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Abstract

Using ~Jro~wrtics  of Inultivariablc  flexible structures, it
is showII  that tlIc llankcl  singular values can be approx-
ilnatc]y  dccolnposd  to t,hc suIn of IIankc] sigrrlar  values
of individual sensor ancl actuator coInhination.  ‘1’his
clccoln~)osition allows OIIC  to evaluate cac.h actuator and
sensor in Lcrlns of the joint controllability and ol.xm-v-
ab i l i t y .  Fo r  lnultinlodal systclIIs, placc~ncnt mct,rics
such as the trace or dctcrlninani of ]Iankel singular
value lnatrix can bc forlnulatcd  and solved. It is shown
that, for- ibc special case where the trace of the II ankel
singular value lnatrix is used as t,hc placcmcnt  metric,
t,bc actuaior placement l)roblcm becomes trivial. Sev-
eral cxa~np]cs  arc given to dcmonstrat,e  the proposed
lnctbod.

1 Introduction

For the })ur})osc  of improving t,hc performance of flexi-
hlc structure idcl)t,ific.ation and control, it is somct,imcs
useful to illvcstigatc  various can di elate sensor and/or
actuator locations. ‘1’hc  frccdoln  t,o CIIOOSC  their loca-
tions is not, always given or is liInitcd  but if it is allowed,
two problems lnay surface. ‘1’hc  first onc is, given
its type, dctcrminc the sensor and actuator mirlirnal
nurnl)er arid l)laccl])cnts  to Incct spccificd  controllabil-
ity and obscrvabi]ity  rcquircmcnts  [I]. Second, given a
large candidate set of sensor and actuaiorsj a rninirnal
subset is sought which IIas  controllability/olMcrvability
prol)cr(ics  C.IOSC to l,hc original set. ‘J’he latter problen  1
is invcstigatlcd ill this paper.

‘1’hc ilnporiancc  of actuator and sensor placcnlent
prol)lcms is underscored in maIly illvcsligations  and
contributions, only part of which wc have included
in our refcrcnccs (see, for cxarnplc,  [2]- [20]) . ‘1’llC
a p p r o a c h  pro])oscd  ill this  ~)apcr is an cxi,erlsion arid

coml)lclncntary  to the earlier results reported in [1 ]].
‘1’he previous approach considered tllc actuator and
sensor placement problems indcpcndcntly  via modal
,gra]llmians in physical (rl]odal) coordinates, while t,hc
new approach in t}lis paper allows both indel)cndcnt, or
simult,ancous  analysis of actuator and sensor placement
via llankcl  singular values (l ISV). ‘1’}Ic Ilankcl  singular
values arc then al)proximatc]y  decomposed in tcrrns
of individual sensors and actuators for a multivariablc
flexible structlurc. IIoi,h approaches arc based on ihc
approximate invariance of principal controllability and
obscrvabilit,y directions for flexible structures.

‘1’hc approach prol)oscd  in this paper is based on
an approxi]rlation  of the gratnrnian  matrix and some
justification is in order. ‘1’his approximation for flex-
ible structures allows onc to develop tools that would
otherwise bc not available. It allows onc to readily
and perhaps more irnpor-tantly, intuitively analyze and
dcsigrr  opti]nal  actuator and sc]lsor configurations. It
is bclicvcd that thr reality of our physical world is such
that, nothing prcciscly satisfies assumptions associated
wit]) mathematical modc]s of a complex dynamical
physical prc]ccss. ‘1’IIc approximation for flcxib]c  struc-
tures  used in this study  dots IIOt automatic. ally render
this  tool  USCICSS  IIor nnrcliablc  but rather rnakcs it
ap})licab]c.

2 Flexible Structure
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For the purposes of this  paper, a flexible structure
shall bc defined as a time invariant, finite-dirncnsional,
conl rollablc,  and observable linear systcrn with small



clalnping  aljct co]np]cx conjugate po]cs.  Although t,}lis
dcfiniticrn  l)arrows the class of linear  systems under
consideration many interesting propcrtim  of structures
and their controllers will be derived. A flexible struc-
ture is typically rcl)rcscntecl  by the second-order matrix
differml(ial equation

A4~+  1)( + 1{( = 1;?1, y = 1“( + G( (1)

In this equation ~ is the N2 x 1 displacement vector, u
is the p x 1 input vector, y is t,hc g X 1 output vector,
the N2 x N 2 lnass,  daml)ing  and stiffness matrices arc
denoted by M > 0, l) z O, and 1{ > 0 rcspmtively,
the input matrix 1; is N2 x p, i,hc output displacement
lnatrix 1“ is g x N2, and the ot]tput, vc]ocity matrix G
is q x N 2.

in finite clmncnt  lnodc]s  of flexible strucutrcs,  the
nainlmr  of dcgrcws  of frccdoln,  N2, is oftcm unacc.ept ably
higl) and tllcrcforc  all order reduction by modal t,run-
c.ation is typically do~lc. ‘1’hc  reduced order structure
lnodcl  is given in structural modal coordiuat,cs, W,
o f  dilncnsion  N2  x  712. IMne the reduced ~nodal
ctisl)lacelllcIltl vector, q, of dimension 112 X 1, where

l’or flcxib]c structures, typically

112 << N2 (3)

‘J’hc coluln])s of W denote structural lnocte shapes ob-
tained  from tllc structural ci,gcnvaluc  problem. ‘1’hc
s t r u c t u r a l  m o d e  sh.spcs have the ~)ropcr-ty  that di-
agonalim  the jnass  and st,iffncss lnat,rices to p r o d u c e
cliago]lal modal lrlass and stiffness matrices, where
A4r,, =  V7’A4V  =  1 ,  K,,l = WY’KW ,- diag(w2).  ]f
the dall)ping  ll)a.trix can be diagona]izcd,  i.e., such that
1),,, = W7’DW  == diag(2<w), it i s  ca l l ed  a  matrix o f
proport,iollal  dampi~tg. ‘Jlc proportionality of damping
is co~nlrlonly assu~ncd for analytical convenience since
the nature of damping is not exactly known, and thus
its valllcs arc typically alj~)roximatcd.  ‘J’hc r educ e d
lnodal  cquat,iolls in sccolld order for~n can bc written
as

