatic)n of ihc
orl)it,s  o f  IDar(ll  and hlars, cx(:ln])lifeving  tllc ])lallctary S1’;1  ) cffcd.  MT(! i] ]vcstigatc l)crc  tl)c a c c u r a c y
with wllidl tllc ]Elram(!tcr  1) can bc d[!tcrminc!d  through Hal tll-h4a1s  rallgill~ a]ld  a])])roac]l  t]lc ]jrob]cm
with a series of succmsivc a] q)rox i] t Iatiol]s. ]n Scctiol]s 11 and I l l  tl)c “tidal term” i+~~~ ili equa t ion

(8) is ]wglcctcd. 1]1 Scctiol)  II tllc ])crturbation  theory al )out, circular < co])lanar rcfcrcilcc orbits for
Rartll a]]d hJ:~rsis])[!rf[)rlll[:(l.  A  c()v}lriallcc  all:llysis iscalri(:(lo  lltt()cst illlzitt:tl] cac(:llrtlcyto\ vllicl~
tllc S1’;1’  lmramct,cr q can l)(:(lctcllllill(:(l from a lagrc llumlx!r  of hlars rallgillg lllc:as~ll(:lllc:llts, cac]l  of
accuracyo Inctcrs.  111 Scdion 111 tl)ccalclllatio:ls of Scctit~ll 11 arcill)l)r(mxl  by(!lll])loyillg l) Lllllc!lic:ll
i n t e g r a t i o n  ratllcr tlla]l lx!rturbation  t]lcory. ‘1’llc  agrcmllcnt bctwccll tllc t w o  a])])  roacllcs is good,

and t,llc ccccntricitly corrcctiolw arc found to im]wovc  tl]c a c c u r a c y  o f  tll(! ana].y~ic ti])])r[)xill-]ati[)ll
sigllificallt,ly,  111 Scctioll IV the ticlal  acxdcrat,ion term Ati,l, is rcstord, requiring tllc addition of th(!
]Ilass  of Ju])itcr //J to our Sc!t of covariancc  paralnctcrs. ‘1’llismassca~]  }J((l(:t(:rlllill[ :(llllorcac {:llrf~tcly
fr()lll:l f(:wy(::l~s(  )fl~altll-hIalslall  g;illgtllt~ ~lfrc)ll  ltll(:l 'i()1l(:{:rlO,ll zil\(ll~oy:~g(:rl,2 flyl~ysc ollll)illc(i,”
illdc]xmdcllt of tJ)c7) lll(::lsllr(:lll(:llt. 111 Section V w(! sula~narizc and sug[;(!st furtllcr avcllucs for tcstillg

S1?1’  violation.

2 Pcrturlmtion  About a Circular R,ef’crence Orbit

IIcrc am]  in the next s[!ction  the ]mblcm is simplif~’cd  by ignoring the tidal term lL~~ in (!qut~ion  (8)
and tll(!corlcsl)ol){lill  ge(lllatioll forh4ars.  Wc:c!xalllil~ctllc(ffc:ct oftllc S1’;l’ accc}lcratioll  tcrln AT) ill (8)
OH tllcorhitsof Ihrtll and hlars by carry illg out first-order ]xmturl)atioll tlmry about tllc zcroth order
orbits of l’;art]l  a]ld  hflars,  tal<wl to bc circular. Ju])itcr>s  orbit,  is also ttllwl]  as circular a]ld  col)lallcr
with l’lartll  and Nlars.  With these a])])rc)xilllatiolls  a nine ])aramctcr covariallcc analysis is carried out
to cstilnat,c I1OW ]m!cisdy h4am  r a n g i n g  can clctcrll~inc  tll( SE1’ ])aralnctcr  7], ‘1’hcsc  al)l)roxilllzltiolls”

give a standard  dcviatiml for q w]lich  closc!ly  agrees with tl]c later lllllllcrical integrat ion result  of
Scctim 111.

