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Abstract. This article presents the results of a fit of
a numerically integrated orbit for the Saturnian satel-
lite Phocbe to 1arthbased astrometric observations (from
190410 1996) and imaging data acquired by the Voyager 2
spacecraft. during its encounter with Saturn. The primary
results arc the cpoch state veclor used in the integration
and a set. of nacan eler nents which provide a geometrical
representation of the orbit. We also assess the quality of
the fitandthe accuracy of theorbit.
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1. Introduction

The ninth satellite of Saturn, P’hocbe, was discovered by
W. H. Pickering in March 1899 from photographs madce in
1898 at the Harvard observatory station, Arcquipa, Peru
(Pickering 189(1). e subscquently published preliininary
ephemenides for the satellite (Pickering 1905a,1905b).
Ross (1 905) produced the first definitive orbit based on
obscrvations made at. Arequi pa, Yerkes, and Lick in the
carly 1900's. Zadunaisky (1954) updated Ross” orbil using
obscrvations madebetween 1907 and 1942, Rose (1979)
generated the first numerically integrated PPl ioebe orbit
which was fit o observations over the period 1904 to 1969.
1lc omitted those from Arequipa. Subsequent integrations
were doric by Bee-Borsenberger and Rocher (1982) who
fit observations from 1904 to 1981 and by Bykova and
Shikhalev (1982,1(184) who fit observations from 1898 1o
1081,

Thepurpose of this work is to update the orbitin
light of recent astrometrie observations and imaging ob-
servations obtained by the Voyager 2 spacecraft. Futher
incentive is provided by NASA’s Cassini mission to Sat-
urn (Kohlhase 1993). Current plans call for the Cassini
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spaceccraft to fly by Phocheat a distance of about 50000”
kin. A high quality ephemeris is needed to support scien-
tific observations during the flyby.

2. Orbit model

Ourimnodel for Phoebe’s orbit is a numerical integration of
its equation of motion (Peters 1981) which includes the of-
feets of anoblate Saturn, perturbations from seven of the
cight major Saturnian satellites (IHyperion, whose mass
is unknown but presumed quilt small, is neglected), and
perturbations from the Suri, Jupiter, and Uranus, The
formulation is in Cartesian coordinates centered at the
Saturnian system barycenter and referenced to the Farth
meat equator and equinox of J2000 system. Phioche is
assmned to be massless, hence the barycenter location de-
pends only upon the planet and perturbing satellites. J]'1,
planctary ephemeris D15403 (Stan dish ¢l al. 1995) pro-
vides the 1hasses arid positions of the Sunand perturbing
planets, and J]1'], satellite ephemeris SAT077 (Jacobson
1996a) provides those of the perturbing satellites.

The mnodel is far more complete than necessary to fit
the observations. Rosc’s original work included only solar
perturbations, that of Bykova and Shikhalev accounted
for the Sun and Jupiter, and that of Bee-Bosenberger and
Rochier took into account the effects of I'itan, Jupiter, and
the Sun. Phoche’s aceeleration due to Jupiter is about 1%
that of the Sunanddue to Titan is about. 0.1%. All threc
of these investigations obtained reasonable fits 1o the ob-
servat 1ons. We sclected the model in this work primarily
for consistency wit h the integrations of the other Satu -
nian satellites being performed it preparation for support
of the Cassint mission (Jacobsor 1996h). We did, however,
also investigate a simplified model which replaces the per-
turbing satellites, cxcept for Titan, withuniforin circular
cquatorial rings retaining only their quadrupole eflect. (scc
Roy et a. 1988 for a discussion of this technique). In addi-
tion, the simplified model obtains its Titan positions from
a precessing cllipse approxitnatle represent ation of the 1
tan ephemneris (the elements for the elli pse can be found
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inthe Appendix). A comparison of integrations with the
simplified and complete miodel found diflerences of " less
than 50 ki Over a 50 year’ period. Ill fact, becausesuch
differences are well below the accuracy of the pre-1966 ob-
servations (the integration epoch is Noveruber 11, 1966),
we actually used the simplified inodel for all processing of
those carly observations,

The integration was carried out with a variabl ¢ step
sire, variable order, Gauss-Jackson nicthod. Anabsolute
truncation error limit of 10- ki simposed 011 the
velocity controlledtheintegrationstep. The average step
sire was 25 896 scconds and the maximuim order was 15.

