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Abstract

This paper revisits the problem of finding a parametric forn for the rain drop size distribution
(DSD) which 1) is an appropriate model for tropical rainfall, and 2) involves statistically
independent parameters. Using TOGA/COARE data, we derive a parametrization which
meets these eriteria. This new parametrization is an improvement on the one that was derived
mn [3).using TRMM ground truth data from Darwin, Australia. The new COARE data allows
us to verify that the spatial variability of the two “shape” parameters is relatively small,
thus confirming that this paramectrization should be particularly useful for remote sensing
applications. We also derive new DSD-based radar-reflectivity: rain-rate power laws, whose
cocflicients are dircetly related to the shape parameters of the DSD. Perhaps most important.
sinee the cocflicients are independent of the rain-rate itself, and vary little spatially, the
relations are ideally suited for rain retrieval algorithms. 1t should also prove straightforward
to extend this method to the problems of estimating cloud hydrometcors from remote-sensing
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1 Introduction

Rain drop size distribution (DSD) data obtained near Darwin, Australia, during the
southern-hemisphere summer scasons of 1988 1989 and 1989 1990 have confirmed that the
three parameters Ny, 0 and A in the I-distribution model

NUNAD = NoD*e¢ 8D drops of diameter D, per m (1)

that had been proposed by Ulbrich ([13]) are not mutually independent ([3]). Tn practice,
this makes the vepresentation (1) tricky to handle, mainly hecause without statistical in-
dependence one can casily make the wrong inferences from remote-sensing measurements
about the DS parameters. One particular derivation has been mis-used by so many au-
thors so frequently that it deserves special mention: suppose two quantities 7 (c.g. the radar
reflectivity) and M (c.g. the total water mass) are related to the DSD (1) by equations
2o ay [ DT IN(DYID and M o= ang [55 DM TIN(DYED, so that after carrying out the
mtegrations and “chiminating A,
V(e 77'/)(1ZN(§- (4 1z ) (edmag)
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The il11l-toe)-c<)UITC) logically fanlty step iSto then decide that whenever one comes across
another equality
ZcaM (3)

onc can automatically conclude that
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This is of course not correct: for example, (3) could just as casily be satisfied with
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or with
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(if Ny and M were related by @power law A’ = Ny M< with Ny and ¢ new parameters
replacing Np), or indeed with an infinite nuraber Of radically different possibil ities, cach
implying drastically differing behaviors for a and 4. The point 1S that, in order t0 makea
conclusion suchi @S (4), onc nust postulate not just that equation (3) holds, but aso that
the exponent and Min (2) and (3) arc it ually independent, and that the lincar factor and
M aic too. Thus, one would need to know that Ny and M arc independent , and that yrand




M are independent, or one would have to replace them vio parameters {at are, Ia lure
do so renders one’s conclusions dubious at best, in any ase unsubstantia ~d
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derived in [3] using the Darwin data, is uscful precisely because it involves the statistically
mdependent parameters 2 (the rain rate), & and 1. The parameter /) s essentially a
“normalized™ version of the mass-weighted mean drop diameter D™, to which it 1s related
by the formmla D* = D' RO e other DSD “shape™ paranmicter s is related o the mass-
SO 008t 0017 RO

weighted relative roans. spread < of the drop diameters by s* -
Unfortunately, the Darwin data exhibited apparently anomalous behavior for larger rain

*

and I when the rainrate exceeded

rates, namely a sudden non-zero correlation hetween .
12 nmn/hre (3, fig. 1c]), a corrclation which was negligible when the condition 12 < 10
mm/hr was imposed, and which is responsible for the exponential terms in (7) (9). Since
those data were collected using a Joss-Waldvogel disdrometer ([5]), an instrument which has
been shown to be non-stationary, cspecially when exposed 1o higher rain rates ({12]), an
analysis of DSD measurements from other tropical locations using different instruments was
clearly necessary to verify the Darwin results. The TOGA/COARE data allowed us to do
just that. Collected in the warm pool of the western equatorial Pacific between november,
1992, and february, 1993 ([9]), using NCAR’s 2-1) PMS spectrometer probes mounted on
the NCAR PFlectra aircraft ([2, 14]), these data also made it possible for the first time to
cstimate the correlation length of the DS shape parameters. Section 2 describes the results
of the data analysis. In section 3, we use these results Lo derjve simple new relations between
the radar reflectivity coefficient Ze and the rain rate ¢ for a given DS,

2 Statistical analysis of the IF'OGA /COARE data

sentially

The NCAR 2-D PMS spectrometer probe data were reduced using a method
similar to the one described in [2]. The measurements were so exceplionally defect-free that
the partial-image rejection eriteria of [2] were extensively altered to accept most partial
mages. Incorder to fit a model such as (1) to cach of the sampled DSDs, one could (A)
use a moment method (MM) to caleulate (No, i, A); (B3) find those values of (Noy i, A)
that minimize the m.s. distance between (1) and the measurenid histograms; or (C) apply
notoriously biased

a maximum-likelihood method as in [3]. Because method A producc



cstimates, often with large variances, and becanse method Bimplicitly makes the unnecessary
over-simplification that the difference between the observation and the model is entively due
to Gaussian white noise evenly spread among, the sampling bins. we opted for method (.

