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Suppressed Carri(’r Syn(h rc)nizjers for 1S1 Channclsl

Sami M.] lilli)(ii, ‘llarvil~  K. Sirnm}

The problem of suppressed caJ I i (:T :lyI~t l~r,  }lti7,atioll  (sync) il) digital coherent

communicant ion

a theoretical as well as a praclir,l] ) x)i I IL of i’imv. I II wality, tllww two points of view

are not scpara{e  from each otll(’r ill (111-11 {111 I carriel  sync strllclurcs  that arc

citations, a recent  expose  of the sIIllp.  x [ I 1 ] [ 1( ’arly }mitlts  out this association between

the teachings of the theory arl(l W)](I { II. IL’011  II II OII]Y ;\ CC(’]>{(’d i7S t(day ’S ~WaC[iCC’  Whi]C!

at the same time providing fu~ill(u  ilwi[:llt lndc’cd,  it was poilltcci  out in [1] that

add some Iww spokes  to it.

“opt imum” in the smse of lmill~ 111(.)1  II ,ItC ii by h4AP estimation t]wory are
—.-— ..— —— .—— . .. —— __
ll’tlc aul}lors  arc with the ]ct l’ro})ul,>iotl  I ,ot~ II<JIOI ~,. l’asad(wa,  (’A. ‘1’JIc  work was per formed

both at the University of Scmthml)  Califi)t  IIi, iIIICl II IIdCT a (x)ntract  to tll(’ Natio]~al  Aeronautics ad

Space Administration.
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structures when 1S1 is prcsmt at {II(’ I (’i t.’i, (v illput. ‘1’o the a~lihors’ knowledge,

very little has been reported ok t] lis SL) I )je { ot}ier  than tl~e t~eatlnent  presented in

(which was her[!tofme not pul}lisl It’d 1. I ‘IItJr to that, the 0]11}’ other  work that the

authors are aware of that dealt wit I I 1$;1 cf !(ICIS  on suppressed carrier synchronization

appeared in [5,6]. The  prinlal  )7 }NII ]hx)(’ (,( t}lis }):ipc~r is tc) reexamine the work

pcrfornwd in [4] in the lig}~t  01’ ] CIII()\~iI  Lp, i{~rtain ~cstric[ions  that were placed cm the

problcm thereby allowing irn})l  ()\’tIcl  j~lsti f ication  for s{)lne of the assumptions made

tlmein  as well  for the results obl oil ~{d ‘1 m CId 0]1 t llesc  a.ssum])t ions,  in particular,

we shall derive and analyze t)le lx,) ft )) lJ-Ial~cc of a class (de}m~ding  on the time

duration of the observable) of carl icl s\J 1 structures that outperform the

conventional (zero 1S1) I-Q C’ostas  lt)q 1 M ) ]Pn 1S1 is present in the receiver  input

signal. limphasis  will be placd (J]] t I li ~i~(~ of il~l}>lcll~(~l~t;ltiox~  and low cost of these

loops. The amount by which th(w “ 1!;]- [ { )mpe~lsatcd  l-~) loops” outperform the

conventional I-Q loop will b~ assm<[d 1))’ compm  ing the so-called “squaring loss”

(th reduction in loop SNR rclati\’(\  t, J t h: L of a p)~ase-locked 100}) (P],l, ) of the same

loop bandwidth) of the variolls  (()]\flj:i]Tilti()]~s of tl]c f(nnler  with that of the latter.

llquivalcnt]y,  comparisons will lx ]lmt.lc LJ]l tl~c basis of mean-squared phase jitter

for equal loop bandwidths a~ld  si{~,l~;  I 1, m~~{:r  tt) noise }mwel  specilal  density ratios.
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(Q1’SK)  and quadrature an~plit(ld~  I II{ (! l~l:iim~ (QAh4). Iktailed  extens ions

more general modulation fornis al t’ sil’<iip,)  Ii (orwal d ancl rcwdily  obtained in

the previous results prescmtecl i]l [41.