3. Ohscrvations
3. 1. Sources and summary

The literature scarch of Pierce (1975) lists publications
containing micrometric and photographic Phocbe obser-
vations over the period 1898 to 1969. In their paper Bec-
Borsenberger and Rocher extend the hist to include pho-
tographic observations from 1975 to 1981. In addition,
they provide several photographic obscrvations made at
La Sills in 1981 which apparently have not been pub-
lished elsewhere. The only published observations found
by the author subsequent to 1981 are those made at La
Sillain 1982 (Debehogne 1984). The 11. S, Naval Observa-
tory (Rohdel 994) and McDonald Observat ory (Whipple
1992,1995) have supplied recent unpublished photographic
observations, and McDonald Obscrvatory (Whipple 1996)
has supplicd unpublished CCD observations.

During its encounter with Saturn in 1981, il e Voy-
ager 2spacecrafl acquired eight iinages of Phoche against
a sta’ background. These provide measures of Phocbe’s
position with accuracies inthe 5010 150 kinrange.

Table I'summarizes of all of the currently available
Iarthbased Phocbe observations grouped into sets. T'he
first colummncontains the year of the observations; the
sccond and third columns identify the observatory and
instrument. A reference or publication is given in columm
four (see the Referencessection of this paper). Finally, the
code numberinthe last colur nn uniquely indentifies the
obscrvation set.

3.2, Comments

A1l of the Arequipa observations are photographic. The
initial reduction of sets 1-4 (Pickering 1905a) provided
Saturn relative posiltions ‘as measured onthe mage of the
reticule’” which all subsequent analyscs appear to treat as
equator of date positions. Pickering (1 905b) corrected 17
o f the positions and reported them together with addi-
tional 1904 observations, the latter inthe form of angu -
lar separation and declination diflerence hetween IPhoebe
and Saturn. The 1898 to 1902 photographs were later re-
duced against the Cape Photographic Durchimusterung,
cpoch 1875, star catalogue (Pickering 1908) yiclding mean

1875.0 astrometric positions. For the 1905 and 1906 ob-
servations (Pickering 1906a,1 906b,1906c¢), Saturn-relative
positions arc again givenin terins of angular separation
and declination differenc e. Accord ing o the observers the
precision of thie entire sct of Arequipa obscrvations ranges
from a few scconds of arc to ncarly one minute.

T'he observations at Yerkes made by Barnard arc \'i-
sual micrometer observations of Phioche rdative to stars.
The star positions were uscd to reduce the Phoche obser-
vations Lo apparent place. The mean places of the cornpar-
ison slars are also provided, and improved star positi ons
could possibly improve the reduc tion. Notes indicate that
the places for two of the stars arc from the Astronomnis-
che Gesellschaft Catalogue and for the others are from
the B.J. Fundament d Catalogue. Meridian circle mcasures
were made for two of the 1906 comparisonreference stars.
For the 191 2/13 obscrvations, meridian circle measures
were made for one of the stars,

"The observattons at Lick inade by Perrine and Albrecht
are photographic. Those for set 7 were reduced using six
catalogue stars to obtain 1904 .0 mean places. The posi-
tions of the cataloguce stars were taken from the Wash-
ington A.Gi. Zone catalogune;their 1904.() mican places are
given in the reference. A Saturn observation is quoted but
is too poortouset oreducestar catalogue errors. For the
Albrecht set 9, 1905.() mean places are given, and for the
Perrine sets 10 and 15 the respective mean places ave for
1906.0 and 1908.(). It is presumed that all were reduced
inthe satne manner as those of set 7, andit is probable
that the Washington A .G . Zone catalogue was used in the
reduction. Unfor tunatel y, the positions of the comparison
stars arc not provided.

THie Greenwich observatious are photographic mea-
sures reduced Lo geocentric apparent posit ions using comn -
parison stars mecasured relative to reference stars in the
Astronomischie Gesellschaft Catalogue. The publications
include a correction for star catalog errors based 011 oh-
servations of Saturn reduced in the same manner as those
of Phocbe and then compared to the tabular position of
Saturninthe Nautical Almanac. Subtracting these corree-
tions from the published observations prior to processing,
ineflect, replaces the star catalog error with the Saturn
ephemeris error plus the error inmeasuring Saturn’s po.
sition. A comparison of t he Saturn tabular positions with
oncs from DI 403 found small differences relative to the
size of the corrections.

T'he van Biesbroeck observations al Yerkes are photo-
graphic. The set 21obscrvations were reduced using com-
parison stars fromthe Abbadia catalogues and were re-
ported as apparent positions. Set 25 was reduced with
comparison stars from the Tacubaya catalogue and w as
reportedinthe form of astromet ric positions for 1955.(),

T'he M. Wilson photographic observatjon of Nicholson
and Richmond appears with a set of outer Jovian satel-
lite observations made during the same time period. I
is reported as anastrometric position for 1940.() with an
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Table 1. Fart hbasced astrometric observation scls

