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Abs[racf - A method is presented for an accurate noniterativc,  computationally  efficient
calculation of high pressure fluid mixture equations of state, especially targeted to gas
turbines and rocket engines. Pressures above 1 bar and temperatures above 100K are
addressed. ‘l’he method is based on curve titling  an effective reference state relative to
departure functions formed using the Peng-Robinson  cubic state equation. l;it parameters
for 112, 02, N2, propane, n-hcptane  and methanol are given.

Keywords: ‘J’hermodynamics,  State equations, Noniterative, Mixtures

introduction

It is desired that realistic and computationally  efficient state equations for fuel/oxidant

mixtures be available for design studies of the next generation of gas turbines and rocket

engines. In such studies, the state equation plays an important basic, if only partial, role in

calculations, where it is used a very large number of times. ‘l’he equation of state not only

provides component partial molar volumes and enthalpies  for given pressure, temperature

and mass fractions, but also information needed for calculating terms in expressions for

mole flux and heat flux vectors. ‘1’hc pressu[cs  of interest are high (p 21 Mpa or 10 bar, Up

to 100 Ml’a) and temperatures noncryogcnic  (1’ 2 100 K). Since the critical locus is a

flmction of mole fractions, subcritical and supcrcritical  regions may exist simultaneously

and must be handled. Accuracy of the mixture CTibbs function must be sufficient to

provide adequate higher order thermodynamic p r o p e r t i e s  sLIch as isentropic
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compressibi  lit y and thermal expansivity y, which have an important effect, direct or indirect,

on the fluid mechanical aspect of any design study.

Accurate nonpolar pure substance equations of state (liOS) arc frequently based on the

l]cnedict-Webb-Rubin  (BWK) form or its modification by

1987) or on the }-lelmholtz function (h4cCarty  and Arp,

Ilatabascs from NISrl’ arc based mostly on a modified BWR

extended corresponding states algorithm (Iiriend  and 1 lubcr,

lee and Keslcr (Reid, et al,

1991; Mullcr,  et al, 1996).

form, with mixtures using an

1 994). I)WR type equations

are not computationally efficient since they have relatively complex nonlinear forms,

requiring iteration (sometimes extensive) to calculate molar volume values (Reid, et al,

1987). Also, limits may apply; they should not be used outside tested p or “1’ ranges  (Reid,

et al, 1987). l~or oxygen and hydrogen, such available 1;0S have maximum temperature

limits that arc below the temperatures prevailing in engines. On the other hand, the much

simpler cubic s t a t e  e q u a t i o n s  (Peng-l{obinson  or Soavc-Redlich-Kwong), while

qualitatively correct, do not give accurate volume values (Reid, et al, 1987). I;or

hydrocarbon mixtures, a simple and accurate form based on an extension of the Recllich-

Kwong 110S is available (Riaz,i  and Mansoori,  1993). 1 lowcver,  it is not clear that this

form may be used for mixtures with nonhydrocarbons,  particularly oxygen and hydrogen.

in this paper, an accurate and relatively simple nonitcrativc  method is described usinp,

departure functions based on the Pcllg-Robinson  (1’R) state equation. It also allows  a

reasonable extrapolation from imposed limits to the higher temperatures nccdcd  for

oxygen  and hydrogen. Another aclvantase is the usc of the same functional form for all

substances with conventional, coherent mixing rules readily applied to any mixture. ‘l’his
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may be done while utilizing the best available form (possibly distinct) for any patlicular

‘ substance to find the parameters the method requires.