A  ll(~liocclltric  rcfcrcllcc fr~illlcrc)tatillg with Ju])itcr at constal]t all~[llar frcqucllcy w== m
is assu]]l[!d.  ‘1’l)c S1’;1’  ]mturbation  is rcprcs[!ntcd by a co)lstant accclcratioli g)) dircctccl f rom Jupit(!r
to tllc Sun. l,ocatillg Ju])itcr  on tl)c z a x i s ,  t h e  fol]owinp, IIamiltollian  f o r  botl~ ]{;artll and hlars in
l)olar coordinates results:

Wllcrc

1 2
II = ~ (p; + * ) – w~)(j  - !: + g,,r Coso,

Q

( )

/!)J
g,, G 7) —5 — p,. = +, p~ = ?’2(0 -{ w ) .

Illc s l{~s ‘

({))

(10)

Wc take tllc rcfcrmcc orl)it,s  for llarth and h4ars  to Ix circular Kc])lcrial~  with T == a and g,, = O.

‘1’lm  ])0 = fi,mi a n d  11 = JLs/a~ is the orbital all.gular  frcqucl)cy. A covariancc  analysis call bc
lmrfor]nd  to cstilnatjc t,llc accuracy to which onc can dct(mnillc tllc S1;1’ ~)aramckr through 12artll-

hfars IYIll@lg.  ]’khMaH lallgc P];M k dc!fillc!d  as  follows:
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‘1’llc  ]mrtia] dcrivativcx arc! easi ly coln]mtlcd  a~ld for cxalll])lc,

8P]9;A4 1-. ——.
7

[
a],; cos(m; t)–

O1’]<;O ‘-  p];~f

(12)

(13)

(14)

(15)

wllcrc N rallgillg Ill{::lslll.c:]llcllts  llavc bcml  made at times t~, i = 1, . . . . N, and have uncertainties o~.

‘J’hc ullccrtaint,y ill tlw cstimaticms of the SRI’ accdmtb L krm g~l aIl(l })aralllctcr q ar~~ tll~ll:

Q
Qg?, 2= (77, ( )-—. y== @-’)g,,;;,,

?nd  s IiJs
(16)

with tllc fractional binding  energy (fl/7nc2)s  giv(!ll by cx])rcssion  (2a).

‘J’llc r e su l t s  ol)taillcd arc ])rcscntd  ill 1{’igurc  1, with t]lc thin dasllml cl]rvc  showill.g  t])c  result  o f
~va](lat,illg  ~{]ll:lt,io]ls (] 5) all(l  ( 1 6 )  fO1’  OT1 assumi]g ~ daily lallr,~ ll)c~is~llc:lllcllts hav(!  1 mm takcm
during  t,llc luissioll, cad) wit]]  tllc same mmrtaint.v  a, mcasud ill ]]lcttJIs. ‘1’hc initial alglcs I)ctwccll

Earth and Ju])itcr and Mars and Jul)itcr were tak(:ll  from 1 he D13242 clil])llcmcris at, timo 2441272.75,
the l.wgillnillg  of tl]c Marinm 9 ranging l)lcasllrclll(:llts. ‘1’1](! quanti t ies  ?/}; a]ld  71A4  arc takm tc) lW tllc

lll(![I1] Illotiol]s  Of ]’kll’t]l  ~lld h’!a~s, (/],; a]ld (2Af th~il” lllC!a]l  dkta]l(tCS fl’olll  tlJC Sllll,  a n d  t]lC fl’C!{]UCll(~y
w is takt!ll  to b(! the lncml motion of Jupitm. ‘J’hc unmrta  int,y in q first drolxs 17cry  ral)idy with tire!
and then after a fcw years a])proachcs the asym])totic behavior  - AT- 1 jz. ‘J’his  result gives a lowm

1 )ound  on the unccrtail~ty as prcdictcd  by convdional  covariancc  anal~wis.  For a mission duration of
order tcn ywm, tllc uncertainty behaves as

o,, ~ .0028 (7/dAi (17)