2. ~mgrl aJL~ Signs!_.MgdC!S

10 thc!sc!

view of



i n v a r i a n t  o v e r  the obsmvatioll  i]llt~)v<il  ;I S( I as 10 ]naxilnizc tllc a postc?riori

p r o b a b i l i t y  p(f31r(()).  2 Sinco {IIIJ ~l]]kl IOIfTI ~ phase O CaII be assuIncd uni formly

disiributcd  in the interval (- n ,?L ), (x11 Ii ~ialI Iltly ~v(> can maximi~.e  the conditional

probability y p(r(f)lf?).  l~or the a~,s~ll,l[d ;Lid  Iti\7c white Gauss ia.11 l~oise  channel model

assumed, this probabili ty takes th(’ well-kIIowII fc)] m
. . . . . . ..—

p(r(f)p) = p(r(l)lo,{ak}, {bl })’’” “{’”,
(3)

where C is an arbitrary constant (t Iii] t i I ICl 1 ]des t hc pararnet  cr independent term

{

ldip ~

exP -( 1 /  ~o)f,i 1r (z)GO ) and 7(, A (A’, -~ /; )7’ {. N~ i~~t(>gcl)  denotes  the inherent delay

introduced by the pulse-spreatiil ly, fil t et h !).3 Without a~ly 10ss in generality, we

now assume tl~at the pLIlse sll:i])t~  ~~(r 1 ]~ tl l] IIC’clt(X]  SLICh that (h(’ si~llificallt  1S]

results only from K past symlmls 1(~111 ~’a(’]~tly,  tl]e du~atio]l of the pulse p(z) is

l imited to a maximum duratic)ll  of (}: I A ’ ,( 4 1)7’ sec.

III the case of zero 1S1, the s[v(~[l~i c’~]mlmltial  faclor ill (4), i.e., that

corresponding to the signal mlrrp,y, \*,il  I IMI co~stallt  and indqm~clmt  of the 1 and Q

data sequences {a~},{b~}  and t)lus (4) u(mld simplify to4

(t I (1,0 )(7’1
1

(5)

should not be ignored .5 }Jor (11(.’  l l ” l O 1 l l  ( ’ 1 1 ’ lmwe~’er, ]e( us ~)roceccl  by ignoring
— . ..— —.

21:0r cmvmicncc, we shall assulw Il!a{ y i il}lc:tl,  i.r., (lit’ obscrvatio]l  illtcrva]  corresponds
an intcfp  number of baud intervals. ‘l’lIi:. i , t!f)j  ,11 of MA]’ cstil]~atio]]  lII(Iblcms of this type

+n practicc, ~j wou ld  be dctcrmil\(@ l)} IIN SyII\I x)1 s}’li(hlonimr cII~I)l(IyNi  in the rcwivcr.

41 lcrcin wc Continue to usc “C” to (i(.Ijc)l(. ,:11 ,lll~jlfary  collstalll  dm~~itc tile  fact that its value,
vary from usage to usage.

to

may



this factor (as was done in [4]) }villl  (III  ai III tows] d sim}dicity  of illl]~lelllc’lltatio~~  at

tlw same time however, undf”) st;llld]ll;:, ILC)WCVCJ,  that the rcs~llting  Structures will

not necessarily be optimun~(’.

Substituting (1) together  \f’ii)l (2) i] ,It) (!)) a~lct simplifyin~;  rcIsLdts  in
A

P(wfl{%}>{h}) = c ] ] CNp’[d ,/, (i 0)} x ]Kj e.xp{b. ,/$(i, O)} (6)
i:-(Nd+~) i -(A,++?’)

(7)

later on, such partitioning is only p<}:,sit)]c  ii] tile 1S1 case  by ignoring the signal

cmcrgy ctepmdmt  e x p o n e n t i a l

in (5) rather than that in (4).

51n [4], for the purpose of sirnplici t)

fac(()~ ill tll( likeli)lcmd  function, i.e., using the form

ol’ it)~])lC.lll{’l,l(,ti(Jli  (aIId also analysis), this signal energy



j;h) cosh{),  (i,(?)}: in C + A(O) (9)
(h’.,, )

(l\e error si~l~al (aclually  the negative

ackin[;  structl]l e motivated by the

‘Il)us,

‘1” Mwbr(f)) = ;’ j (/ Whl,h ~ ),(i,())} 1, (L6ymh{/JL@}— . .. —.- .— —
do k... { ~ ‘

i. .( A’+?)
(lo)