Procedure

Departure functions arc defined as deviations of thermodynamic functions from a

refcrcncc  state of large molar volume, v,,. l~or example, for the 1 lelmholtz free energy,

\lLl

f

~’ -11’0 = ] p(v’,’l’,~i)  dv’ ‘ h’,)~  . (1)

J,

‘1’hc x, arc specie mole fractions. ‘lhc rcfcmlcc  state is that of a perfect gas at a relatively

low reference pressure p“ , so that vU= R’] ‘/pO . ‘l’he Gibbs function is obtained by G - Go =

}’ - 1“0 -1 pv -1<’1’. l~or a cubic equation of state such as l’eng-Robinson:

/(V2 -1 2b,,,v - bn,2) ,p = R’I’I(V  - b.,) - a,,, (2)

an analytic expression for the pressure integral IF[)K(vI>R,  ,xi‘1’ ‘ ) is readily obtained as well as

a direct solution for the molar volume function v[,~(”l’,p,xi). l’aramctcrs  al,, and b,,,

follow the conventional mixing rules (Reid, et al, 1987; l’rausnitz,  et al, 1986):

al,, ‘ ~XIXjEty(rl’)  , (Sa)

b ,)) = Xxjbi . (~b)

‘l’he functions ati(’l’)  and constants bi arc discussed in Appendix A. “j’he PR state

equation may have a single real volume root or else multiple real roots near saturation

curves. l~or multiple real roots, the largest and smallest positive roots give gas and liquid
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volumes, respectively. Although molar volume values thus obtained may not be accurate,

the critical pressure and temperature locus of a mixture may be well estimated using

determinants of the matrix of second partial derivatives of the Peng-Robinson free energy

with respect to mole fractions (Reid, et al, 1987). “1’hus despite the weakness of the Peng-

Robinson equation in producing correct volume values, it appears that it may bc used as a

basis for accurate state equation calculations if a volume correction can bc provided.

3 ‘he method proposed here is to first use the departure function formalism for the pure

substances of a mixture, and then to reuse it for the mixture as a whole. An accurate

calculation is made of the pure substance enthalpy  and entropy, 11 and S [e.g., by a 1,ee-

Kesler calculation, Amer. Pet. lnst.j  1992) in ranges  for which correlations are available.

in combination with the Pcng-Robinson  cleparturc functions, effective reference states are

calculated as:

I l“(p,”l’) = II(p,’1’) -1 l~>[<(v*)~,”l’) , (4)

sO(p,T) ‘- S(p,l’) - S,) R(V1)K,’I’) , (5)

where
I ]1,1< = pvl,R - }<1’ -t (al,, - 3’i3a,,@rl’)  /n[(vl,R  -I (1 - d2)b,,,)/(v[,~  -1 (1 -1 ~2)b,,,)]/(2~2b,,,)

(6)

S1,l( = ]< Zn[(v,,R - b,,,)pO/l<rl’]  - ~a,,/W  //t[(vPR + (1 - {2)b,,,)/(v[)R -+ (1 -1 ~2)b,,,)l/(~~2b,,,)
(7)

(] ]crc a,], and b,,, are pure substance parameters.) With  Inllltiple  ~’1~ roots,  the w VOIUINC iS

selcctcd for pressures below saturation pressure.

Since the 1’1< state equation is qualitatively correct, the reference state J 1° and S0 functions

are expected to behave similarly to those of a perfect gas. I~or the substances considered



here, this expectation was met. I’hc following form for Go is used to produce very good

curve fits:

G0(3’,p) = RTC (a + b/(2”1’K)  + c’1’~  - c“l’~lrzl’~  + 2d{l’~) (8)

which gives reference entha]py and entropy

11° = I{’l’((a + b/l’R  + CIR -I d~l”l’~) (9)

S 0 = R(b/(2Tk2)  - e -t C(] -} In”] ‘k) - d/dT~) (lo)

where reduced temperature ‘l’ks ‘l’/l’[.  and a,b,c,cl,e arc cubic polynomials in reduced

pressure p~ E p/pc. ‘Ihe reference pressure is taken p“ = 1 bar, and the volume correction

is V“ = dGO/i3p.

