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Abstract, Wedivcass spacearalt Doppler ackhing for dotecting pravitational waves in which
Dopplar data rccorded on the grovnd avd Yincady combined vith Doppler meaciacents made on
board & epaccoraft, By wsing the four-dind yadio syelcm et proposed by Vooot and Levine! v
devive w nev ancthiod for ranoving fron the combined data the Jicquency fluctuations duc to the
Pavth froposphare, dononphcnd, and mcchanics) viboations of the antcnns on the ground, Thic
nethod alvorcduces the frequency finctustions of the Aod on bowad the eprccaaft by rovera
oidae of spritude et sclected Youriar components, weding Dopplar Gacking the cauivalent of
aoylophond ddtcctan of gravitational vadiation?. Jo the sovmption of caliluating the frcguency
fivctustions Jnduced by the interplanctary placsne, s eliain eonsitivity cqual to 4.7 >0 100 18 4
107 Ty e calimated,

This Ooparimental tochnigue could be exfonded to other teats of the theory of aclativity, and
to radio coicnce openments that yely on high precision Dopplan racaanaocent s,

1. Introduction, Spaceastt Doppler Gracking, allowe sccmrate mescurcments of dis
tances and veloatics of objects in the solar systom, leading toanformation oronasses and
highor order monments of gravity fidds of plancts, their satellites, and asteroids™%, Daoppler
messuremnents have aleo been utilived Lo scarch for gravitational waves in the millibieity
frequency vegion®, and for placing upper inite on amplitudes of signals chanactaizing
relativishic cffects™, Howover, as we mentioned i om finst Jecture, Doppler observations
suller frome noise sonrees that can bey at best, only partinly reduced ar calibrated by
plamenting specialived and owpensive hardware, The fondmmnental Tinitation is imposed
by the ficquency fivctustions inherent e the doie relerancing, the microwave system
Cureent generation Hydrogen masers achiove their best porformsnce st sbout 1000 sec
onds hntegration tine with o fractional frcquency stability of & few parte in 107 ¢ This
mtcgration thne is slso comparahle to the propagation time to spacecrafi o the outer
solar system

The icquency fiuctuvations induced by the itervening miedia have eeverely Timited the
sensitivities of these experiments, Among, @)l the propagation noise somces, the tropo

The papor i final form and vo version of 3t will be publicdeed Qeewhere
Thie work wis podormcd &t the Jot Proputsion Laboratory, California Iustitute of Tcchnaol
opy, wndr s contyact with the Netional Actonzulics. sud Spacc Adminictration,
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sphere s the Targest and the Lardest to calilnate {o o reasonably low level He ficquency
fluctuations have been estimated (o be as Targe as 10027 &0 1000 seconds integration
thne,

I order to systanaticslly ranove the freguency fiuctuations due to the troposphere
in the Doppler data, it was pointed out by Vessot aud Levine! and Sinan ef ol 79 that by
adding 1o the spacceraft payload & highly stable frcquency gtandard, s Daoppler read out
system, aud by uliliving & transponder o the groond antonms, one could make Dopple
one way (Barth-to spaccerafll, spacearalt-to Farth) ac well as two way (spacecralt Barth
spaccarallt, Bathospacecralt Barth) measuramnents, ‘Phis way of oporation makes the
Doppler link totally synmictiic snd sllows the complete ranoval of the freguency fiuctua-
tions duc to the Larth ropasphere, jonasphere, and mechauical vibrations of the ground
antenna by properly combiniug, the Doppla datu recorded on the ground with the data

mcasored on the spaccaaft. Their proposed schane 10icd on the possibility of fiying
Hydrogen maser on s dedicated mission, Although corrcnt desipns of Bydiogen s
have desnding requiraments i gnass and powa consmnption, i scams very hkely that

by the heginming of the next century new space gualificd stomic docks, with firequency
stability of & few parts in 107 7€ wt 1000 scconds integration time, will he available. They
vould provide @ sensitivity gain of shnost a factor of one thousaud with respect to the
best performance aystal diiven oscillators. Although thiv dealy would imply o great
nprovauent i the tedmology of space born docks, it vould not allow us to reach &
sppler sensitivity better than s few part< 100 3¢ Phic veould be only s factor of five
o e better than the Doppler sensitivity expec ed 1o be achieved on the future Cassin
project, a NASA mission to Saturn, which will take advantage of & high radio freguency
link (82 GHy) in order to mimmize the plasis noise, and will vse a purposely boilt water
apon yadiometer for ealibrating up to ninety five percent the freguencey finctuations due
"