A4n, i; + ]),,, rj + ]{,,, T) = *7’ ~gtl

y = I“W1]  + GWrj (4)

l,ct the tril)lc  (A, }1, C) denote a modal state-
s~)ace rcl)rcscntation  of the ftcxitrlc structure. Following
earlier definitions [32, 25, 1 ]], define t}lc modal state
vector, x, of ctirnellsioll n x 1, where n = 2n2, such that

X=(i)j
r,

w]?)] . . . rj,z2 W,%2?],,2 )’ (5)

‘J’})c triJ)lc for the corrcsj)ondin.g  modal  s tate  equa-
tions  take  the for]])  A = rfiag(A1, . . . . An,), 1] = :

(11::,..., 11~2*)7’  and C = (C*I, . . . ,C*,,2), with

A i =
[ ‘t --w’i*=[Nc*i=[crt  ‘cd]–2(, LA

(6]

where i = 1,. ... n2, bi c j)~’];, cd~ = 11’rj~ and
Cri = G~)i. Notice tliat for small damping ratio the
above choice c)f the state vector gives approximately
norvllal state l]latrix  and hence approximately orthogo-
nal eigenvcctors.  l’or  flexible structures with distinct
natul al frequcucics,  the steady-state controllability and
observability gram~rlians asymptotically (as < ~ ())
approach 2-by- 2 block diagonal rnat,rices  and are given
in [32, 25]

(7)

(8)

whcrwi=  l,..., n~, denotes t}lc range of indices of all
strucl,ural  ~llodcs to bc controlled whose set is denoted
by

S’S{l,.. .,712} (9)

lU tllC a b o v e  e q u a t i o n ,  ~~i = C~~C~i, d~i = c~~q.~,

O: = r9ji + wjO~i,  ~~ ❑ : bibf , slid 12 is a 2 x 2 identity
matrix. Note from l;cI. (5) that x consists of modal
velocities and frcqurvlc.y weighted modal clisplacmncnts.
Accordingly, this  rllodal state is considered to bc a
physical coordinate because of its direct physicat  link
to tile structural ~ncdc shal)c.

‘J’he above approxilllate  grarllr~lian relationships
indicate that higli frequency rnodcs with larger damp-
ing are among  the Icast controllab]c  alld observable.
‘1’he terms  associated with each mode, &, Ori, and Odi
arc called modal gralnmian  coefficients (MGC)  [1 ]] due
to tllcir  physical sigrlificancc, i.e., they link principal
dircc(ions  directly to structural modes. It should
bc llotcd that in the cont,cxt of  actuator  placcrncnt
problem, relative actuator contributions (in terms of
singular values of grammians)  to a particular rnodc
depc]lds only OJI the MGC since the frequency and
daml)ing  effect on tllc singular values arc the sa.rnc for
all actuators for this mode. ‘1’hcrcforc,  for tllc class
of problems where a set of lnodcx to be controlled
arc given a priori based on physical grou~lds, it is
only ncccssary to aualyzc  M G C. For other classes
of p]oblerns  where only the most control lab]c and
observable lnodcs  arc to be controlled (for cxanlp]cj
whc]I actuator and sensor limitations are severe), the
frequency and dalnl)ing  weights in the grar[lrnians  given
by llqs.(7,8)  must I)c considcrcd, as in the balanced
approach proposed ill this study.

2



3 Balanced Flexible Structure wllcrc

‘J’bc controllability (W’. ) and observability (IWO)  gra~n-
nlians  arc ccrnvcnicnt< forlns  of cllaractcrzing  a systmn>s
colltrollabilitly  and olmmvabiliiy. ‘J’hcy arc obtained
froln solutions of the following I,yapunov  equations

AWC+WCAT’  +- J1117’ =0, Aq’WO+WOA+CT’C=O  ( 1 0 )

Yorstablc A and minimal (A,l~,  C), the solutions are
posit,ivc definite  and t,hc geometric intcrprciations are
WCII  nlldcrst,ood (S C C  [11]). I’hc systcm  t,riplc is bal-
anced if its cont,rollabilitya lld observability grammians
arccqual and diagonal  [30]

Wc = W. = 1’2 (11)

wbcrc 1’2 > 0 is tbc diagonal matrix of Jlankcl  singular
va]ncs of tt)c systlcrn.

‘1’hc  controllability and observability properties of
flexible structures are analyzed in [22, 24, 25, 26, 27,
19, 32, 33]. ‘1’hrxc  pro~)crtim for Jlcxiblc structures
ill tllc context of actuator and sensor placcrncnt  are
invcst$igated  in [1 1]. ‘J’wo important propcr%ics  of a
flcxih]e  structure arc cxtcnsivc]y  used in this paper.
Iirst, stat,cs of a flexible structure in modal coordinates
are alr]lost orthogonal, and second, I,hc state matrix
A in the balanced coordinates is diagorlally  dominant.
‘J’hc tcrr]ls, “al]nost  orthogonal’) and “diagonally dom-
inant,” arc alternative expressions for an a~)proximate
cqurrlitly  in the sense of srrlall approxirnatiou  error as
measured by a spectral norm.

Assuming small darIl])irlg, such that <<1 (< =
max((i),  i = 1, . . . . nz), ihc balanced and modal rcprc-
scntations of flexible structures of the forms given in
l’;qs.(5,6), arc closely related, as it is cxprcsscd in the
fo]lowirlg  })rol)criics:

Proper ty  1:  ]n rnoda] coordinat,cs  controlla-
bility  arid observability grammians  arc diago-
nally dominant,

Sine.c tbc cigcnvalucs  of
IIalikcl singrrlarvalucs

1’4 = diag (} I (WCWO),  . .

tllc product arc the

, A,t(lvcwo))  = M“cwo
(14)

J?ro]mrty  2: IIy resealing the modal rcprc-
scn(ation  (A, 1), L’) onc obtains almost bal-
arlccd rcJ)rcscntation.  J,ct (A~, ~~b, ~b) be the
balar]ccd rcJ)rcscntation,  then

(A~,~~b,~~) x (A, R-rB, CR) (15)

h? :=: dirrg(~~~-lz, . . . . 5~)o,,, 12)”4 (16)

Note that the diagonal transforr]lation  leaves
A unchanged and it approximates the cxac~ly
balanced Ab. ‘J’he rows of ~~ and co]u?nns  of
C which are associated with each mode arc
individllally  scald by the transformation.