Year Obscrvatory Instrument Reference (Gode
1898 Areguipa 24in Bruce Pickering(1908) 1
1899 Arequipa 24in Bruce Pickering(1908) 2
1900 Arcquipa 24in Brucce Pickering(1908) 3
1902 Arcquipa 24in Bruce Pickering(1908) 4
1904 Arequipa 24in Bruce Pickering(1905a,1905b) 5
1904 Yerkes 40in refactor Barnard(1905) 6
1904 lick Crossley reflect or Perrine(1904) 7
19005 Arequipa 24in Bruce Pickering(1906a) 8
1905 lack Crossley reflector Albrecht & Smith (1909) 9
1905 Lick Crossley reflector Perrine(1909) lo
1906 Arequipa 24in Bruce Pickering(1906h) 1
1906 Arcquipa 24in Bruce Pickering(1906c) 12
1906 Yerkes 40i n refactor Barnard(1906) 13
1907 Greenwich 30in reflector Christic(1907) 14
1908 Lick Crosslcy reflector Perrine(1909) 15
1908 Greenwich 30in reflector Christic(1908) 16
1909 Greenwich 30i n reflector Christie(1909) 17
1910 Greenwich 30in reflector (Tln'isti(z(].()]()) 18
1912/13  Yerkes 4 Oinrcfactor Barnard(1913) 19
1913 Yerkes 40in refactor Barnard(1914) 20
1922 Yerkes 24in reflector van Bicsbrocck(1922) 21
1940 Mt. Wilson 100i1l refiector Nicholson & Richmond(1944) 22
1942 McDonald 82in reflector van Biesbrocck( 1944) 23
19562 Cordoba Normal astrograph  Bobone(1953) 24
1955 Yerkes 241 reflector van Bicsbroeck(1956) 25
1955 McDonald 82in reflector van Biesbrocck(1956) 2
1957 Bloemfontien  ADII telescope van Bicesbroeck(1958) 27
1960 Flagstafl 40in reflector Roemer & Lloyd(1966) 28
1968 Crimcan 40cm astrograph Cheruykh & Chernykh(1971) 29
1969 Kitt Peak 21 3cmreflector van Biesbroeck, et al. (1976) 30
1969 Catalina 154c]11 reflector van Bicsbroceck, et al. (1976) 31
1975/76  McDonald 2.1m reflector Mulkolland & Shelus( 1980) 32
1981 1, owell 0.33m rcflector Bowcll(1981/82) 33
1981 La Sills 40cim GPO Debehogne(1981a,b,e,d /82) 34
1682 Lowell 0.33111 reftecton Bowell(1988) 35
1982 La Silla 40cm GPO Debchogne(1984) 36
1992 USNO 24iu reflector Rohde(1994) 37
1992 McDonald 2.1m reflector Whipple(1992) 38
1993 USNO 24in reflector Rohde{1994) 39
1994 McDhonald 2.1m reficctor Whipple(1995) 40
1995/96  McDonald 2.1m reflector Whipple(1996) 41

erroncous sign on the declination. Since the publication
states that the Jovian satellite observations were reduced
with the Astrographic Catalogue, it is presumned that the
Phoche observation was as well.

The observations by van Biesbroeck made at McDon-
ald are photographic. Thosein set 23 were reported as
astrometric positions for 1942.0. I'hey were probably re-
duced with comparison stars from the Tacubaya astro
graphic catalogue, although the reference siinply states
the ‘astrographic catalogue’. Set, 26 was reduced against

the Tacubaya astrographic catalog uc and was reportedin
the form of astrometric positions for 1955,(). “
Bobone’s Cordoba observations arc photographic as-
trometric positions for 1952 .0 . Notes suggest that the rel-
crence stars for the reduction were fromthie Yale 17 and

Yale 21 catalogues and that proper motion was not ap-
plied.

Thie photographic observations from Blocifontien
published by van Bieshroeck w e r e actually made by
1. Gehrels. I'iey were reported as astrometric positions
for 1957.(). Yhercisnoindication of thestar cataloguce used



i the reduction, but since it appears the plates were mca-
surcd atl Yerkes, it likely that the Tacubaya astrographic
calaloguc was used.

T'he Ilagstafl’ observations of Roemer and Lloyd arc
photographic 1950. 0 astrometric positions. They were
Made as part of a prograin to observe minor platiets and
faint natural satellites. Reference stars for the reduct ion
were Trom the Astrographic Catalog.

The photographic observations in Sct 29 made a 't
the Crimean Astrophysical Observatory arc reported a's
1950.0 astrometric positions, No information is avail able
about the star cataloguc used in the reduct jon. Siinulta-
ncous ohservations of Hyperion and lapctus arc also re-
ported. However, the differential positions of Phocbe rel-
ative to those bodies exhibit significant errors in the right
ascension.