1o the troposzpherc

i this paper we sdopt the radio link confiporation first envisioned by Vessol and
T but we combine the Doppler responses mcasured on board the spacecraft and on
dificrent way, as it will be shown in the following sections, Favthenmone

Levine

the pround in
our techmque sllows us to yeduce by several orders of magnitude, st sclected Fourier

components, the noise due to the dock on board the epacceraflt, This o.peritental
approach could also be extended to other tests of the yelativistic theary of gravity and
to 1adio science experiments that rely on higheprecision Doppler mncasurements.,

2. Dopplaer Tracking s¢ 6 X ylophone Detector. In Daoppler tracking experiments
a distant interplanctary spacecralUis monitored from Parth through s radio link ) and the
Farth and the spacearaflt act as fice falling test parGicles In o one-way oparation & radio
signal of nominal frequency g relerenced to sw onboiard dock s transmitted to Farth,
vhereitis compared to s gipnal reflerenced 1o a highly stable dock. Jna fwe-way operation
instead s radio signal of frequency vy s transmitted to the spacecraft, and coherently
transponded hack 1o Barth. In both configurations relative Niequency dianges A i ws
Tonctions of thne ave mcssmed, and the physical cficcts the experienter is trying 1o
tin the Doppler obscrvable acsmall frequency changes of well defined time

ohserve appe
4t

signatur BN searchies for gravitational waves only two way data have been vsed o
far duce to lack of space qualificd, high peformance, dode Inowhat {follows we will not
maske any assomption on the fiequency stability of the onboard oscillator aud return to

this poimt later i the paper.
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I w Doppler yeadout eystemn is added to the spaccaraft radio instrumentation, and &
transponder 18 justalled at the ground slation; one way oo well ac two way Doppler dats
care also be 1ecorded on bowrd the spucecraft?, 3 owe sssume the Barth dock and the
onboard clock to be synchronized, then the one way and two way Doppler data mcasured
al time 1 on the Farth (8, (1), Fo (1) respectively), and the ane way and two way Doppler
wiensured al the same thine 1 on the spacecrall (S (), S,(1)), wre given by the following
rather complete expressic
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where A(1) 3¢ cqual to

h(1) = oy (1) cos(2¢) -1 by (1) s 1 (2¢)
and s the gravitational wave signal. In Ligs. (1-4) gis (e cosine of the anple between the
direction of propagation of the wave and the line of sight to the spacecraft, by (1), by ()
are the wave’s two independent smplitudes referenced to s given set of axes defined in
the plane of the wave, ¢ is the polar angle desaribing, the projection of the direction to
the spacecraltin the plane of the wave, and 1 is the distance 1o the spacecraflt*® (units
meowhich the speed of light ¢ = 1)

In Fgs. (3-4) DI (1) and TRp(0) represent the noise due ta the transponder on
board and on the grownd yespeetively, FLy, (1), 21y, (1), Flg, (1), and 1l (1) the
noises from the clectronics at the grovnd station and on the spacecraft in the one way
and (two way data, and Py (1), Pr, (1), e, (1), sud Pe, (1) the ficquency fiuctuations duc
to the interplanctary plasiua. The placma noise can be antirely calibrated by using, dual
frcquencies . The Doppler data Sy (1) and Sy(1) are then time tagped, and telemetered
back to Farth in yeal time or st a later time doring, the mission.