At a given pressure, a set of “1’ values in the available range produces a corresponding set

of 11°. A least squares curve fit then gives a,b,c and d. ‘1’hen  a set of e values is found

from SO. consistency requires that e values are inciepcndcnt  of ‘1’; for the substances

considered, this is essentially satisfied and the mean value is used. (Note that the terms

from b and d should no! be large for the premise of the method to ho]cl.) l;or oxygen and

hydrogen, data is only available up to 3’ z 400K (Mc~arty and Arp, 1991); however, for

these substances the behavior of the reference enthalpy  at larger temperatures is linear,

allowing d - 0. I:igure 1 shows the variation for oxygen. ‘l’his means that the high

temperature behavior mimics that of an ideal perfect gas allowing for reasonable

extrapolation of 11° (and Go) to larger tcmpcraturcs  for 02 or 112. ‘1’cmperature  fits over a

set of pressure values followed by cubic polynomial fits to a.. .C complete the

determination of Go for the pure substance.
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I’hc results indicate that the reference state is essentially that of a perfect gas plus a small

correction Ierm. l’hus  it is assumed that simple ideal mixing rules apply to the reference

state, giving:

G(7’,p,xi) = F,>~(v,}R,”J’)  + pv,,~ - R-1’ + xxi(GOi + 1<”1’ lrzxi) (11)
where

IF,,R == a,,, /YZ[(Vl,R  + (I - ~2)br,,)/(vpR  + (1 -I {2)b,,,)]/(2~2b,,,)
- R3’ h?[(VI,~  - br,,)pO/ll’I’] . (12)

‘1’his assumption is consistent with the usc of I;I,K to obtain the mixture critical locus

independent of the reference state. ‘l’he fugacity  coefficients for the mixture arc @i =

$olx~l>l{,i  where:

hw+oi ‘- [GO,(T,p) - GOi(l’,o)]/RT (13)
and

Z@I,~,i  ‘- (2zxjaU - a,,,bi/bn,) ltI[(V1,R -I (I - dz)bn,)t(v[k  + (1 + ~z)b,,,)]l(z~zbr,,l~~’)

-  hJ[p(VpR  - bn,)/R3’] + (pVpR/R’l  - I )b,/b,,,  . (14)

Analytical exprcssicms for mixture and component molar volumes, and enthalpics,  along

with mixture heat capacities, compressibility, and expansivity can bc fo~lnd by

differentiation of G or @i.

Results

Curve tit parameters for 112, OZ, Nz, propane, n-heptanc  and methanol are given in “l’able 1.

(’lhc last fuel has a dipole rnomcnt; fits were made to test usage with polar substances.)

110S inputs for the first four arc from Mc&rty and Arp, 1991; the last two usc the 1,ec-

Kcslcr form from Amer. Pet. ]nst., 1992.. Goocl fits for enthalpy  and entI opy for al]
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substances were obtained. Table 2 gives the RMS errors relative to mean values for the

temperature fits for 11 and S, along with the compression factor pv/Rrl’ and c value errors.

~’able 3 provides the temperature and pressure ranges used in the reference fits. ‘Iypically,

50 temperature values and 20 pressure values were used. Fkcept for methanol,

compression factor estimates have an error of approximately 2°/0 or less, }Jigures 2 and 3

give cnthalpy  and density input vs. fit comparisons for OJ; similarly, n-heptanc  values are

shown in I:igures  4 and 5, methanol values in F’igures 6 and 7.

Relatively inferior fits to the lower tcmpcraturc  methanol molar volume values were

obtained with errors as large as 17°/0 for liquids. (I)uc to fit inaccuracies, only quadratic

polynomials in pressure were used for methanol.) “1’he  problem of fit inaccuracy with

methanol can be ascribed to the form of its 11° function. It features a slight ‘wiggle’ in the

200-600 K temperature range, along with definite positive curvature at high temperatures.

A good fit would require a more extensive curve fitting procedure Ihan the one used here,

with a function more complex than equation 9. ‘l’he present procedure, however, is valid

for supcrcritical  conditions with “1’2 500K.