The Kitt Peak National Observatory photographic ob-
servation w as made by van Biesbroeck and reduced by
C.D. Vesely. It was reported as a 1950.0 astromnctric po-
sition. A1 1 carlier publication suggests the Astrographic
Catalog was the source of the reference stars inthe redue-
tion.

The photographic obscrvations at the Catalina Sta-
tion of LPL, made by van Biesbroeck and reduced by
C.D. Vescly, were reported as 1950. 0 astrometric posi-
tions. A's inthe case of the Kitt Peak observations, it
appears that the Astrographic Catalog provided the refer-
ence stars. T'he September observations were noted to be
outside the triangle of reference stars; they exhibit large
residuals against the current. Phoebe orbit.

The McDonald photographic observations of Mulhol-
land and Shelus arc 1950.() astrometric positions, They
were reduced using the USNO Zodical Catalogue. A num-
ber of simultaneous observations of other satellites arc
also given permitting thieuse of satellite relative positions
rather than absolute positions.

Bowell’s photographic observations at lLowell ar c
1950.() astrometric positions. Noindicationof the star cat-
aloguc used inthe rexluc.tie]] is given. Siimultancous obser-
vations of other satellites arc also provided which perinit
the construction of satellite relative positions.

The photogra phic observations inade by Debehogne at
l.a Sills arc reported as 1950.0 astrometric positions. As
inthe case of scls 32, 33, and 35, shinultancous obscrva-
tions of other satellites are given and can be used to form
satellite relative observationis. Notes in the publications
and rclated publications (on Jovian and Uranian satel-
lites) suggest the SAQO catalogue was used inthereduction
and that reference stars were correctet for pr oper motion.

Rohde’s USNO photographic obscrvations arc J2000
geocentric astrographic positions. Set 37 has asignificant
bias in right ascension and sct 39 has a significant bias in
declination. Until the sources of these biases are under-
stood, the observati ons arc not usable. The Guide Star
Catalogue provided the reference stars for the reduction.
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The McDonald photographic obscrvations of Whipple
arc J2000 topocentric astrographic positions. Reduction
of sels 38 and 40 was made against the Astrographic Cat -
alogue Reference Stars (AC RS) Catalogue. Sinee the po-
sitions of thescstars arc in1'K4/B1950 systemn, they were
rotated to 1'K5H/J2000 system following the I All Comnis-
sion 20 conversion procedure (Stan dish ¢1 al. 1992). The
McDonald CCD observations, set. 41, arc also J2000 as-
trographic and were reduced against the Guide Star Cat-
aloguc.

The Voyager obscrvations arve the pixeland line loca-
tions of the hmages of Phoche and background reference
stars inthe Voyager cameraframe.The 1'1{4/111950 star
positions arc also provided. Thiese positions arc from a
special star catalogue (Klemola et al. 1979) made for the
Voyager project and referenced to the Perth 70 catalogue.
"To facilitate processing of the observations the star po-
sitions were rotated to FK5/32000 systemn following the
TAU Commission 20 conversion procedure.

4. Orbit determination
4.1. Obscrvation modeling

The determination o f the orbit employs an algorithin
which mininizes the suin of squares of the actual-1ninu -
cor n puted observat ion residuals. "Fhis procedure requires
the forination of computed observables. In our approach,
we attempt to conpute the values of the observables as
actually reported rather than transform the values to a
uniformsystem (e.g. B1950 or J2000 systein) as other au-
thors have done. Because the integration is performed us-
ing the DEA403 planetary ephemeris and SA'T077 satellite
cphemeris for perturbing body positions, the Phoche or-
bit is in Tact generated in the 32000 referen ce frame of the
International Barth Rotation Service (118 RS). 'T'he obser-
vation processing software aso refers the Foarth orientation
(observer location) to that same frame,

T'he first step in comput ing the observables is the cal-
culation of the dircction from the observer to Phocbe in
the TKRS/J2000 system. The n alural di rection is used
for astrographic and astrometric obscrvations, and proper
direclion is used for apparent observations (see Murray
1983). Yor obscrvations referred to the 1'KH/J2000 sys-
tem, we form computed observables directly from the
11RS /32000 direction; the frame tie between the two sys-
tems is presumed to be much better than the error in
the star catalogues used inthe reduction of the obser-
vations. I'or observations referred to a mcean cquator o f
epoch system (this includes the FK4/B1950 system), wc
first precess the IKRS/32000 natural divection to the mncan
equator at the time of the observation withthe IAU76 pre-
cession, then precess it from that time to the mean equa-
tor of cpoch with the Newcor nb precession. In addition,
we make corrections for the FK4-FKbH equinox offset and
clliptic aberration. For observations referred to a truc-of-
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date systcm (c.g.apparent positions), WC apply the TAU76
precession and the 1980 1A U nutation to the 11RS/J2000
Proper direction. We also correct fOr the FK4-I'KH (‘.(]l]ill()X
oflset. The Greenwich observations, however, are not cor-
reeted for equinox oflset as the catalogue correction made
to them is assumed to account. for . At the timie of the
Yerkes visual observations, the FK4-I'K5 o(I'set is quite
small relative to the measurement error; hience, we decided
for convemience to neglect the oflset correction when pro-
cessing them.