The interpretation of (9) is that a ( I<M,P,.I lo:~~>  siructutc ~lsin~ (9) to characteriz,c  its

error si~nal  is the  supcr]msifiml  of” },” -1 ,4,, - 1 y -t 1 I-Q loops each  o]wrating  over a

different portion of the pulse ~tv;}N~JI,f  I,(f). Also, the com~ u)si tc loop is assumed to

update Itself every 7’ sm as is ill[’ LAS,,’ j[JI t] w convcntiol~al  (xcro  1S1) I-Q loop.  IJor

the special case of l;I’SK mod~lla li~)l 1, t Ilc Itm-ls ill the seco]]d  I-Q summation in (1 O)

are all  Zmo. Onc illl~>lellle~ltati(~~l  of ,1 111’: K loop I)ascd on (1 O) is illustrated in I Jig. 2

where the hyperbolic tangent full[ti(~t]  ha been omitted wl~ich is valid for small

values of its argument. 7  III k(x’pi]~~,J i~i th ) }rcvimls nonlmc]at  ure, such a loop  will

be referred to in this paper as an lj;)i  o:~~}),  )(sflfcd 1 Q loop.

3. l>qrf~rmance  of the 131JSK .lll-(.’(~II~~ )(1 IS,:  I@ 1-Q 1,~?p

3.1 The Stochas t ic  I>iffmgeflia]  )~,q~latl(~ll  o! (>per~tiol~-.. — . ..-— —_ . .

in this section, wc first derive tllc st{)rl I;ISIIC  diffel  cmtia] equation of operation of the

ISJ-compensated I-Q loop of 1 Ii;. ? a~id  tl~t t] corn~)ute its mea]l-squarccl  phase jitter.

As previously mentioned, the sij;) ~,J 1 /i/ ) ~ ~ [ the i~l~mt  to th~~ rcccivcr  is composed of

t h e  sum of the signal .r(l, O) ali(l a lmn(ili~l Iitd wllitc Gil USSii311  ]Ioisc p r o c e s s  w h i c h
-— . . . -.—. ___ ___ _



(2), these signals take the form8

7d + p’
Zc,i (f)= J74 cc (l)p(f -i if ‘)dr ~ -</’7

7’+”1 q(l)p(l -i i~’)dr : -,//’7”‘$,i(r) “ J7d

:;(? ,]j,, sin@-- N~,isin@+ Ncicos@
/: :A’d+y) -

. . (13)
A I

) ‘(1,11, cos~  - N,,,i cm @ - Nc,i sin@
,, N;iy) ‘



(16)

1’(,-i COS24 >/)’7
i 11

$;(I ,lj,, ~ A’,,,i Nc,i
j  (\J+l

(17)

z(l) = i ()‘ Zit
i=- (IVd+y)

(18)

cm is

?

,jj,iN : KF(p)N@.@) (19)

(20)IN,(t,2@) =  s i n  2ij ~ A’,!,l
[ -)1

~
N, , I 2 ‘/1’17}1.,,,  >; 0-- )]j,t

ic - (Nd+y) j: -( Nd+~)

+- cos2(#) ~ 2A1( ,
[ )

K

Al, \16’T >“:, {l. jlji
i=–(Nd4  ~) j: (Nd+7) -

and is a pieccwise constant (o~’el i] 11~1 i’al’ of ‘]’ SW) random process. As in analyses

of B1’SK I-Q and C.ostas loops writ 1~~)~ It 1S1 we I (write the second term on the left

hand side of (19) in terms of its SIA[ iI;Iical  )nean and the val iation around this mean.

mean is the loop SCIJ noise. Sillcc {)1(* V<l?iiill C(2 of tile Y,cvo mean self noise is



I

typical

ignore  its

(21 )

1 00p.

IJollowing  the approacl!  t[lk<]l ill 1? 3], tllc lneal~-squaled  phase jitter is easily

derived from (23) as

(22)

loop transfer function) and N, is t]w fl,l t :. il~glc-  si(led  power spectral dmsit y of the

equivalent noise process NC (I, 0) M’h i( h ~a t t tw ]riodelcd  as a delta-correlated process

[2,3] with autocorrclation  fun( tioII A’,} ( ~ ) L’{NJ,  ())NJI  -1 T,(J)}.  “1’bus,

~
N): =:2 0’ ~Ne (T)fh (23). ,-

—.