P~ope].tY  3: Denote ~i = –47i<itii  w h e r e
the approximate ith 11 ankel singular value for
flexib]c strnctl]rc  is given by

For balanced rcprcscntation  one obtair]s

(17)

which, for the ilh block, it translates to

}]bi])$~ !: ~{~~bi  = –~i(Ai+A~’) z diag(rli,  O)
(19)

where ~~bi, is the two-row block of ~;b, and Cbi
is the two-colulnrl block of C.$.

‘J’he first property follows from the definition of
IIankcl singular values and the well known diagonal
dominance of grarnmians  in tnodal  coordinates. It
gives an approximate but cxp]icit  forrrrula for IISV of
ftcxil)lc structures. ‘J’hc second J~roJ)crty  follows by
rlotil]g that the grammians  in modal coordinates are
already diagonally dominant so that only a scaling via
a diagonal stat,c transforrnai,ion  is required to attain
granlrnians  that arc equal and diagonally dominant.
‘J’hc third  prcrpcrty  follows directly from the diagonal
dominance of the ~natrix A in the balanced coordinates.
All tltc above properties arc corollaries of earlier results
reported in [25, 32, 26].

l)iagona]  dornirlancc of the grammians  in modal
coordinates imply ihat tl~e principal directions for
controllability, observability, and balanced princiJ>al
direct ions arc ap~)roxilllatcly the saruc as eigeuvectors,
hcncc “modal granlrrnians”  as discussed in [1 I]. ‘J’his
dominance leads to J>art,icularly useful simplifications
for flexib]c  strn c.turcs,  and in the context of actuator
and sensor placmncnt,  the following points arc noted:

● individual structural rnodcs can be associated with
J ,rincipa] dircc~ions  of contro]labilit,y  and observ-
ability and balallccd  J)rincipal  vectors.
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● l)iffcrcllt  sets of actuators and sensors give ap-
proximatc]y  t})c sa~ne princilJal  directions;  only
princi])al  values arc sigl)ificani,]y affcctcd by the
clloicc of actuators and sensors.

Although the balanced and ~noda] coordinates almost
coincide for very lightly  da~npcd flexible structure,
t he  il[nporta.n( diffcrcn  cc bctwccn thcrn lies in Lhcir
scaling. It is well known that the modal coordinates
are not  nniquc,  since they  dc~)cnd on the scaling of
the natural modes, which is arbitrary. ‘1’hc scaling of
ihe balanced coordinates is unique, it, is such that, the
condition in l’;q. 18 holds. })hysically,  this means tkat
each ~nocla] state is scaled such that its controllability
and obscrvabilit,y  l~cco~ncs  equal while Inaintaining  the
cigcnvcctor  shape and the JJril]ciJ)al direction.

4 Actuator/Sensor Placement

‘1’hc actuator and sensor J)lacclnent  methodology pro-
J>oscd  in this l)aJ)cr is based on t,hc balanced rcprc-
scntation  of flcxib]c  structures. ‘J’hc }Iankc] singular
values arcu,scd  toconstruci, va.rious forrnsofmctric  tha.t
quantifies tbc degree of contro]lal)ility  and observability
for a .givcn set of sensor and aciuat,or  configuration
in balanced coordinates. Although the usc of lISV to
analyze the dcgrcc of controllability and observability
o f  a  lirlcar syst,crn is WCII  cstab]ishcd,  csIJecially  i n
rnodc]  reduction a.~)J)lications  [30, 26], the aJ~proxirnatc
dccor]]positiol] of the squares of tlic lISV with multiJ)lc
scrlsors  and actuators in tcrrnsof the sum ofsquarcs of
llSV of all cornhinationsof  sensor and actuator pair,
is new. ‘J’llis rcsu]t  sig]]ific.aut]y siml)lify the d e s i g n
~)roblcrn  of selecting the most cffcctivc set of sensors
and ac.tuatorsfor flexible structures.

4 . 1  Dccomposit)ionof  H S V

IIankc] sirlgu]ar  values quantify the joint controllability
and observability J)roJ)crtlics  of a systcrn,  thus t,}~ey call
serve as a rnctric  for sensor and actuator locations.
Although it is known that adding sensors and actuators
will in general iucrcasc  control lability and observability
ill all J)rillciJ~al directions [II] arid hcncc all IISV, an
cxJ~licit, rclat,ions]lil) bctwccn  the sensor and actuator
loc.atiolls and its IISV has never been derived duc to
its cornl)lcxity. ‘J’IIc earlier results, as summarized in
}’roJ)crtics  1 to 3, give cx})licit apJ)roxinlationof IISV
in tcrlllsofrllodcs and the cor)t,ribution from individual
actuator a n d  scl)sor  llavc 110( bccll cx])lorcd. ]11 t h i s
section, aII a])~)roxin~atc hut, cxp]icit  rclationshiI)  i n
tcrrnsofll  SV of individual ac.tuatorand scnsorisgivcn
for flcxiblc strtlct~lrcs.

Consider the placcmerlt  ofp actuators and g scrl-
sors. ]u this  cascthcill])ut l)a.ndthc  output C’rnatriccs
consist ofp colnml)sand  g rows, rcspcctivcly

IJ=:  [llr,  . . ..ll~.], i?f == [c;’, . . . . c;’] (20)

Notice that J)rcviously  in lqs. (6) and (18), the input
and output matrices, 1; and C, arc decomposed in
tcrrllsofrnodes,  i.e., IJrx, . . ..ll.l,., and C*r, . . .. L”*~z.
Ilowcvcr, in the followi])g derivation, the dcc.omJJosition
is ill terms of actuators and sensors (SCC l’;q.(20)).
‘] ’hcse matrices c.an bcdecomposccl  as

so that the controllability and observability grarnrnians
arc a sum of grarniniansfor cac}l individual sensor and
actuator

i= 1 j=l

where W,.i and WOj denotes the n x n controllability
and observability grarnrnians  for the it]) input and jth
output, rcspcciivcly.