4.2. Obs ervalion processing

Yor cach astrometric observation set, we used 1 louscholder
transformations (Lawson and Hanson 1974) to pack the
matrix of weighted observation partial derivatives and the
weighted residual vector (actual minus computed obser-
valions) into anupper triangular square root information
matrix and associated residual vector. T'his matrix and
vector constitute the square root information array which
i s cquivalent to the normal equations. Fach column o f
the matrix and cach element of the vector arc associated
with an epoctistate vector component. Weights assigned
Lo cach observation set. were based o1 our subject ive as-
sessmient of the relative quality of the data inthe set; they
arc proportionalto the inverse of 10 error associated with
the set. Within cach set we often assigned two separate
weights:one for o or Aer or Aacos b or angular separation
and the other for 6 or Aé. We made numnerous trial solu-
tions with various weighting schemes and various data sets
before arriving at the final weights. The Voyager images
were processed with) 1'1’s Optical Navigation and Orbit
Determination Software o aso obtain a sguare root infor-
mation array. We set the weights for the image locations
1o correspond to a 10 error of ().5 pixcl. 1t was assumed
that no corrections were neededinthe Voyager 2trajec-
tory;the trajectory was thesamconcusedinthe SAT077
major satellite ephemenis development. The square root
information array for the complete data set was forined
by combining the separate information arrays via Housc-
holder transfortnations. The solution for the state vector
was generated and analyzed by means of singular value
decomposition techniques (Lawson and Hanson 1974) ap-
plied 10 the composite square root, information array.

5. Processing results
5.1. Obser vation residuals

Tables 2 and 3 give the postfit statistics for the observed
minus computed residuds for the Voyager andFarthbased
observations, respectively. Thie latter arc grouped by data
sct, and for cach set thie table indicates the type of obser-
vations, the number of observations used versus the total
number avail able, the weight for cach type, and the mican
andstandard deviation of the residuals. T'hie Arequipa, the
1 904 Yerkes, aud the USNO observations were nol used;

o

however, statistics for them arc included. Inarriving at the
statistics for the unused observations, all residuals greater
than 30°” were deleted and a 3o rcjection criterion was
applied to the remainder.

Table 2.

Voyagcnimaging residualstatistics

Object No.  Pixel Pixcl line Linc

Mcan  Sigma  Mcan  Sigmna
Phoche 8 0.042 0.241 0.146 0.281
Stars 13 -0.(25 0269 -0090 0.224
All 21 0.001 0.255 0.000 0.267

overall, theorbit fits the IJarthbased observations at.
the 128 level. The RM S for the ‘old’ (pre-1940) sets is
162 and for the ‘modern’ (post-1910) sets is (0788, Among
the sets used, the poorest fit is to Barnard’s 1906 inmicrom-
cler measures, and the best fits arc to Whipple’s 1992
photographic data, Whipple’s 1996 CCD data, and Mul-
holland’s 1975 relative photographic data.

Iigure 1 displays the right ascension and angular sep-
aration residuals for the observations used in the fit, and
Figure 2 di splays the dechnation residuals. The figures
give a] I mdication of the tiine distribution of the observa-
tions and show the overall quality of the fit. Considerable
scal ler is evident as well as sornesuggestion of systeinat ic
errors.
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Fig. 1. Right ascension and angular scparation residuals

5.8 Fpoch $1(11] vector

The epoch state vector obtained from the fit appears in
Table 4, and the Saturnian systemn dynamical constants
needed for the integration appear in Table b, T'wo state
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Table 3. Astrometric observation residual statistics. "J'he colummn entitled “I'ype’ gives the obscrvation type: the letter V- denotes
visual, 1’ denotes photographic, and C denotes CCD. The digit gives measurement type: 0 absolute o and 6; 1 Aa cosé and
Ab; 2 Ao and A6; 4- angular scparation and Aé. The cohnnn entitled *No. ’gives the number of observations included in the
solution/number of available observations, and the column entitled “Wgt.” contains the weigh tassigned to the data set.