(24)



I ()

Substituting (24) into (22) gives

? NF:B1
~?fl  = ‘- -“–--—K---- “ ,

[
“’”4 x $x

.i=-(~i+y)j=-(N~+y).

(25)

(26)

is the so-called squnrinx /0ss assori(il~’(.l  ~vit 1] t}w Io(y>. WC nOW proceed to evaluate

the denominator of (2.6).

Ikom (20), we have 11v31

1 (

NC(Z, O) ‘ 2 ~ NC,, N,,,l \//’l ~ ,
1.

&jl,,i ; 7; I ~1’<I<l;+ (y+ 1)7’ ( 2 7 )
i=-(Nd+7) (,; (/,, ,7)

with a variance  (see Appendix A) ~;il’ml  b\ I
~ K

+CT:r =- - “- N:7’TI,7, -I ? I’A’()’/  “’l i , $;li,klj,i
i:-(Nd+  y)j=-(&’d+7) k=-(Ad+y)  -

(28)

K- m ! ),’. ~ ).Ne(t,O) z 2  ~ Nc,ioi) A’,,,i(,w,]  ,;}’l’ >;[J.jl,,i(r)l) ~ N(m) (29)
i=- (Nd+y+m) j: -( Nd+7+nJ)

where
* 7;+  (y+ m)7’

‘c,i (ttf) ‘ j~d , ~,7,
~ 7d+(T+m)7

Nc(z)p(r  I /“/ )(/;; N , (~?l): jyd+”:, N,(f)p(/ -i tf’)d
* ] 7;+(7+m)7

(30)

‘i,j(mz)=’~ J7J+ ~7 p(t -+ i/’)/.j(l -{ j’f )dl : lj,i(rn)
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then from (23) wc have

[

y- 1 y-l

N\,: =: 27’ }<(0)+ 2~R@ ~ ?/0 ;,, I 4/’}: R(tl) (31)
“, I n, ]

The  evaluation of {R(n);  n: 1,2,,,,, ;Y ] } i CaTI  i(.d out in Appm~dix  A with the result

K - n

‘1

~(,1) ., ~ “
K.,,

N;’f “ , / ; , ( ) )  I VAl,,T3./,,j(@  ~/,, JO)lj,, (n)
1

(32)
i:-(~di y)j=-(~d+y+n) k: (Ndi~)

where
* ] 7d+fl”

.]i,j(l)l)= ~Y J7d , ~7 p(l + il’)]~(1  -1 .j/’j~// (33)

Note that Ji,j(m) differs fro~n f,, (~t,)  i )f (3( 1) in that the uppm lin~ii  is ?d + ~]’ rather

this equation ~-educes to (28) as it sl~c),llcl.  Iinal]y,  substit~~tins  (28) and (33) in (31)

TIIC quantity “a” in (35) reprcsm~ts  t 1111  sj! I, ]Ial x noise (,~ x A’) term in the loop error

signal whereas the quantity “ ~i/ 2 ){,, ” ]t’~)r~ Ismts tllc noise x x~oisc’  ( N x N) term in

this same signal. Substituting?, (34 ) ill I o (Pi,) gives the final desired form for the
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li,j : 0, i # j, li,i =- 1, Jij =- (), i z- j, ./, , : ]. ‘Yllus,  o Z. ~~: 1 and  (39) simplifies to

21$.<1, ,.-
1 i 2&

(37)

[2]. IIy analogy, for a one  syJIIIR)l  OII>(LT \ ( im~ i]] the 1S[ m~vi~mnwnt,  i.e., y =1, ( 3 6 )

simplifies to

[

.::,

2 $“: i
.s,, ::----- -—–---—i=-~(-Nd + 1 ) “ “’” ‘ ‘ : “’ (38)

~’ ‘“” fd]:j

s 5 i; Vjl’) ‘ “’:’;;;” (N’+’)
i.-(Nd+ l)j=-(Nd+l)k, -(Nd +1) d

To assess the benefit ohtai)ifd  1)} ~I:Jig  tllc lS1-col~~]~(’lls{itcd  I-Q loop rather

obtained  [4,7]. in particular, the scl~la)  illj~ lx+ is given by ’()

H

2h’

L“’1;
.$/, fl_~’ ‘(~.f+l). . -  ——..~

L
‘); +-’

j.-(Nd+l) 2Rd

where

(39)

(40)

in the denominator of (39) as 011(1 }vui]l,l  z ]I(ici])aie. (Note> fro]n (26) that this is not
——. .— .._. .—_— ___ . _____
10ln [S] tlu’ ctclay  of the filter  was J](II  (kl)lII,  -itly ,1: COu II II.’cl for.~, 1 lowck,rr,  it is a simple matter  to

modify the results obtained there to ill(ll)i.i(  Illis  1 !,lrarl)c[el.