It s portant to note the characteristic thnie signatures of the frequency fluctuations
duc to the Barth dock (Cp:), the onbomd dock (), the spaceeraft bufleting, (#),
the Goposphere, ionasphere, and mechanical vibrations of the ground antenua, (47, the
Farth trawsinitter, (Ag:), and the onbosrd amplificr (A, )77 10 was first pointed out by
Vessot and Levine! that by properly combining somne of the four Doppler data streamms it
vas possible to calibrate the frequency fluctuations of the troposphiere, jonosphere, and
ground antenna noise, 7°(1). Their pioncering, work, howevar, left open the guestion on
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whether there existed some other, parhaps iore complicated, lincar combinations of the
data that would further improve the gensitivity of Doppler tracking. In what follows we
answer this guestion, and derive s method that allows ue to wiigudly identify an optinmal
way of combining the data.

1.t }](f) be the Yowrier transform of the time series ¥, (1)

. oo Y
]"v] (f) : / ]’/‘1 (1) ('/)‘ji (l,( B ({l)
Jooon

and shilarly let us denote by ],(f), S /), K-,(j) the Fourier transformes of 1,(1), Sy(1),
and Sy(l) respeetively. The most gencra) lincar combination of the four Doppler data
given in Igs. (1, 2, 3, 4), can be written in the Fowriar domain as follows:

WO @l 1) Ba () 4 WA D) A elf, 1) Si() 4 A1) Sy, (6)
where the cocflicients a, b, ¢, d are for the moment sbitrary functions of f and 1.. 1 we
substitute in Fq. (6) the Fourier transfonns of Fgs. (1, 2, 8, 4) we deduee the following,
Cxpression
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The four cocflicients a, b, ¢, d, can be detennined by reguiring the transfer functions
of the vandom processes Cp:(f), Coc(f), T(1), 13(F), Ap(f), Asc(f) in Bq. (7) to be
simultancously equal to zero, and by further checking that cach solation LIVCS 8 HON- 2010
gravilational wave signal in the correspondiug combined data. This condition Jplics that
a, by ¢, d st satisly a homogencous Jincar system of six equations in four unknowns,
We caleulated the rank of the (6 3 4) watrix associated with this lincar systemn by using
the alpebraic computer lanpuage Mathematica, and we found it 1o be equal to two. The
carresponding solution can be written in the following, way

a(f,1): (1, 1) T ag, 1) [ e i
Vi) - e(f, 1y P d(f, ) e i (&)
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whe e candd can be any arbitrary comnplex functions POt simultancously equal to zero, I
we substitute Fg. (8) into Yig. (V) however, we find thatalso the gravitational wave signal,
in the combined Doppler data, vanishes, In other words, any Jincar combination of the
four Doppler data that docs not contain any crocks. troposphere, ionosphere, mcchanical
vibrations of the grounid antenna, bufleting of the spacecra ft, and transmitters noise,
has arso a null response Y6 @ gravitation gl wave pulse. These results imply that, &t any
Fouricr frequency f, we can ramnove only one of the considered noise somices. Among, all
the noise sources aficcting spa ceeraft Dopiplar rack ing, the frequency fluctuations duce to
the tioposphere, ionosphere, and mechanical vibrations of the ground antenna, 7°(f), are
the dargest. If we choose a, b, ¢, d in suckva way that the transfer function of 7°(f) in
the combined data is cqual to zero, from Eq. (1) we find that @, b, ¢, d, st satisfy the
following condition

alf, 1) - W7, 1) [ 1) - e(f, 1) Y gd(f 1) P (9)

Since b, ¢, d canmnot be equal to zero simultancously, we will ehioose € t0 be cqual to 1/2,
andb, d to be equal to zoro. ln othicrwords we will consideronly lincar combinations of
onie-way D opplar data. Note that with this choice we eluninate from the combined data
y(1) the frequen ey fluctuati ons due to the transponders and the interplanctary plasina
that aflect the two way Doppler data, Vhese considerations imply the following, expression

for u(f)

- 1 e % vaifl.

i)y, [90) - R e (10)
1f we substitute the Yourier trausfonins of 1 5gs. (1 ,3) into Bq. (10) we get