Year  Olmrvcr/Source Ty No.  Mecan  Sig. Wl . No. Mean  Sig.  Wglt
1898 Pickering 10 7/7  -0"44 42 0 7/t %5 316 0
1899 Pickering ro 0/3 0 0/3 0
1900 Pickering Po 20/26 8707 G728 0 20/26 3’17 5787 0
1902 Pickering 10 2/6 11"z 198 0 2/6  -3"13 031 0
1904 Pickering 14 26/28 G4 4753 0 26/28 -3'7h 742 0
1904 Barnard Vo 2 21”1 0'oo 0 /2 420 "0 0
1904 Perrine 10 516 0181 0799 100 5/6  -0"04 058 167
1905 Pickering 1 a7 223 121 0 1uvi7 4741 1472 0
1905 Albrecit 10 111 100 097 67 1111 rfsl 170 44
1905 Perrine Po g/8  0:18 1'u4 &7 &/8 059 0783 100
1906 Pickering 14 6/6 402 3V75 0 6/6 -5'24 9713 0
1906 PYickering 14 9/9 -2'05 8706 0 9/9 3739 BITL 0
1906  Barnard Vo 11712 2”58 4700 21 12/12 0'12 1753 67
1907 Christic 10 15/16 0’24 0172 133 15/16 0780 0765 100
1908 Perrine 1o 2/2 18 0'14 50 2/2 -0782 0.03 118
1908 Christic 10 20/23 0’37 050 167 20/23 -0’23 0779 125
1909 Christic Po 11/12 0’12 1113 &7 1U12 -0/ 073 125
1910 Christic 10 717 0:14  1"61 67 T/t 0071 0Ya 100
1912 Barnard Vo 12112 172 122 57 77 -or1g 1t22 80
1913 Barnard Vo 5/6 100 0.77 67 3/3 0762 0,32 133
1922 VanBicsbroeck Po 4/5 3725 0789 29 4/5 1751 1o 50
1940 Nicholson 10 Vi  -0"32 0700 200 V1 -o’o4 0%o0 200
1942 VanBicsbroceck Po 7/8 173 0740 56 7/8  -022 026 200
1952 Bobone Po /7 001 103 100 /1 ¢'or 033 200
1955  VanBicsbrocck 10 8/11 1”11 0'"73 77 8/11 045 0.48 154
1955 VauBicsbhroeck 10 3/3 2135 0”56 44 33  0're 089 91
1957 VanBicsbroeck 1o 8/8 0730 0770 133 g/8 121 0.70 67
1960 Rocmer ro 212 0"s0 016 125 2/2 0”30 o7 sl
1968 Chernykh Po 2/2 o'z 1] 5() 2/2  -1"16 051 80
1969 VanBiesbroeck 10 1/3 151 000 67 U3 0”38 0700 200
1969 VanBicsbrocck I'o vy1 o -013 000 200 /1 0”8 0.00 160
1975 Mutholland P2 /5  -0717 0.2 333 4/5 (07 007 500
10 2/8 -0725 08l 133 2/3  0/16 019 200
1981 Bowell P2 8/10 1708 0”66 80  8/10 -0's6 ())& 100
10 2/2  -0142 0’57 133 2/2 103 0%20 80
1981 Dcbehogne 12 2021 044 043 167 20/21  O0P0L 058 167
1982 Bowell 12 2/2 021 0763 200 2/2 0’9 1714 80
1982  Dchehogne 12 18/21  -0"31 0.48 167 18/21  -0%09 0,60 167
1992 Rohde 10 22122 119 0136 o 22/22 -0"8 0723 0
1992 Whipple 10 12/12 -0’19 0.2 200 12/12  -0708 0750 200
1993 Rohde }'0 9/9 0116 0726 0 9/9 111 0113 0
1994 Whipple 10 212 019 072 167 2/2  0M4() 0734 200

1996 Whipple Co 2121 -0:43 020 200 21/21 009 0”30 200
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Fig. 2. Declinationresiduals

veelors are actually provided: the first is a from a fit which
used the complete dynainical inodel for post-1966 obser-
valions; the sccond is from a fit which used tlic simplified
modcl. The simplified model was usedfor the pre-1966 ob-
servations in both cases. The RMS differences between the
twomodecls over the time period1899to 2013 arc 5.6 km
in the radial direction, 50.7 ki in the in-orbit direction,
and 17.0 km in the out-of-p lane direction.

A's an aid to those wishing to reproduce the integra-
tion, Table 6 contains the state vector for the simplified
modecl at the end of th - integration.