For a rnultivariab]c  linear syst,enl, the IISV arc
dcfrlled by the cigcnvalucs  of tllc product of t}le gran)-
rnialls and by using l;q. (22)

7; = Ak(wcwo)

—. Ak (~ ~ Wciw.j ) (23)
i=] j=l

where k = 1 ,. ... TL arid Ak(.)  denotes the kth  cigcn-
value. l(;xccJ)L for tl)c spccia] c]ass of low order systems
of four or less, this equation cannot bc cxplicit]y  solved
in genera].

Fortunately, for ligl)tly-darrrpcd multivariable  flex-
ible structures, its hal anccd re~mcsent  ation is almost
indc})cndcnt of its actuator and sensor locations aucl
t,hc grarnmiarls  arc diagonally dolninant  (SCC l’ropcrtics
1 to 3) so that

Wciw’oj  % F(i, j) = l’~(i, j) (24)

where

F(i,  j) ~ diag(~,  (i, j)12,...,  Yn2(~,~)12)  ( 2 5 )

l’(i, j) =  dirr,rl(-1’] (i, j), ~ ~ , W(i,j)) (26)

dcnolcs  a matrix of aJ)proximatc  and exact llSV for the
Ah actuator and jtl I sensor pair rcspcctivcly.  llcncc-
fort}l, the tilde syInbol will denote the approximate



value of LIIC variab]c.  Substituting the diagonal do~ni-
nancc  of l’;q. 24 in 23, wc arrive at

i=] j=]

where
i = (5’112, . ... %,h)

N o t e  that Lhc 7? a~)lJroximateIISV  in l’;q.
pairs (see prol)ertics  1 to 3) so that, t,hcre

(27)

(28)

(29)

29 occur in
will only be

nz distinct a~)proxilrlatcll  SV in general. ‘I’hc  following
illll)ortalltd istillctiolli salsoclll~)}la sized: l’andlrcfcrs
to the lISV for a SCL of actuators and sensors while
F(i,  j) and l’(i, j) refers to tjhc IISV for LIIC it]] actuator
and jib out]jutl.

‘J’hc iml~ortancc  of I;q. (27) lim in the decomposi-
tion of Lhc IISV of the lnultivariablcf  lcxilrlc stlructurc  in
t,crmsofthc s(]l[)of  aJ)~)roxilTlatc  llSV of each actuator
and sensor pair. observe froru  l}qs. 23 and 24 that
tllc IISV  for a ]nl]ltivariab]c flcxib]c s t ruc ture  cannot
bc clccmnposcd ill tcrmsof the exact IISV, l’(i, j), of
its individual actuators and sensors. Ncvcrthelcss,  in
the colltcxt  of actuator and sensor placcrncnt  problcm,
if IISV arc used to construct a p]accment rnct,ric, the
contribution of each sensor and actuator pair appears
in a very C.olivciliclli form (cf. l{;q.23 and l’;q.27). IU
additon, the kth  balauccd  ~nodc for tlm ith a c t u a t o r
and jth scllsor pair can bc indelmndcnt]y  cva]uatcd  and
is denoted by ~k (i, j).

4 . 2  Placement indices

‘1’hrcc separate prol)lcms  can be dist,iuguishcd:  actu-
ator l)lac.crncr)t  oIIly, sensor ~)lac.cmcllt only, and joint
actuator and sensor placmncnt.  ‘l’he decomposition of
1 I SV al)plics to all three classes of prob]c~ns  as long as
flexible structures arc considered. }Icnce, the prob]cm
is forluulatlecl only for  actuator  placcrncmt wbcre a
set, of scmsors arc assumed fixed. For simplicity, t,hc
dcpculdcncc  of IISV 0]1 the fixed set of sensors will not
bc slated cxl)licitly  for the following actuator placcmcnt
formulation.

l,ct N dcllolc  a candidate set of actuator locations.
IU this ca.sc, l’;q. (27) simp]ifics  for the kth balanced
II1OC1C! to

or
iCN

i6N

(30)

(31)

where
l(i) =: dirzg(~] (i)lz, . . . . 7,12 (i)12) (32)

is tile matrix of approxilnatc  }ISV for the itll actuator
location and

I’(N)  = dicrg(~l  (N), . . .,yn(N)) (33)

is t}lc matrix c)f IISV for the set of actuators, N

Followiug [1 I], it is assu]ncd that typically a de-
signer does not kllc>w exactly how many actuators to
usc and where to locate thcm.  IIowever,  a larger but re-
dundant set of caudidatc  locations, denoted here by N,
is usually known. ‘1’hc scalar ~4(N)  denotes the max-
ilmrl)l achievable joirlt  controllability ancl observability
corrmpondil)g  to all actuator candidate locations, and
it is a sum of ~~ (i) over all caudiclatc  actuators and all
modes

7’(N) = ~~?:(i) (34)
kCSi CN

lU order to derive the placelncnt  strategy, a nor-
malized index ~~(i) of the ith actuator for the Ictb mode
is defined. It is a ratio of the fourt,h power of IISV of
the it,h actuator for L}IC ,ktll ~tlodc, ~~ (i), over Ll]c fourth
power of IISV for tllc who]c set

Definit.icnl 1: l)cfil]c  a subset of actuators,
Na, so that N,, ~ N. ‘1’hc joint controllability
and observability of the kth mode  for the
actuator set, N., arc characterized by the kth
,nodal  index, p,,,(k).

(35)

Definition 2: ‘1’hc joint controllability and
obscrval)ility  of the it}) actuator are charac-
t crizcd l)y the if h actuator iudcx, pa(i).