(it l]» (]

W) , 1) il DL ( 1) (/nj(ml)I] h(F)

|
2 9
]

2 424 1 xifl
}}(/‘H(f) [("“N' g ]] L :)]')(f) []' ('4 “]

[}1,;(]‘) - M:c(_f) (,'zn'jl] 1 ; l]'.Vx(f) . j’}:,(f) (,'nul,]

- (‘j(f) PRELVE I

(,'11\!'_/1«

S 9
Vo 5 vnifl

1y {Jum,(f) C ETn () ¢ ] . (11)

1q. (11) shows thatthe transferfunctions of the noise of the onboard dock, Cac(f), and
of bufleting, ];’(f), can i principle be set to zero (not shnultancously) at specific Fourier
ficquencics. In scarches for gravitational wave pulses it has been shown? that one can
reduce by several ordersof magnitudes the noise of the onb gard clock at thenullsof its
transfer Tunction without removing, the gravitational wave signal.

3. Expected Xylophone Sensitivitios. Juwhat follows we provide the ex pression
for thenoise iny(t) a the xylophone frequen cies.

Let 6 be the time interval over which a Dopplar tracking scarch for gravitational
waves is perforined. The corresponding, frequency resolution Af of the data ix equal to
1/6.I'his iuplics that the fluctuations of the cddock 011 board can be yinimized at the
following, frequencies

o) 1:1,9,8,.... 19
. (12)
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We should point out, however, that these  resonant frequencies iu general will not be
constant, since the distance to the spaceeraft will change over a time interval of forty days.
As an exanple, however, let us assutne again 1= 1 AU, 6 :40 days, and f © 5 x 1074
Iz, The variationinspacecraft distance corresponding 1o a frequency change equal to the
resolution bin width (8 x 10- “Hz) is equal to 1.0 X 10% Knu. Irajectory configurations
fulfill ing, & requircinent campatible to the one just derived have been observed during
past spaccerafl missions®, and therefore we do not expect this to be a limiting, factor.
At these frequencics, and to first order in A f 1., the Doppler response ¥(f1) is equal 1o

B w0 [ SR ] R (IASL) Gie()
TEED ) 1 B Ay [P () ) ¢ MY

10- R ] 1 - .- .
-1y []’S;(fk) i P (i) (- 1) l“] 1y Aw(f)1i (- )Y AI?(fk)] (18)
For atypical g ravitational wave experiment, 640 days, and Af @ 3.0 x 1(1°7. Thercfore
the frequency fluctuations of a clock on board a spaceeraftthat is out to 1 AUarcereduced
atthe xylophione frequencies by the fallowing, a1 nou ut:

wAfl

' rf . 47 %101

From¥q. (13) we can estimate the expected 1oot-mican squared (1.an.s.) noise level o(fy )
of the frequency flue.tuaticnls inuthe bins of width Aj, around the frequencies f; (k
1,2,8, . ..). Thicis given by the following expression

o) =[Sy AT k128 (14)
where Sy ( /3 ) is the one-sided power spectral density of the noise sources inthe Doppler
icsatorisc Y(1) ac the frequency fi. Inwhat follows we will as smne that the ranidom
processes representing, these noises are uncorrclated with cach other, and their one-sided
POwer spect ral densities are as given in [2). In that sefarence a Tiequency stab ility of
1.( 1 x 1(J3'® at 1000 sccot ids integration time for the clock at the ground station was
assuncd. Although this is a factor of four better than what hasbeenmicasuredso far?? it
sceins very likely that by the beginning of next century suchi a sensitivity cann be achicved.
A's far as the ramaining, sensitivity fipores used in our estimate are concerned, they were
obtained fromthe lii loy et al.xeport??, This docunent is a sunnuary of a detailed study,
perforied jointly by scicntists and engincers of NASA’s Jet Propulsion Labor atory and
the Malian Sprace Agency (ASI) Alcnia Spario, for asscssing the magnitude and spectral
characteristics of the noise sources that will determine the Doppler sensitivity of the
Tuture gravitational wave experiment on the Cassiui mission.