J =-s,  , sinnjl’
1 -—-—- }f,,(f)r;’~ “ “ 12 (If

o 7CJ1’ }
(41)

1I/N(f) =- 1 i- ~cnjn(f /j, )“ ; (h : 1 (42)
*, ]

an
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function cm tlw lSI-dependeIll  si~’,lla]  f~~c:  i;y tcl III that was lletclofore  ignored.

Substituting (1) and (2) into ]~t))v (4) () ,Itllt’] tl~an (5)) gives after simplification 1

(43)

of the transmitted signal s(I, O) iis aII i]ltej’,r  and ihcre exists  ~jaitu~isc  dependence m

likelihood ratio prior to cliffwc~li i,][i~  ,jt ii i’,~ith  r-c~spmt to the unknown parameter 0

instead we proceed as follows

of vectors, and describe the pairu’is[? i] IItCI .,y~nlml inter fmw  I INS by a matrix, namely,
~(i)~”

I
.

= a:i~,. ... (1)d’~,a~),a)  ,., (( ) l:, ).[)ho >(J\d ,] 1
p(l)7 == [])(I +- K7’),..., ])(1 -1 ‘/’),, )(1:1,/)(/  ‘T),”,., p(l - (Nd -i 1)’1’))] (44)

I = [Ii,j]

Then, corresponding

pi(t), i==l,2,...,2K+  +2+2

pi(l)  =“ a@p(f)



I

I 5

where
,,

W ,= a(i)’ la(i), l~(i,(l)~ -?-f’ (’d ‘ ) (1).os((0(2  -1 O)pi(l)df

o “ ‘“

(46)

(47)

where by analogy with (51)

(48)

(4 C))



(50)

linearims  the loop in

valid for small SNR.

(51)

(53)

(55)



1’/

(58)

t h e  n o i s e  N~(l,  ()) obtained  fro]]-i (!)!) Ivii]i ~1=. (). l:ollowil~g steps ana]ogousto

I
~tmit?

1>.A’(%J iv’
.51,:: --–- -- ---- -- ------—-- -- ‘ 1 j -( A’J+I)

2R4h,d412F4Ad41 .- –..- –.. ( 5 9 )

2K+N~+l  ~K+N~+l

v “ “’){-”w’”i+  W)}J,  $’1’  ~ + ‘; ‘; “x’’{;:]’’’iM’i-’”~  )}J;’
i. 1 j :  ] ‘~ ,, ! ,1 d

At the same time we observe that  :11 I (i}’,1~ ‘ ~.NR, the squar infi 10ss Of the’ lcmp in I:ig. 7

This is mathematically justifie(l  1>~ (f,’1,) sil~(c~ in the limit of lal SC SNR the



1S1 terms, respectively, in the III II IICII iii(lr tind dellominatol,  A similar behavior was

observed in [1] for the mm ca~c, 1 tl ~J{iT t;llllar, ii’l]cll Cxalnillinc  the unpartitioned

closed  loop structure motivatt’d  tit’  tl ICI M ,}1’ cstilniition  of ]J)lase approach, it was

found that for an observation OJ 1(1]111,1.11  ‘1 in [II(I limit of la]f;(’ 1<~, the squaring 10ss

has the asym~)totic  behavior CX]I( :? /{,, j. ,’}11 cw]>lanation of tl~is  s o m e w h a t

unintuitivc  result is given in [ 1‘1 (at 1( a’it fI )r tlIe lSJ-frm case. ) in particular, the

linearization of the cxpcmcmti; ~l ((II S!IM 1 ~ v pm b[~lic) nonlincal  ity as is done in

arriving at Fig. 7 from (50) is fIOIII a ].J~*I f( II mallce  standpoint at high SNR  quite

inferior to the linearization of tilt’ lI}l,h’I  1~$ )Iic tan{;ent  n{)lllillf’a~ity  as is clone in