‘[’he actuator illdcx, pa (i), is a non-negative con-
tribution of the ith actuator surnmcd over all modes.
‘l’he lnodal  itldcx, p,,,(k),  is a non-llcgativc  contribution
of the kth lnode sulnlned  over all actuators. ‘1’his
suml~]ation prol)mty is an i~l)portant  feature of the
indices, since the total contribution to the system are
decomposed into a sunl of non-negative contributions of
each individual actuator and ~]lodc. IU fact, ~~(i) can
bc viewed as a n]atrix  of nou-negative num}~crs whose
coluTlln or row SUTI]  corrcs~)onds  to pa(i)  or p,71(k).  ‘1’his
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table of numhcrs  is very inforrnaiive  aiid can be used
to define a suitab]c  ~rretric.

Given a set of actuators, N., and a fixed set of
scllsors, two metrics which arc based on the salt] and
products of principal values, p,,, (k), are

‘1’hc  metric j] (N~, N) is a sum of all principal val-

Ucs! l. c.] the trace  of the IISV matrix. ‘I’he  physical
implic.atiol) of tlic first  iudcx is that the modes are
weighted ill their order  of degree of controllability and
observability. hence when used as a placement metric,
the least controlla.b]c and obscrvab]e  modes arc ignored
in the actuator and sensor place] nent.

‘J’hc scc.ond ]netric., 32(iVa,  N),  is  a  product  of
all princi})a] values over all modes. Alternately, this
product is also the deicrminanf  of the IISV matrix.
l)hysicall  y, this means that the least contro]l able an
observahlc  ]node (or pril)cipal  direction) is as impor-
tant as tllc most controllable and olmrvablc mode.
Gcomct,rically,  this product is directly proportional to
the volume of a]) nz dilncnsional  hypcrcllipsoid  whose
principal axes are given by the principal directions
and values. in all cases, the physics of the particular
al)plic.at,icrn would dictate the selection of the most
physically a~)l)ropriate lnetric.

4 . 3  P l a c e m e n t  S t r a t e g y

Auy p]acemrmt strategy obviously depends on the n}et-
ric. C.lIOSCII,  which in t,urli lnust  be based on the needs
of the physical problcm. For example, if the physical
~)robloln  of illtcrcst suggests tl)at tllc index pa(i)  which
characterizes the importance of the z’th actuator over
all IIlodes  is suitable and in addition  the sum of this
index rcl)rcscnts  the colnbincd  actuat,or  metric, t}lcn,
.lI (Na,  N) can be used. ‘1’hc  advantage of this metric. is
t]] at the coniril)ution  of each actuator appears linearly
al[d indclmlldcnt,]y and the optilnization problcm  then
rcduccs  to OIIC that ca~l bc solvccl by iuspcction.  IIcnce,
actuators with small values of pa(i) can bc removed as
the least significant ones.

‘1’hc balanced modal  inclcx pm,(k)  can bc useful
when ~nodes at the required controllability and observ-
ability lCVC1  arc required. Indeed, it characterizes the
significance of tl)c ktl] l)alanccd  lrrodc for tlic given
locations of sensors and actuators. ‘1’hc controllability
and observability of the least significant modes (those

with the small index pm,(k))  can either bc enhanced by
addi]lg and/or reconfiguring actuators and/or sensors.
Hascd on the products of p,,,(k) over all lrrodcs,  a second
metric, 32(Na, N), can be defined. Notice that the
placement metric ,lz(Na,  N)  is not as convenient for
opti])]ization  as the former metric.

‘1’hc iudcx pa(Na)  ac})icvcs its maxi~lmm for N. =
N, giving p(Na)  = 1. Another cxlrcmc  situation ap-
J~cars when a single actuator controls a single structural
rnodc [7]. lrl this case 11 2 = 1, Na = 1, N > 1, and
p. (i) = ?! (i) z Y~(i)/~” (N), so that the location with
the largest alnj)lit,ude gives the largest index pa(i),  for
i=] , . . . . N. ‘1’hus for this sirnplcst  case, selection of
actuator location based on the ~)cak alrlplitude  location
of tile mode shape  [7] is equivalent to largest lnodal
grarrlmian  coefficient [11] and largest llankel  singular
value.

5 E x a m p l e s

in tile following cxa]nplcs,  the trace of the lISV matrix
is used as t,hc actuator placcmcnt  metric. All the
out~~uts  used throughout the examl)]es to gcncratc
balarlced coordinates or lnodcs  arc assrrlrlcd fixed.

5 . 1  T r u s s  s t r u c t u r e  w i t h  internal a c t u -
a t o r  f o r c e s

‘J’he truss froln Fig.

, _  - 1 2 - . . . 1

115 116

is considered. Its outputs are

n 7 118
-, act 4 a c t . 5 ad 6

w

act 1 act 2 act 3
n 1 n2 113 n 4

Figure 1: Actuator Configuration for Example 1.

rates nlcasurcd  at vcrtic.al direction at nodes n4 and
118.  I’hc following actuators are considered: (1) force
in tile bar co~lncctirlg node 112 and the support node
711, (2) force in tile bar conncctil]g  node n3 and n2, (3)
fore.c in the bar c.onllcc.ting node 1A and n3, (4) force in
the I,ar connectil)g  node n6 and the base node n5, (5)
force in the bar connecting node n7 and n6, (6) force ili
t}lc l)ar conliccting  ~lodc n8 and rr7. ‘1’hc task is to find
the two inputs within tllc given six candidates with the
best controllability and observability ~)ropertics.
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‘]’hc cc]l]trollal)ilit,y and observability properties of
each actuator arc charactcrimd  by the indices pa(i), z’ =
1 ,...,6. ‘1’IICSC indices are ol)taincd  from the lISV of
each individual actuator, which contributes to the total
IISV. Firsi, the accuracy of the lISV of t,hc system
with all six inl)ut,s is chcckcd by computing t,bc exact
IISV usil]g l’;q. (23) and then the satnc  IISV through
l;q,(31 ). ‘1’hc  results shown in figure 2 confir]n  that

10 1
– 2  mJIM

t
, (-J-4 ~

o 5 10 1 5 20 25

l“igurc 2: JI;xact (*) and approximate (0) llankcl siugular
valacs  of truss,

}:q.(31  ) holds with satisfactory accuracy with only
s[nall discrcl)ancies.  ‘1’hcsc  errors appear accept,ablc for
t,llc actuator ~)lacc]llcnt  pur})oscx.