‘J’l)is result, cq. (] 7) ,  assumes Gaussian random rangi]lg errors \\’itll  a white s]xxkral frcqumcy
distril)utjion. ]Iut, ]mst ranging  lllcasurcmmlts using tllc Vikil]g  IJandcr llavc  b e e n  dolnillatcd  l)y sys-
tcl]latic error (Cllmldl(!r  d al. 1994). Onc a]q)roach to accounting for systwnatic error is to n)ulti])ly
t h e  formal  mmrs from  the covariaucc  matrix by  ~N (No] dtvdt  1978).  \J7ith  this  alqnoacll,  tllc cx-
]mctcd error dccrcascs rapidly near tllc beginning of the d; it a interval, l)ut for large N a]q)roacllcs an
as.ym])  totic valu[! as dcmollstratcd by Fi.g. l. lIowcvcr, wc believe tl]is is ovcr]y  cmlscrvativc.  A more
ol)timistic error (!stlimatc  would include a realistic clcscri]hion of tllc t.ilac  llistouy of tllc sys t ema t i c
error. l’or  cxal)]l)lc  if wc kllcw that t,hc systcmatjc [!rror ~vas a sillusf)i(l  of l<lIow1]  allgu]ar  f r e q u e n c y ,
wc could add its aml)]itud(!  aud Idmc as additional varial Jcs in t hc covaria]lcc analysis. By contrast
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the wmst-case mmr analysis treats cad varialk of concm])  equally l)y Il]ulti])]ying  its com])utd  error
by JN.

A realist ic  systm]~atic  mm- budp;ct  for rangin?,  data to h4ars,  or for i14ercury  as col]sidcrd  l)y a

gmu]) at Ullivcrsity of C o l o r a d o  (Ashby d al. 1995),  is not  pmscutly  avililal)l~:. I]ut it is ulllikcly that

wc will lx: so ullfortullatc that tlhc frcqumlcy s~mct,ruln  of tllc sigl]al  will corrcs]mnd  to tllc slxxtruln
of t 1 m systematic mm. lIOWCVCX, wc rcclucc  tl~c u])pcr  c!rr{)r boul]d dct[llnil)c[l  by tllc {N IIlulti])licr
(07) = 0.00280) by a Ilulncrical factor. ‘1’l]c ral~gill~; cx]milncmt lJrolxM(xl  l)y AslIby  (!t al. (1 995) f o r

Mercury is  qui te  silllilar to our pro]ms[!d  cxlmrimcnt usill~y L4ars. WC !1 lcrcforc follow t llc Colorado
grc)u]) al]d  rducc  t]lc worst-case error  csti]natc by a factor of tlircc a])cl call tl]c result tllc II]odificxl
Worst,  -cas(! analysis. ‘1’llis yidds  an asymptotic valllc for tllc error of 0,1 == 0,()()()90, ill our ol)inion  a
rc!alistic  estimate of tllc u])]m bound  on the error.

1]1 I,llc case of  tllc cxistin~ h4ars  r a n g i n g  dcrivd  fronl  the hflaril)cr {), Viking, and I)] IObOS  nlis-

sions, tllc Mm ranging  rmidual  rcfmcl]cf!d  to  tllc bestl-fit  hlartian orl)it Ivas 7.9 m .  WC Collll)uttxl  tile
covariallcc ]nat,rix  wit]l  a s s u r e d  d a i l y  r a n g e  ]ncx]sumnm]ts for h4arill(:r  9 (actual  data il]tc:rval  J])
2441272.750 to JII 244]602.504) and Viking (actual data i]ltcrval .11) 244’2980.833 to .Jl) 2445286.574).
Additio]lally,  OIIC rail.qi]lg lncasurcm]cnt from 1’lIOIXX  (actual time J]) 2447605.500) was illdudccl, al-

t h o u g h  it, had ncgligildc cflcct on tfllc result. With 0 = 7.9111, a f[)~lllill  {mm 0,, == 0.0005 is ol)taillcd
fronl  tllc ccwarianc(!  IIlatrix. If 7.2 years of h4a1s rangil]g is assulllcd, tl]ough not continuous) WC!

rcacll Il]c  as.ylll])totic lil]lit of tllc modifid  worst-case aualysis (as s1]OW]l lry F’ig. 1), a rcalistjic  error