Summary

‘1’hc procedure proposed here allows for I}le use of realistic and computational]y  efficient

equation of state calculations for high pressure gas turbine and rocket engines, It also

provides for a reasonable cxlcnsion  to hip,h temperatures of data for 1 IZ and 02. Since the

same functional form (based on the Pcng-Robinson  EOS) is used for all substances,

conventional mixing rules arc readily applied to any set of components.
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Appendix A
Peng-Robinson  state equation parameters

‘1’hcconsiants  b~=0.077796R  Tcj/pcj andthcdiagonal  clcn~ents  ofajare givenby

aii(T)= 0.457236 (Rl’ci)2[l  +ci(l  -~l’l<i)]?/pci

where ‘lI<i := I’fl’ci and Ci T 0.~7464  + 1.54226~i  - o.26992~i2

l’aramcter ~, is the acentric factor for spccjes  i . ‘1’hc off-diagonal elements arc frequently

calculated by (Reid, et al, 1987; l’rausnity, ct al, 1986):

av ‘ (ajia,j)l’2(1 - k’ ~)

where k’ ii is an empirical binary interaction pziramcter. “l’he usc of the corresponding

states principal during calculations of mixture  transport properties requires the usc of

pseudocritical  mixture properties. l’or these, the following is often used (Reid, et al, 1987;

Prausnitz,, et al, 1986):

Vcn,  ‘ Xxixjvcv

Z,C,,, = 0.2905-0.085 q,,, or ~c,,, = ~xiZc,  if the 7,(:i arc kl~own,

(D,,, ,- ~xi[~i

where  “J’(ii  = “I’ci ,Ctc,

Tcy  = (“]’(.; ‘J’c/)”2 (1 - kti)

v~y  = [(vci”~  + VCY1’3)3]18

~~~  ‘- (Zci “} Y,Cj)/2
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Pc~ = ~cu (R1’cij/vcij)  .

interaction parameters k’ti and kti are not independcnl,  but arc related by compatibility for

the second virial coefficient (Reid, et al, 1987). Moreover, proper values are impo~lant  to

give the correct mixture fbgacity  values (Prausnitz,  et al, 1986), with small changes

significantly affecting results. It is convenient to avoid this complication by relying

on the pseudocritical  parameters by calculatinjl  off-diagonal av(rl’) using the same

solely

expression as for the diagonals but with “l’c.u, pcti, and (OJ = (@i + [13)/2, as waS don~ in

]’rausnitz, et al, 1986, Chapt, 5, for the Redlich-Kwong  equation.



‘Iablc  1
Coefficients of Polynomials

: a-- ““i:i$g::qz$g%l-..—...——— .—-— —
E-- --

n
‘“——- -2.66271;-03 -2.6855 E-@ --- ~ ‘o

1 -5.5055F-02—— -
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C_-— —
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-1 .4035E-04
2.93411{-06—. .—

d

%. ~

c
-7.3677E+O0  -8.85831 ;-+00_——.
-2.82001~-02 2.66021;-02———-
9.4103E-O4 -7.74101:-04_———— ——

-2.1826 };-05 1.661 8F/-O5.———
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~’able 2
Maximum RMS Relative Ih-rors

(Per cent at fixed pressure)

I Propane I 2.9

r–MelXa~~j-  1 . 3 5  ~
_L.– _ ..—..—L 1

“l’able  3
Range of Reference l:its



F’igurc  Captions

1 ) Reference enthalpy  for oxygen

2) Comparison of input data (symbols) and enthalpy  fits for oxygen

3) Comparison of input data (symbols) and dcllsity fits for oxygen

4) Comparison of input data (symbols) and cnthalpy  fits for n-hcptane

5) Comparison of input data (symbols) and density fits for n-hcptane

6) Comparison of input data (symbols) and cnthalpy  fits for methanol

7) Comparison of input data (symbols) and density fits for methanol
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