‘J’be i nd i ces  pnl(k),  k = 1, . . . ,13 and pa(i),  i =
1 ,...,6 arc givcll in figure 3, which indicate that actua-
tor 1 (force ill the har  connecting node n2 to the base)
and actuator 4 (force in the bar connecting node n6 and
the basis) arc the Inostl appropriate for the actuator
locations. ‘J’l~mc choice of locations arc intuitively
correct  since internal strains and displaccmmrts  at t}lc
root  of a bcar]l arc largest for bca]n tiI) vertical motion.

5 . 2  TI-USS structure with e x t e r n a l  a c t u -

a t o r  forces

‘J1he same truss  with the same outputs are considered.
IIowcvcr, a difrcrcllt  set of cigllt candidate external
actuator locations are considered: ( I ) horizontal force
at node n3, (2) vertical force at node n3, (3) horizontal
force at node n4, (4) vertical force at node 714, (5)

horizontal force at node ?/7, (6) vertical force at node
?/7, (7) horizontal force at node n.8, (8) vertical force at
node 718, as showJI  in figure d. “J’hc task is to find the

verlicd  velocity sensors al ncdes  n4 and n8 for truss

I—–--”””~
05

~o.4

F03 .~1

E 02
0.1

nIL:
.

1 rTl — I 1[ 1 [m
“o 2 4 6 8 10 12

mcde number

vertical velocity sensors at ncdes n4 end n8 for truss

1_-–--r”~
0.25 .

02~
‘!0.15j
L 0.1

005 -

00 —

—

--l

1
[b

—.-
-.4..

2 3
actuator number

m.i
5 6 7

~igure 3: Modal iadex, pm(k), aud acluator  index, pa(i)
for truss structure cXaJUJdC  1

best two inputs  within the c.andidatc  locations.

‘1’hc accuracy of  the IISV of the systcm  wi th
all eight inputs  arc checked by conlputing  the exact
}lSV using l}q. (23) and thcnl the sar]]c  llSV  through
Eq. (31 ). ‘llc results slIowJI in figure 5 again confirln
that, l’;q. (31 ) holds with satisfactory accuracy with oJ~ly
sn~a~l discre])ar}cics.

‘NIC modal and actuator indices, pnl(k),  k  =
1,..., 13andp~(i),  i : 1,...,8 arcsbown  in figure 6. ‘J1hc
results indicate that, the lcrcatio]ls 4 (vertical force at
node n4), and 8 (vertical force at node n8) arc the best
choices. ‘J’his is not surprising since the given outputs
arc irl the same  ]ocatioll and direction.

5.3 Actuator placement for CEM

‘1’bc actuator placclnent, procedure is aJjplied to the cx-
pcril[lcnta]  structure called the Control-Structures in-
teraction  II;volutio])ary Model (C1+;M), shown in l~ig.7.
A  tc)ta] of N = 50 c.andidatc  locations for the air
thrusters is sch?c.ted and shown. ‘J’hc structural model
consists of nz = 12 moclcs whose first six modes are
suspension n~odes.  ‘J’hc frequencies arc closely spaced
and lightly darnjwd,  which is a typical phenomenon for

7
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l’i.gurc  4: Actuator Configuration for Example 2.
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Figure  5: II;xacl (*) and approximate (o) llanke] singular
values of truss.

this kincl of slruciurc. ‘1’hc  ~]lain purpose of the C1;M
actuators is to supl)rcss  t,hc suspension induced and
structural vil~raliol]s dLIC  to external d i s t u r b a n c e s  b y
using feedback control. ‘J1hc rcl)ort, in [21] gives a more
detailed dcscripticm of tllc structural model. IIased on
the set of actuators 1 t,o 8, t,he results of several control
designs arm rcport,cd ill [23, 11, 12, 13].

‘1’be  placmncnt  of actuators dcpcrrcls  on the sensor
location. WC consider three velocity sensor locations.
III LIIC first case, sensors No. 9,37, and 46 were used, all
of thcm sensing the CII}M dynamics in y-direction. ‘l’he
accuracy of the apl)roxilnate  dccoIn])osit,ion  of the IISV
is c.hccked by coml)uting  the t,ruc lISV of a systcrn with
all 5(J actuators, and tllc approximate IIankel singular
values ohtaincd  froln l;q. (31 ) as the sum of the IISV
of systelns  with sillglc actuator. ‘1’he plot in figure 8
s h o w s  that, the exact  and t,bc approxi?nate  IISV arc

1 --

0.8 -

~0.6 -
I

; 0.4 -

vertcal  velocily sensors at nodes n4 and n8 for truss
‘ — T

02

n[ L!!!~ .1
“o 2 4 6 8 10 12

mode number

verfical  velocity wrsors at ncdes  n4 and n8 for truss
0.4 T- ~—1-------l I 1 1 1 1 I

0.3 -
c
T

I 0,2 -
;L

01 -

n-. —
‘ 0 1 2 3 4 5 6  7 8 9

actuator  number

Figure 6: Modal index, p,,,(k), and actuator index, pa(i)
for truss structure example 2

close enoug}]  to procccd with the placclncnt  procedure.

‘l’he lnodal  indices p,,,(k),  k = 1,...,12, and the
actuiltor  placrxrrcnt  indices pa(i),  i = 1, . . . . 50 were
determined and plotted ill figure 9 rcspcctivcly.  ‘1’he
modal indices S]1OW  that the second lrrode primarily
participates in the outJJut. ‘J’hc actuator indices show
that actuators placed at locations 1, 3, 6, 8, 9, 11, 17,
19, 21, 23, 25, 27, 30, 33, 35, 37, 43, and 46 most
influence the outJ)rrt.  All of thcm  act in y-direction, i.e.,
they arc oriented ill the sa?nc direction as the outputs.