Table 4. Barycentric slate valor at Julian ephemeris date
2439440.50 (1966 Nov. 11 .(1) refered to the Farthmean cquator
and cquinox of J2000

Component Position (km) Velocity (Kll/see)
complete model

X -120494$39.8133243500  -0.5851496570455792

y -2354417.5328888400 1.5137943689486230

7 298479.4052424087 ().7872163107138419
simplified m odcl

X -12049505.2615439000  -0.5851402385.559751

y -2354347.6372856380 1.5137971052344600

P 298492.6573990921 0.7872173856992052

5.8. Mcan clements

Because an integrated orbit in terins of cartesian coordi-
nates is diflicult to interpret geometrically, an allernative
qualitative representation of it in the form of mean orbital
cleinents is often useful, Table 7 provides mecan elements
for theorbit derived by fitting a precessing ellipse model

Table 5. Saturnian system dynamical constants. | hese are the
constants currently being used in the major Saturnian satellite
cphemerides, sce Jacobson 1996h

Name

Varluc

Units

Saturn system GM 37940629.764  km®[scc?
Mimas GM 2500  kin®/sce?
Fnceladus GM 4.900  km*/scc?
Tethys GM 41.808  kin® /sec?
Dione GM 73.15(; k1||3/5(~(:?
Rheca GM 154.000  km? [fscc?
Tit an GM 8978200  kin®/scc?
lapcetus GM 106.000  km*/scc?
Saturn radius 60330.0  Kill
Saturn J, 162.98X1(1-4

Saturn J} 213.74 x10"*

Saturn Jyg -9.1.5X10-4

Saturn J¢ 1.03x10°*

Saturn pole right ascension 40.58  dcg
Saturn pole declination 83.54 dcg

! quadra pole for simplificd model

Talble G. Barycentric slate vector for the simplified model at
Julian cphemeris date 2414640.5 (1898 Dec. 17.()) refered o

the Earth mean equator and equinox of J2000

Component Position (km) Velocity (kin/scc)

X -10038663.710024760  -1.2515248335735 960
v -6591637.198179223 1.1141266134053140
7, -2665302.021350605 0.6536236440036113

to theintegration over the period 1$)()() to 2013. Theref-
erenice plane is the Phocebe 1, aplacian plane, the planc on
which the orbit precesses almost unifors nly. 'I'hie orienta-
tion angles for the Laplacian planc pole are with respecet
to the Earth mean equator and cquinox of J2000 system,
and the longitude of the orbit’s ascending node is mea-
sured from the ascending node of {he Laplacian pla ne on
the Iarth mecan equator of J2000.

6. Accuracy asscssinent,

The accuracy 10 which Phoche’s orbitcan be determined
is dominated by errors inthe observati ons. T'he majority
of the observations arc absolute positions obtained from
reductions involving a varicly of star catalogues and arc
subject to relatively large systematic errors duetlo errors
in those catalogues (e.g. zone biascs, proper motion). Fun-
damentally, the errors make it difficult to tic the refer-
ence frame of the observation to the 11 RS/J 2000 refer-
cnce frame of the orbit. Characterizing the uncertainty in
the fraine-tie is extremely diflicult, especially for the older




8 R.A. Jacobson: The orbit Of Phoche from Earthbased and Voyager observations

Table 7. Planctocentric i tean orbital clements v¢ ferred to
Phocbe’s Laplacian planc

Element Valuc Units
semi-major axis 12944377.64  km
cccentricity 0.16436
inclination 174.74888  dcg
argument of peria psis 330.92048  deg
longitude Of ascending node 233.03295 deg
orbita period 548.2127036  days
periapsis rate 0.0020123  dcg/day
nodal rate 0.0012489  dcg/day
Laplacian plane pole 275.62887  deg
right ascension
lLaplacian planc pole 68.03270  deg

declination

observations. Based on an examination of the residuals we
estimate the uncertainty to be no less than 075 for most
observation sets although the recent sets from McDonald
may be slightly better.

T'he dominant error source in the observational mod-
elling is the ephamceris of Saturn as it afleets the con
puted absolute position of Phoebe. The uncertainty in the
DI 40 3 Saturn positionis about 072,

Relative to the observation related errors, those inthe

dynamical modelling are quite sinall. The most important

dynamical parameters, the GM’s of Saturn and Titan, arc
well known from the Voyager encounters. Inacceuracies in
the ephemerides of the perturbing bodies lead to integra-
tion errors of atmost a few tens of kilometers.

The effects of the systematic observation errors arc
alleviated somewhat by the orbit inodel. The only free
paramecters in the orbit determination process arc the
cornponents of the epoch slate vector of ’hioche. Conise-
quently; there exist implicit dynamical constraints on the
size, shape, and orienta tion of possible orbits. It is unlikely,
assuting the observations are weight ed properly, that the
orbit has heeni distorted inanattempt to accom modate a
unique systematic error in a particular observation set.

To arrive atl aprobable accuracy for theorbit, we ex-
aminedthe formal covariance fromn the data fit, mad e com -
parisons with fits to various subsets of the data, made
comparisons with fits using diflering weighting strategies,
and examined sensitivities to various 1riodel parameter val-
ues. Based on this analysis, the estimate of the 1-0 or-
bit uncertaintics at the time of the planned Cassini flyby
(Junc 12, 2004) appcar below:

Radial

In-orbit Out- of-planc I'cried

2500 kill - 750 Kill

1000 kmn 306 scc

The period error {ranslates into a growth in the uncer-
tainty of in-orbit direction of roughly 40 kim/yr.