U?l == 0.009 which is almut 17 tiln(!s  the formal mm. ‘1’his is a factor of ciF;llt larger tjhall  tjhc r(!alistic
error  s(!t by  Chandler  d al. (1994) from an analysis of tl]c actual co]nl)i]ld  1,1,1{ and h4ars  r a n g i n g
clata. Wc conclude that tllc best clctcrlllill[ltioll of q is p] ovicld by tjllc 1,1,1{ data, but the existing
h4ars  ranging can ]wovidc  an indcpcndcnt  solar test with a realistic accuracy interval of

(JT) R 0.0005 -- 0.009 (h4arincr 9, V i k i n g ,  l’llolms). (18)

}Gxlmxsioll  (35) establishes tllc il]tcm’al  for cxpcctcd  acmracy or) witl]  the lower and ul)pcr l)ounds
cstilllatcd f o r  cxistjcd  data by convclltiollal covarianm analysis and ‘~lllodificd  worst case” analysis
rcs]mdivcly. ‘J’his  illtcrval will IN l)arrowd by oligoing u]jgradm to 1 )SNT illstlll]llclltatic):l and bct,tcr
modc]lillg of tl]c allt(!n]la,  and s])acccraft  rangi]~g  s~’stmns (Andcrsm d al, 1985).  F u t u r e  h4ars  Orbitcr
and IJalldcr missions arc cx]mtd to achicvc an nm systmnatic  rallgillp,  error bctwccn  0.5 and 1.0 m.
‘J’llcnl after a fcw years of ra]lp;ing, the realistic c:rror c)]] 7) should fall to :Irollnd

(J,, x (0.00006  - 0.0011)  (J (Future! hflars missions). (19)

3 Numerical Integration Without the Tidal Tmvn A’fi(l.

‘-lb obtai]l a lnorc accuratlc! cstimaticm of 0,1 and to chc!ck the resul ts  of  Scdion 11, a nulmrical in-
tcgratio]l o f  t h e  Sun-Harth-h4ars-Ju]  )itcr system ill hclioctmtric  coor(lillatcs is ]mformd. Fkluation
( 8 )  w i t h o u t  tlm ~ti,l term was USC!(1  for Earth and h4ars  (with the illtt!rcllangiilg of the sulmripts
(E) + (fi4)). ‘J’l]c equation of motion for Jupiter did not inc]ud(!  a S}+;1’ term or NTcw~tonian lmrtur-

bation  from other plands. ‘1’hc 1)1’; 242 cphcmcris was again used for tllc initial cm]ditions,  and the
salnc 9 ])aralnctcrs  of cquatioll  (30) were usd in !Illc cowl] ianm analysis.

Assulnillg fr~!qucllt l’lartl]-Mars range IIlc:asulclllcllts as in ScctioI]  11, I llc results are sl]own  ill Figure
1 (thick dasld curve). ‘J’hc results agree fairly W C]] with tllc analytical OIICS of S(!ctim 11 (thin daslicd
curve). F’or tell years of 01 mrvatiol]s WC obt sill

o,, N .00270/<N, (20)
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with ra]lgc lllc:ilsIII.(!IIIc:IIt  0 in lnctcrs, Note that this r[!sult  com]mm  favolaliy wit]]  tllc crud(!r  analytic
result ]msc]ltcd by cxl)rcssion (17).

All cstill~at{! of lIOW WC1l J) could 1)[!  cstilnatd  from cxistillg raugil].g  clata, ,.‘is discuss[!d  at, tll(! c]]d
of Scctiol] II, yidds:

(J,, x ().00055 --0.009 (Mar ine r  9, Viking, 1’1]01,0s), (21)

which  is slightly slnallcr tllall tllc a]lalytic result givcll  in cq.(1~).