6 Conclusions

‘J’hc approach in this l)apcr cxteuds  and comJ)lcrnent,s
the apJ)roxililate  decomposition ofthc singular values of
the controllability and observability grammian  lnatriccs
of a multivarial)lc  [Icxiblc structure to IIankc] singular
values. ‘1’hc lnain rcsu]t of this study is (hat for lightly-
damped flexible struct,urcs,  the IJallkcl singular values
of irldividual  l)airs of actuators and sensors can bc
sumtrred to approx ilnatc  the IISV of tllc multivariab]e
flcxil)lc structure. ‘1’lILT  IIankcl singular values can
be used to construct various forrlls  of metrics that
qua~ltifics the dc.grcc of controllal)ilit,y  and obscrvabi]ity

8
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l’igurc  7: Actuator configuration of CF;M.

in balanced coorclinatcs.  IJased  011 the Inctric  chosen,
corresponding l)lac.cmcnt Incthodo]ogy  can bc derived.
It is sl)own tl~at for the sl)ccial case where the trace of
tl)c IIanlic] singular value matrix is used as the rnct,ric,
the optinla]  actuator placcrncrrt  l)roblcr)l bccornes very
siml)le.

I’lJIV1’IIJ;R I) IHIGN  ANI) SIMUI,AT1ON 1 S
NI’;CIHAli.  Y...

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

Gawronski,  W., aud lladaegh, I’.Y., “lla]anccd  ln-
~)ut -OutI)ut, Assigrllncnt,  ” lnicrnationa{  Journal
~O?’ L$7jSir7?llS $cicncc,  VO1.24, 1993, pp.]  027-1036.
Aidarous, S.1;., Gevcrs, M. R., and lnstallc, M. J.,
1975, ‘(Ol)t,in]al  Scrlsors’ Alloca.tiorl Strategies for
a C,lass  of Stochastic l)ist, ributcd  Systems, ” lnt. J.
~071f7’0~, 22, 197-213.
IIasscvillc,  M., IIcnvcnistc,  A., Moustakides,  G. V.,
and Rougcc,  A., 1987, “Optimal Sensor l,ocatioil
for l)etcctring  Changes in 1 )ynamical  IIehavior,’)
ll<L’1  Ykan,s. Awiom.  Control, AC-32, 1067-1075.
Chcn,  W.Il., and Scinfcld,  J.II., “Optimal I,oca-
tion o f  l’roccss  Mcasurcrncnt,  ”  lnt. J. G’onirol,
VOI.21, 1975, ])]).1003-1014.
l)cl,orcnzo,  M.],., “Sensor and Actuator Selection
for l,argc  S])acc St,ructurc  Control,” Journal  oj
Guidance, Control and l)ynamics,  VO1. ]3, ]990,
pp.249-257.
llal]ldall, A.h4.A., aud Nay fch, A.11., ‘(Mcasuresof
h40dal Controllabilityand Observability forl?irst-
and Second-Order l,incar Systems,’ ) ]ournal  of
Guirirrncc, Corrlroi and Dynamics, vol. ] 2, 1989,
p] J.421-428,  and p.768.
Juar)g,  J-N., and Rodriguez, G., ‘Torrnulations
and Apl)lications  of l,ar,gc Structure Actuator and

.OIOCIIY  .ensor.  -..X. CI .- .m!r.x10” — .—. r—...-. . ————

mu
file

7CF

@@g:

, 0 -
. .

. .

99

9.

I . .
●  m .

=110-0 —.: ,0 , 5 ?0

Figure 8: Fkact (*) and approximate (0) }Iankel singular
values of CJ;M.

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Sensor l’laccr(lcnts,” V1’I/A IA A Sy7nposiu7n  on
D y n a m i c s  unrt Control oj l,arge IOcxible  Space-
craft, l;d.  1.. Mcirovitch,  IIlacksburgl  1979, pp.247-
262.
Kammcr,  1)., ‘(Sensor l’laccrncnt  for Orl-Orbit
Modal identification and Correlation of l,argc
Space Structures,” Journal oj Guidance, Control
a7~d l~y7/an~ics,  VO1.14,  1991, pp.251-259.
Kim, Y., and Junkins, J.],., “Measure of Con-
trollability for Actuator l’lacc~ncmt,’>  Journal oj
Guidance, Conirol and l)ynamics,  VO1.14,  1991,
pp.895-902.
Lim, K. H., “Method for Optimal Actuator and
Sensor l’laccr~lcnt  for l,argc  l’lcxib]c Structures,”
Journal oj Guidance, Control and l)y7tantics,
VO1.15,  1992, pp.49-57.
Linl, K. B., and Gawronski,  W., “Actuator and
Sensor l’laccnicnt,  for Control of Flexible, Struct-
ures,” a chapter rn: Control  and l)ynamtcs Sys-
icms,  c d .  C.”l’. Lcondcs, VOI.57,  Acadcrnic  l’rcss,
San l)icgo,  1993, pp.109-152.
l.in), K.])., Maghan]i,  I’.G., and  Josh i ,  S .  M. ,
“Comparison of Contro]lcr  l)csigns  for an l;xpcri-
lncntal  Flexible Structure, ” lL’EE Co71frol Systc7ns
Magazine, June 1992,  pp.108-l  18.
l,i]n, K.I\.,  and IIalas, G .J., “I,inc-of-Sight  Control
of the CSI II;vo]utionary  Model: II Corrtrol,  ” lE~;Jj
American Co71frol  Conjcrcncc,  Chicago, 11,, 1992.
IJirn, ‘l’. W., “Sensor l’laccment  for On-Orbit
Modal ‘kting,}’ 32nd Sirucfurcs,  Structural l)y -
7Lanrics, and Materials  Conjcre71cc, lialtirnorc,
Ml),  April 1991.
l,indbcrg  Jr., R.lI; ., and l,ongman,  Ii,. W., “OJI the
Number and l’lacerncnt  of Actuators for indepen-
dent Modal Space Cont,ro], ” J. Guidance, Control
rrnd l@7/a~7/its, VOI.7,  1984, pp.215-223.
Maghanli, 1’.G., and J oshi, S. M.,
“Sensor/Actuator l’]acemcnt  for I’lcxib]c Space