If dual radio frequencies in the uplink and downlink are used, thenthe frequency
flu ctuations due tothe interplanctary Plastmia canbe cutively removed” . We will refer
to this configuration as MO1YE 1. I anly once frequen ¢y 1S adopted instead, which we
will assurne to be Ka-Banud (32 Gl ), we will refer to this configuration as MODE 11,
Ka Baud is planmed to be used onmost of the fortheoming NASA  missions, and will be
implemented onithe ground antennas of the Deep Sprace Network (DSN) by the year 1999
for the Cassini mission.

THie rans. o(fy) of the noisc as a function of the frequencics Je (k= 1,2,3, . ...
assumning tha tan interplanctary space craft is ouit to a dist ance 1 = 1.0 AU has been
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estimatedinreferenice[2). Yor this configuration the fundmmnental fi equency of the xylo
plhone (Fq. @ 1)) IS equalto 5.0 % lo- “Hz. A complete analysis covering configurations
with spacceraft at several other distances is also givenin [2).

The MODE 1 configuration is 1epresented tnreference [2] by two eurves, depending on
vhietheranatomic cdlock ora crystal Uitra Stable Oscillator (USO) is operated onboard
the spaceerafl. Sensitivity curve.s for the MODE 1l configuration ave also included jn that
reference, again with an atomic clock onboard or a USQO. Thie best sensitivity is achieved
inthe MODY 1 configuration, regardless of whether an atomic clock or a USQ is operated
on board the sp acecraft. This is because the amplitude of the noise of the clock on hoard
istcducedbya factor 71 AfLfe = 4.7 % 1@ * at thexyloplionefrequencies. AL f:107%
Nz the corresponding ran.s. noise level is equalto 4. ( x 1(1?%, and it iucreases Lo a value
of 5.7 x 10- ¥ at f: 1[17 Nz As far as the MODY 11 configurationis concerned, the
r. s, noise level is equal to 7.9 x 10718 at f : 10-3117, while it decreases to 6.3x107 1%
at 11 02 M. This iS due to the Tact that the one-sided powes 8p ectral density of the
fractional frequency fluetuatimm clue toiheinterplanctary plasina decays as fs,

4. Conclusions. We have discussed a nicthod for significantly increasing, the sen
sitivity of Doppler track ing experiments aimed at the detection of gravitational Waves.
The main result of our analysis, deduced in Bq. (13), sl iows that by flyiug & frequency
reference and by adding a Doppler extractor on board the spaceeraft and a transponder
at the DSN antenua, we can achicve at sclected Fourier components rrstrain sensitivity
of 4.7 » 10- ¥ This sensitivity fig ure is ob tained by completely ranoving the frequency
fluctuations duc to the iuterplanclary plasima, al a Youricr frequency equal to 107 # e,
Ourmcthod relics ona properly chiosen linear combination of the one- way Doppler data
recorded on board with those mcasured on the ground. It allows us Lo remove entirely
the frequency fluctuations duc to the troposphere, jonosphere, and autenna mechanical,
andfor aspace craft that is tracked for forty days out to 1 AU it reduces by alinost four
orders of magnitude the noise due to the 011 board clock.

The experimental technique presented in this paper can be extended to a confipuration
with two spacccraft tracking cach other through a microwave or a laser link. Future
space- based laser nterferometric detectors of gravitat ional waved?, for instance, could
nunplement this technique as a backup option, if failure of some of th eir cornp onents would
make the normal interferometric operation impossible.

As afinal note, a incthod shipilar Lo the one presented cau be used inall those radio
scicnec experiments inwhich o1ie- way and two way space eraft Dopplermncasurciucnts are
used as primary data set. We will analyze the implications of the sensitivity iimprove-
mentsthat this techniqu ¢ will provide for direct mcasuremcnts of quantitics such as the
pravitational red shift, possible anisotropy in the vdocity of light, the Paramcterized
Post-Newtonian paramecters, the deflection and thime delay by the sun in radio signals,
and occulta tion experiments.
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