W1lilc  lmmcrica] intcgratjim  is cxlxxkd  to bc Inorc  a c c u r a t e  tllall analytic a])l)r[)xilllatiolls,  onc
nligllt w i s h  to gain lllcm: [Ill(l[:rstall(lillg  of t]lc lJanctar~ S1;1’ (:ffcct lry doing a real ist ic  analytic

calculation wllicll  inl]wmx!s  on th(!” circular orbit” approxinlation  of Scctiml 11. It is natural to clilninatc
the largest sources of error of that approximation. Mars IIM an orbital cccmltricity of .093, a]d tlmc
is 1]0 flllldam[!ntal l)arricr to using cllil)tical rcfcmlcc orl)its. ‘J’l]c analytic calmllatim] of Section 11 was
rcdon[!  with clli])t  ical rcf(!rcncc  o rb i t s  for F,arth al ld h4ars. workil  lg to first, order in tllc eccentr ici ty.
W C  also 11s(![1  a 11101’[!  scnsil)lc way to illcludc the ccccllt,ricity corrcctiol)s, Illc ]nctllod of variatjioll  of
lmramctms  (I{olx:rtso]l  & Nom]an 1968),  and were able to SOIVC  tllc variation of l)aramctcrs  ~!q~lations
for tllc ]mrturld  orbits of l<;artll and Mars to fourth order i~l tllc ccxm]t ricity. k’igurc  2 S11OWS I)lot,s
of tlm ]mrtial dcrivat,ivc:  of tlw l’larth-h4ars rangy with rcs]mct to tllc SRI) accdcratiml. Compar i son
of tll(! tllrcc curves s]mws  that tlm eccentr ici ty corrcctiol] plays a ]norc  fairly significal)t role, than
O]lC lnigllt cxlx:ct. t)llc mason for this is that the ecccnt~icit,y  corrections turn out to include lnorc
“scalar” matrix clcmcnts which arc proportional to the time t. Sucl] clcmcnts dominate  at large
tilncs, al)d  tllc eccentr ici ty corrcctjiom thereby qualitativdy cll[il)gc tllc llaturc of tllc solutioli in tllc
linear [l])])roxilllatjioll.

4 Numerical Integration With the Tidal TCWIXJ A+fi(i.

J u p i t e r ’ s  lllass ~lJ ncc!ds  tN!atIllCllt  as all a[ljaStabk! paraIl]CtCI’  to h! fit with t]lc! I’allging  data. ‘1’llk
is l)ccalwc  tllc octo]mlar tid(! of .Jul)itcr acting on tl~c orbits of F,al tll a])(] h4ars  l)roduccs  ]mlarizatiol]s
silnilar to t,llosc ])roduccd l)y t,llc S1’;1’  effect, but fortunat(’ly  havillp;  a diflcrcmt  I+klrtll-h4ars  ratio and
tllm:for(!  s(!])arablc  froln  t h e  dcsird SRI> cff’cct. If Jul)itcr’s mass w’(!rc  Illlccrtaill by 4 parts in 108,

its tidal ]mlarizatim of h4ars’ o r b i t  w o u l d  be unccrtaill  by that would  lw lmoduccd by an 7/ w . 0 0 1 ,
for cxaln]dc.  ljut Ju])itcr>s  mass is only kl~owl~ to a part i]) a millioll, so wc lnust indudc  /lJ as a free
])aramdcr  witlll its own l)artia].

111 this Scctiol]  wc outline th(! most accurate calculation 1. ‘1’he full (!qllations (8) (aud aualoguc for
h4ars)  were llulllcrically illtcgratd i]lcluding tll(! tidal tcrlil A+Li(l, ])rcviollsly  was ncglcctd in Scctiolls
I I  ad 111. ‘.IIO the ]mranlctcrs rJ,;O, T’~~O , ~ICT.O > ]l&lYU  , i’)]g:oo > l~h lib> ~lj~  ‘-  

0 A %, /f,5’ and ~,),tll~ll, W(1 add //J

ill tllc covarianc~!  alla]  ysis, otllcrwisc, the analysis is idcnti(:al to that of Sdion 111.