9



veldty wrws at dof 9,37,46 tor cam
I 1 1 ,

O“r--
0.08

S006
:1
:0.04

002

0I
o

1

u_______
4 6 8 10 12

mcde number

velccity wwors  m dof 9,37,46 for wm
1 1 I 1 1 1 I I

L
5 10 15 20 25 30 35 40 45 WI

ac[uator  number

p,,, (k), and actuator index, pa(i)l“igurc 9: Modal index,
for CI’;M will, velocity outputs at 9, 37, 46

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Strut. t!urm,” American Control conjercnce,  San
l)icgo,  CA, 1990, pp.1941-1948.
Magllal]]i,  I’.G., and J o s h i ,  S .  M . ,  “Scnsor-
Actuator l’lacc~n~nt,  for Flexible Structures with
Actuator l)yllainlcs,”  Journal oj Guidance, Con-
t70i, and l)yna7nics,  VO1.16,  110.2, 1993, pp.301-307.
Sala.rna, M., ILosc, ‘1’., and Garba, J . ,  “Optimal
l’laccnncnt  of ]’;xcitatiops  and %nsors  for Verifi-
cation of l.ar.gc l)ynarnrcal  Systcrns,’)  28tJ/ Si7wc-
Iures, Sirwciurul  l)ynamics and Materials Conjcr-
c7/cc, Monterey, CA, 1987, IJp.1024-1031.
Skc]ton,  R.]’; ., “Cosl  lkcornposi (ion o f  Linear
SystcIns  wit]] Ap~~licatior\  to Moclcl Reduction ,“
lntcr7rational  Journal of Conirol, VOI.32, 1980,
pp.lo31-lo55.
Viswanathan, C. N., l,ongrnan,  It. W., and l,ikins
1’. w . , “ A  l)c.grm of Cor]trollability  l)cfinition:
Fur]dalr)cnt,al  Concepts and Application to h~odal
SystcIIIs,”  Journal oj Guidance l Control, and l)y-
na7nics, VO1.7, 1984,  pl).222-230.
IIclvil], W. K., ct al., 1991, ],anglcy  ’s CSI l’ho-
lutiorlary  h~odcl: l’hasc  O, NASA “J’M 104165,
l,anglcy  ILcscarcll Center, IIamptor),  VA.
]Ilclloch,  I’.A., Mongori,  1) .1 , . ,  and Wci,  J.]).,
“1’crturhatioll  Analysis of lntcrna]  IIalancing  for
l,ight]y  l)a?~llmd  Mechanical  Systcrns  with Gy-
rose.o}~ic and Circulatory lorccs,” Journal o f
Guidance, Control, rrnd llyna7rtics,  vol. ] O, 1987,
pp.406-410.
IIruncr,  A., ct. al., “A ctivc Vibration Absorber
for the CSI l’evolutionary hfodcl: l)csign and l;x-

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

pcrimelltal  Results,” Journal oj Guidance, Control
and l)ynrrntic.s,  VO1.15,  1992, pp.1253-1257.
Gawrorlski, JV., and Juang,  J. N., “Model Rc-
ductio~l  for l’lcxil)le Structures,” in: Co71trol  and
l)y71an~ics  Systcnts,  ed. C.’l’. I,condcs, VO1.36, Aca-
dcrnic l)ress, Sar] I)icgo, 1990, pI).143-222.
Gawronski,  W., and Williams, ‘l’., “Model Re-
duction  for Floxib]c  Space Structures,” Jour7~al  oj
Guidance,  Coni70i, a7td l)yna7nics1  VO1.14, No.1,
1991, pp.68-7t3.
Gregory, Jr., (:. X., “Reduction of I,argc llcxiblc
Spacccrafl  Models Using lnt,ernal llalancing “Jlle-
ory,” J. Guidance, Control and llyna7nics,  VOI.7,
1984, pp.725-732.
Jonckhec.rc,  A., “1’rinciJ)al  Colnponcnt  Analysis  of
IIcxible  Systcrns - Open l)oop Case,” II;EE ‘lkans.
Auiom.  (lo7)trol, VOI.27, 1984, pp.1095-1097.
Kailath,  ‘J’., l,i7/ca7 Sysiems,  l’renticc  }Iall, ltrlglc-
wood Cliffs, NJ, 1980.
Ijongman, R. W., and lJorta, 1,. G., ‘<Actuator
I’lacclncnt  by l)cgrcc  of Controllability including
the l’lffcc.t of A c.trl ator  Mass,” l’rocccdi7~gs  oj the
Scvc71i11 VP1 (4 S(J / A l A A  S y m p o s i u m  o n  lly-
namics  a n d  <lontrol  oj l,argc l’lczzhlc  Spacccrajt,
B]ac.ksburg,  VA, 1989.
Moore, B. C., “1’rincipal  Compollcnt  Analysis in
J,incar Systcrns, CcmtroJlability,  Observability and
Model lteduct ion ,“ II<L’E  Y}ans. Aulom.  Co7itrol,
VO1.26,  1981,  pp.17-32.
Ske]ton, R.]t.,  and l)cl,orenzo,  M .1,., “Sclcctiorl  of
Noisy Actuators and Sensors in l,inear  Stochastic
Systems,” Jorrmal  of l,arge Scale Sysiems, Y1heory
and Applications, VO1.4,  1983, pp.109-136.
Willianls,  ‘J’., “C losed  l~orrn  Grarnmians  and
Model lteductiorl  for Flcxib]c  Space Structures,”
lEEJI:  !ika7tsac[io7ts  071 Auto7naiic  Control, vol.
AC-35, 1990, pI,.379-382.
WortcltJocr,  I’., ancl van Oostvccn,  1 J., “Modal
Reduction Guided by IIankcl Singular Value lntcr-
vals,” Sclccicd  Ybpics  in 1dc7dification,  Modclling
and Control, vol.], 1990.

10