arriving at l:ig. 2 from the BI’SK it}]lll {~j ( ~ (i). As a f~l] ther check  on the validity of

the above,  we conlpLlted  the ]WI for I l~i] [(.Ic t.)f I:iS, 7 ul~der tllc assL~mption that we set

the wc’i@ts  {wi}a]l  eqLlal to Z(ro. ‘1’1 Ii.’ sqI I ,iring  loop  perfo]  lmllcc  of this stucture,

i.e., l:ig. 7 with the CXp(--2R~M~i)  ~’t~j}~lil.> all set qua] to u]lity, lmamc identical to that

of l;ig. 2, i.e., the performance of SII.IN I] IIil] IIIm str~lcture  (ig~l~)l  illg the signal mergy -

dcpmdcnt  terln in the likelih~md  f~~Jcl io] I that motives  the s t r u c t u r e )  is

independent  of whether it rcs~llts (I ()) II t]),’ pa] tjtioned 01 l~ll])artilioncvd  form C)f the

likclhcmd function.

Conclusion——. . .-. —-. ..— —

We have demonstrated a class of s~l])~M tLss!Id carrier syllcl~~ol~iz.;itio~~  loops  that are

motivated by M Al] estimation thw )1 y a t Id i I) the pJ csmw  of 1S1 cm t perform the

conventional I-Q loop which is clmi~;l  1(J( 1 0: i the tmsis of Ycro 1S1 (wicleband

assumption.) Although the lot))xi  }v{’t  e co] ~crived I)y i{{]~orill~~  tile signal energy-

dependent 1S1 tmn in the likcliho{)[i I’LII ICI iol~, tlic low Sh~l< VCI sions of these loops,

i.e., those that which contain 110 I~(JI\lIII(,aI Ity i~~ tl~cir in})l]ase al m, perform as well

or perhaps bet ler than the low f;N J< V( II LiIJ: i of the loop I.>aseci ml accounting for

these signal energy-depmdenl tct I 1 ]s.

Ackl!~w_l.edg~!)~C~x~  t



Tlw authors  would  like tO ac}:tlf}~~’1~’(ip,[.’ (’J(, co]lt]ilmt ion d l’10f. W. C. Ijindsey Of

tlw University Of SOutlmm Calif{)l JIi: t{] I’i 1

A])p(!lldix  A

Evaluation of tllc Atltoconel  ation  I~unctio]l

of lhc l.q~ti~ al(~lt  Noise  ]] J’C)CCSS

Starting with the definition c)f tl~[’ C(IU  iv{.l(nt IIoise Ne(l,  ())  ~;ivm in (30) of the

maintext,  we obtain the statislicil]  ;IIIIOL(J: Iclatioll fullctiol]  (evaluated at integer

mult iplm of n 1“)
): /,

}<(,1) =- /{ NJf,o)NJ1  - 1  117’,0)}  ‘  “1 $’; > ; l;{ A7,,l(())A/,,{(tl)  “,,,(())N~,i(r~)
,, (P> ’.i) i ,(~ )+h)

(A-1)



makes use of (A-2) and is evalllatt’d  ,ls

Finally, summing (A-5) and (A-6) LI,iic. t] ( clwired Iesult, namely,

(A-6)

(A-7)

(A-8)

in arriving at (A-7) and (A-8), w{. II:;] (~ ~)ri Lle US(’ of the fact that ./i,, (0)= )i,j(()) == Ii,,

where Ii,j(m) is dcfimd  in (33) al~(l 1, , i’. (i(’fined ill (1 5) of tll~ nlain text.
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N c, c,, f ‘:, [:4 C5

2 1,4142
3 2..(K)(K) ? [)(}: )()
4 2.6131 3 ‘414? ?.61:+1
5 3,2301 5 ?.’16] 5.?301 3.2361
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Conventional (Wideband)
I-Q Loop Assuming

Zero 1S1
I . ,

//

I

t

I

I I I

I
I

I>

I
, ,
I

I

-6 I II I Ii-5 -2.5 0 2;5

Rd, dB

Fig. 6b. Squaring Loss Performance of ISI-Compensated  I-Q Loops:

5 7.5 ~o

1S1 Created by 5-Pole Butterworth  FiIter (Td = 0.50)
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