‘J’lIc r(!sults  arc SIIOWI1 ill Fi.gum  1 , wit]]  the solid  curve!  givinp; tllc I csult, for on f rom N rallgillg
lll(:aslll(~lll(~lltls, cacll  with (!rrc)r  o mdcrs. l’or a mission tilllc of tllc! order tell years wc find

o,] AI .0039u/{N . (22)

‘1’llc  csti]uatjiol)  of 11OW  WC1l q can be ddcrmind  from existing rail.gin[; dzit a (as discussed in Scctim
11) is:

0,, x 0 . 0 0 1 2 - - 0 . 0 2  (hJarillcr 9, V ik ing ,  I’lJoIKw), (23)

almut double the result fronl S(!ction  111.

‘] ’11(!  ~ova]’ia])~(l al]a]ysk @VCS  t]l(! ~Xp~dd for~l]a] CI’I’Or i]] /iJ 21s W!]], alla] O~OUS to C(].  (16), VJitll t]lC

rcsu]t shown in lrig.  3. l’c)r a mission time of order Lcn years wc find 01, , ~, 5.70/ <AT ill krnss-  2, wllcrc
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N, as b(!forc,  is tllc llulnlm of daily ranging mcasummcnts  Lakml durinp,  tllc mission.  l’or a = 7.9TTL,
U,,J falls Imlow tllc l~rcscnt  accuracy dctcrmillcd froln  l’icmm 10,11 and Voyager 1,2, Ilalllcly,  /tJ =100
kln3/s2  (Campldl & Sylll)ot,t  1985) - within t w o  y e a r s . ‘1 ‘liis surlnisilq:  rcsu]t suggests that l’;arth-
hlars rangil)g call }novidc  an cxtrcmcl y acxuratc value for t hc I]ms of Jll])itcr, indclxmdcnt  of tllc my
{I(:tcrlllil][ltic)ll of a S1’;1’  cflcct.

l~oll[)willgScctiC)ll  11, illc)l(l(:rt)[)ol)taill tllcrczilistic cstilllatcsfc)ro,l  alldol,~ ollcllllllti])lycstllcsc
results by ~N/3, giving values of tlllc upper bound  of realistic errors for li and ~iJ as r77) ~ .00120  and

a/lJ - 1.90 kl~13s’  2 cc)rrcs])o]lclillgly.  With missic)ll duration of ordc~  I.cll years this rcsu]t givc!s tlm
illtcrval for tllc llllc(:l.t:lilltics CIT7 and CII,  J during tbc future h4ars  IIlissiml+:

0,1 ~ (0.000) -- 0.0012) o,

(7,,J $=’ ( 0 .09  –  1 . 9 )  0 1;1113/s2.

5 Discussion

(24)

‘1’IIc ])]anct  hJars has bccomc  an ol.)j(!ct of intcmsivc invcstig),ation by IllaIIy scicntisk around the world.
‘.l’hc next flight o]qmtunity  during  1996-97  will mark the i] Iitiatiol] of a ])(llnlmr  of ]icw sl)acc  nlissimls
to that  ]dallct frolll  wllicll  wc cx]mct to obtain a rich  sd o f  d a t a , illclll(lillg s]mcccraft  trackili~ and
])lanctary radar lllcasllr(:lll[:llts,  and allowing prccisc relativistic cclcstia] lncchanim cx]mrilncllts.

Alltici]mtillg tllcsc events, wc have analyzed the ability for tcstill~;  Sltl’ violation with l~;artll-hflars

rangi)lg. ‘1’11(!  cx]mtcd  accura(:y of the future ranging  (!x])cv im(!nts  would  ])ut signif icant constraints m

t h e o r e t i c a l  Indcls, i]lcludillg a possil)lc  inequa l i t y  of tllc SUII’S il]crtial aII(l g rav i ta t i ona l  IIlasscs. lJsi~lg

ana ly t i c  and Ilull]crical lnctllods  wc llavc shown flom co~’ariancc  analysis  that l{;artll-hlars r a n g i n g
can lnmidc a qual i ty cstimat(! of ?/. I]ldcccl,  for IV ranp,illg  Ill(:asllic:l]]cllts  with an accu racy  o f  u
meters, tllc S1’2’ paramdcr  q according to covariallcc analysis cau Ix: dctcruliid witl]in the accuracy