7. Comparison with previousinvestigations

Rosc found a standard error of 1762 for the fit to his ob-
servalion set,; our orbit fits that sam ¢ setat the 1719 level,
Ixcept for the Arequipa data, Bykova and Shikhalev and
Bee-Borsenberger and Rocher used essentially the same
obscrvations. The Jormer give a standard error of 176 (with
some edited subset of the Arequipa data included), and
the latter quote Aacosé and Aécrrors of /7 and 1’2,
respectively. For the Bee-Borsenberger and Rochier obser-
vation sct we obtain 1766 and 1703 for the Aa cos é and Aé
errors. W appears, therefore, that we have an orbit which
fits the observations of the previous tnvestigators slightly
better than their orbits.

We atlernpted to repeat the other integrations based
on the information provided In the publications but. were
siceessful only with R ose’s orbit (the measure Of success
was theability to closely reproduce the pubhshed resid-
ual statistics). lLack of success 111the other two cases is
most likely dueto the inability of our software to repro-
duce exactly the perturbations included by the other in-
vestigators. One problem with the Bee-Borsenberger and
Rocher integration is that they did not give the value of
Pitan’s inass used in their Titan perturbation. We were
able to match R ose’s orbit because he provided slate vee-
tors a bothihe beginning and end of his integration; we
adjusted hisinitial velocitics slightly 1o ensure that our
integration matched his initial and final positions The
RMS diflerences between our orbit and that of Rosc over
the time preriod 1966 2013 arc 4769 kynin the radial di-
reetion, 11 142 ki in the in-orbit direction, and 3659 kin
in the out- of-plane direction.

Bee-Borsenbe rger and Rocher give scets of polynomial
cocflicients which can be used to compute geoceritric astro-
metric positions for the years 1981- 1990 basced on their or-
bit. From those polynomials we constructed observations
for the first of January of each of those years and corn-
pared them to comput, ed observat ions from our orbit. T'he
RM S diflerence over theten year period was 0748 which
snggests agreernent with them to better than 3000 ki,

8. Conclusions

This article has reported on the determination of the or-
bit of Phocbe using a numnerical integration fit to Farth-
based astrometric obscrvations and imaging observations
obtained from the Voyager 2 spacceraft. It has included
a description of the dynamical mod cls used in the inte-
gration, a general discussion of the observations available,
an overview of the observation processing procedure, an
asscssment of the accuracy of the finalorbit, and an com-
parison of the orbit with previously published integrations.

Because of its distance from Saturn, astrometric mea-
sures of Phoche arc mostly and will probably continue to
be absolute positions. Any future deter mination of aw im-
proved orbit incorporat ing such positions will require both
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high quality observations and careful reduction with jow
star catalogues closcly tied to the 1ERS/J) 2000 reference
frar ne. Re-reduction of the existing observations against
such cat alogues would also provide significant benefit.

The determination of the orbits of 1nost other plan-
cltary satellites relies heavily onintersatellite and planet
relative positions, obscrvations which arc independent of
star catalogue related errors. Among the exist ing ’hoche
obscrvations, there are anumber of relative positions, but
most arc no betier than the best absolute positions. New
precise wide ficld siin ultancous observations of Phoehe to-
gether with Saturn or other Saturnian satellites could pro-
vide imvaluable relative positionsleading to a greatly im-
proved orbit.

An cphemeris based on the orbit described in this arti-
cle is avail able cleetronically from the J)'], On-Line Solar
System Data Service (Giorgini et al. 1996).
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Appendix: Approximate Titan orbit

The orbit of Titan used in comn puting the perturbations
inthe simplified model is defined by a set of mean orbital
clements which were derived from a fit to the SAT077 in-
tegrated Titan orbit. Because of Titan’s simall cccentricity
and inclination, we adopted the cquinoctial formn of the cl-
ements (Broucke and Cefola 1972); I able 8 contains the
clements. The table also gives the orientation angles for
Titan’s Laplacian plane in the Barth mean equator and
cquinox of 32000 systemn. The orbital longitudes (A, w, €2)
are measured fromn the ascending node of the Laplacian
planc on the Farth mean equator of J2000.

When computing the perturbations on Phoche, the 'T-
tan position relative to the Saturnian systeimn barycenter is
found with the elements, and then the position of Saturn
relative 1o the barycenter is forined from the T'itan posi -
tion assuming that Titan and Saturn arc the only massive
bodies in the Saturnian system.
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