o?) N 3 .9x 1[1-3  o/fi. ‘1’lm ‘Lrcalistic” mtimatc for o?] bad on a “modi  ficd worse  case” analysis sds

a conservative lilnit ON the accuracy and indicates tl~at cvc]i ill unfavo]  al)]c cases tllc Slll~-ICartll-h  lars-
Jul)itcr systcln allows for a smsitivc test of th(! Strong Fhluivalcnlcc  1 ‘rillci])lc, qualitativdy diffcmlt

f r o m  tlmt provided by] J~J]{. ‘J’llclll(issofJ[l])itcr, //J, can bcclctcrmillcd mom flccllrtlt(:lyfrolll a f[!w
ycarsof l;~irtll-hli~rs  r{lllgillgtllall froln  ]’ionccr 10,11 and Voyager 1,2 co]]] l)ilml. ‘1’llis a]la]ysis slIows

a rich olq)ortullity  for obtjainillg ncw  scientific rcsu]ts fron) the tllc ])ro.gralll of ranging mcasllrmncnts
to h4ars.

l’lflc)rts  [lr(:llll(l(:~\ v:ly at, JI’1,  to(ictcrlllil)(:?~frol]l thchlarillm 9, Vikil]g  and l’llol)osr~~llgillg(lat[l.
‘J’llis  rcscarcll wil l  modify the tlmrdical nlodc]  to include cfi’ccts dl]c  to Saturn.  Wc will pcrfonn
the llulncrical cx]milncllts with co]nbincd data collcctcd frt)m tllc I)lal Ictary  ~]lissiolls, I,l,R and VI,III.
And,  as the data do not pr(!scntly include any direct mngin[; to the SLII1, it will bc illtercstillg to illcludc
rallgillg results to tfllc spaccmafts  of the joint US-l{ussian Solar lmbc II)issions  scl]cdu]cd  for laullcll
in the year 2001, or shortly tlmcaftc!r. A  prclilllinary  dctcrmi]lation  frolll  colnl)i]lcd  solar-systcm
data, including hlars ral]gil)g  al)d  lmar-laser ranging, h a s  Lx!cn rc]mtcd  at a llivision  of l)ymmical
Astlollo~l]yll l{\[:tillgl)y  Clmndlcrct a l .  (1994) .  lIowcvcr,  ~vc! llavc foull(l  t]lat tll(! indusiou  of tllc ~,1
accclcrat,im of CC].(7) in tllc J1’L plallctar.y cl)llcmcridcs systcm as postul~itcd (Standish d al. 1993),
l)as  not lmc]l stltligl]tfc)r~vtll(l. ‘J1hc total S1’;1’  ranpy sig])al ill Fkrtll-hlars  ral)gi]lg  i s  so  coln])lcx  aIld
unique,  onc should k very conservative about plrysical i]ltcrprdation of tllc results obtai]lcd. ‘JIIIc
full sca]c  rcscarc]l of this ilnl)ortant, cxl)cri]ncnt  is currcnt]y  underway at J] ’I,. ‘J’hc results rc!port(!d
llcrc ])rovidc  i]lsigl)ts  i]lto what is bci]]g  ]masurcd,  alId  hclIcc  they li)illilllizc tllc l)ossibility of error iI]
impkxnmting  tl]c p]al]ctar.y  S111’ cflcct in the complicate  software syslmn. Ancl l.)y conccntratilig  on
covarial)cx analysis, i)lformation ncdcd for the plall])i]lg  of gravitatiolla]  cx])crimcl)ts on future hlars
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missions is  obtaimd. Wc  intend that this ~)apcr sc!rvc as om of a collcdion of quidcs for scimtific
goals and primitics 0]1 h4ars  ~nissiolls  over the next clccadcs.

l’illally wc lnclltiol) ihat t h e  analysis o f  sola]  rangin{, data llligllt  ]movidc  the  o])lmrtu:lity f o r
anot, hcr fundamcmtal  test, nalncly a Solar systcm s(!arcll  for dark IIlat lcr (Nordtvcdt  1994; IIragild{<y
1994; Nodtvcdt  1995).  Sul)])osc  tlmt dark  matter wcak]y  intcrads with ordinary  Illattcr ill a nialincr
dcpmding  011 t)llc slmcific  lwolmtics of the matter composill.  g the bodies. ‘J’l]c SU]I, having an intjcrlla]
st,ructurc and matter conl]msition which is considcrab]y  diffcrcllt froul  t IIc rest of tllc inner bodies in

tllc Solar systmn,  mi.gilt thmi liavc a diffc!rcnt  coupling to dark matter, alt(l a corrcslmnding  anolllalous

~Osll~i~ fo~~~: ~;~ == TwsA~ a~tillg 011 ~h~ SUD~ WOUkl  P~OCIUC(~ ~~xtra t~rllls  ill ~lK~ hcliocc!lltric  qlatiolls
of motion for tllc l)lancts - like A-T], but fixccl i n  d i r ec t i on ,  ill cquatic)n  (8).  lntcrcsting  lilnit,s  011 tllc
sim of any S1; l) violation for cxtcndd bodies il} tllc Solar systcm fallill~ toward dark matter may bc
ol)tainaldc.  ‘1’llis rcscardl will Im the subjcd of a sulmqu(!nt  publical ion.

W C arc indebted to our co]lcagu{!s Jol)l]  Armstrong, Hu]licc  ],au al)d  Ski]) Ncwhall for lnally uscflll
and stimulatil]g  cx)lnwrsat,iolls, N4G a c k n o w l e d g e s  tlm partial sulqmrt  I)Y all AWIJ-Jl’1, sal)lmtical
fcllowslli]).  K1,N was su])portcd in l)art by National Acrollaut,ic zilld S]mcc  A[llllillistrati[)ll t h r o u g h -
o u t  Contract NASW-4840.  S(;’1’  w a s  s u p p o r t e d  by Nati{mal l{cscardl Council, Ilcsidmit Rcscad
Associatcsl)i]l award. ‘J’llis  work was carrid out ill part at the Jet I’ro]mlsion I.aboratory,  Califonlia
lnstitutc of ‘J’ccll]lology,  u]ldcr a contract with National Aeronautic and S]mcc  Acll~lillistlatioll.
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7  Figure LCgCIIdS

Fig. 1. Variation of tllc uncertainty in the SE]’ parameter q wit])  N, assul]lin,g  IV l’;artll-Mars  range
lllc:lsllrc:lll(:llts,  cad] wit]]  unmrtainty CJ mdcrs. ‘1’hc thil) clashed  curw!  is tllc rcsultj  of  the analytic

a])])rc)xilllat,ic)lls  of Sccticm  11. ‘J’hc thick dashcxl  curve is t IIc mllllcrical illtcgratioll  result of Scctiou
111. ‘J’lIc solid cxlrvc comes from tlIc numcrid  il]tcgratim dcscrilxd ill Scd  ion IV wllcrc tl)c tcnn AL~d
Was l~st~l(!d  and /lJ was hldlldd ill tll(! COVariaIl(:(!  alla]ySk.

Fig .  2 .  lmx:stigation  of first o r d e r  ccccntri(:ity  com!ctions  ( t h i ck  daslIcd c u r v e )  t o  tllc lil]mr
a]qmxilllatjion  of Scctlicm 11 (thin dashd  curve) . l)oth of tllcsc c u r v e s  sl)ould  lx com]mrcd to tllc

more accurats nmllcrical results of %cticm 111 (solid curve). All tllrcc of’ t llcsc  calculations usd ml.(8)
without the Atid to)]]. ‘IIK: i]~itial conditimm taken were  different fro]l] t I)OSC in figures 1 and 3.

Fig. 3. 1 ‘lot, of the unmtainty in the mass of Jupiter versus AT fro]]] tl)c numerical integration of
equation (8) ldus covarianw  analysis. Scc Section IV.
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