As in [3], instead of Ny, yr and A, we used the more physically micaningful parameters

. . ) JR
17 = mass-welghted mean drop diameter = 7 mim 10
2

‘ I
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Vi (1)
- instantancous rain rate = Gz 0 ! / 9.65 <l - <’““"3“) DE N D" e M an (1)

7+ relative mass-weighted roans. deviation of the drop diameters =

(e 4 .
00182, - (ﬁ\l“"‘;l ) (1 (1-40.53/.\) ) Ny 1111171110, (13)

The estimates obtatned arce shown in the pairwise-scatter diagrams of figure 1. Since the
estimates of 1 and s* obtained during very light rain can be unreliable because of the small
sample size, we imposed a lower-bound condition on 2. The particular value of 0.7 mm/hr
was chosen because it corresponds to the projected Tropical Rainfall Measuring Mission
(TRMM) radar’s sensitivity ([6, 10]). This lower-hound was exceeded by 8040 samples.
The sample mean of D™ was 1.11 mum, with a standard deviation of 0.41 mm. The sample
mean of 7 was 39.6 %, with a standard deviation of 3.8 %. The values of the various
conditional corrclation cocflicients (conditioned on 12 > 0.7 mm/hr) are given in table 1.
The COARIS mean drop diameter is thus significantly smaller than the 1.82-mmm estimate
corresponding to the Darwin data, a fact which is consistent with the Darwin disdrometer
under-cstimating the smaller drops at higher rainrates ([12]). More significant is the fact
that the negative correlations observed at Darwin between s* on one hand and 12 and 1)*
on the other are not confiried. Indeed, figure 1 shows quite clearly that the anomalous

*

negative correlation between s* and I at the higher rainrates which was observed in the

Darwin data is reassuringly not present in the COARE observations.

To construct mutually uncorrelated paramcters, we proceed as in [3]. Rather than use
power-law regressions and, for example, express Ng as Ng = ap® or A as A =+ ¢R? then
try to determine bounds for the artificially-intioduced parameters a, b, ¢ and d, we look
for a judicious change of variables mapping the parameters (12, D*,s*) onto a new triple of
uncorrelated variables (12, 1", s"). Since the joint bhehavior of It and D7 is not significantly
diflerent between the Darwin data and the COARE data, we shall let D7 = D' 1e.

D" = D e (14)

To determine 8" we first define an intermediate variable § which we force to be uncorrelated
with 7. Thus
log(s™) = log(s) -1 3 log(RR) (15)

and we require that g satisfy

Ellog(s ) og(R)} - pEQog (1)} = E{log(s™)}E{log( 1)} - AE{og(1)}? (16)




Using the COA RIS data to compute the momentsin (1(i), one finds that
4 0.037 (17)
We then replace 8 by that variable s” which is uncorrelated with either 12 or D", Thus
log (&) = log(s") 1 7 log(D") (18)

and s will be automatically uncorrclated with /2 (becanse § and D7 ave), so it suflices Lo

choose v 1 such a way that " and D" are uncorrelated. Proceeding as before. one finds
v 0165 (19)

Thus our three uncorrelated variables are

= nstantancous rain rate (20)
. A (21)
and &7 = &7 VIO oot (22)

The scatter diagrams in figure 2 show thevalues Of  these new variables for the ¢ QAR
1) SDhs. Thie marginal statistics for cach individual variable are summarized in table 2. The
table also shows the marginal statistics of D" and & for thc Darwin data, conditionedo:
[2<12 111111/71100> therunconditional. 1t 1S quite encouraging t0 note that the conditional
statist ics at Darwin are indeed quite similar to the COARIE results. Note the very small
standard deviat ion for the paramet er S*. Table 3 confirms that the corrclation cocflicients
are al negligibly small, for the COARE data as well as the conditioned Darwin data. In
particular, one can conclude from these tables that the joint and marginal statistics of the
new DSD shape parameters )7 and S* are mu ch the same in atitude as at the surface. The
expressions for the original DS paramecters in (1) interins of {]/,]) ", '} are

1 o
s 112 ])10.33 JR0.074 (23)
]
A= 330723 (24)
A nid
No » 55 : R (25)

Y0 (0 @1 0.53/A) 0 1)

The COARE data allows US 1o cstimate the spatial variability of the ]) §]) parameters.
Two measures ol variability are particularly uscful: the auto correlation cocflicient, pg, and
the relative 1 nus. variation vg, defined for @ stationary random process Xy by

EL(X, - Xiys)? ; ;
v s - {(,2 =it })2/} (= E{(Xe Xua)?}/EIXE) ideally ) (26)
VEIXEE - E(XE)
Table 4 shows the values obtained from the C OAR Y data when X was R then D" then
No. The sample size WaS insufficient to calculate correlations beyond é = 8 ki with nuch
confidence. The results confirm that the spatial variation of 1) remains quite simall indeed.
Not ¢ { hat table 4 does not show the spatial auto correlation statistics of s because the

standarddeviation Of S* (over the entire data) iSalread y @quite siall 0.025/0.3<) - 6.41 OF.




3 Application

Weather radars can measure the effective reflectivity 7, of rainfall quite accurately
(sce, e [ At higher frequencies, such as the 13.8 Gl frequency of the TRMM radar,
the measured reflectivity is lower than the true Z, because of the attenuation {, & accumu-
lated along the propagation path 4, where & is the attenuation coefficient. The problem
of estimating /2 given attenuated reflectivity measurements can be expressed using 7 R
and b [T relations. Naturvally, there are numerous 7= R and k- R relations for any given
requency ([11]), ultimately depending on the shape of the drop size distribution, and, to
a lesser extent, on other environmental factors. Choosing the wrong relations can lead to
serious crrors i the retrieved rainfall. That is why several investigators have developed
DSD-based retrieval algorithms (e.g. [1], [7], [8]). The results of section 2, in particular (23)
(25), are directly applicable to these algorithims. Specifically, these formulas should allow
one to avoid the inconsistency of assuming g and/or Ny constant and letting A vary when in
fact the three variables are significantly corrclated. Indeed, 1t is entirely consistent to make
the corresponding assumptions about the uncorrelated variables s”, D" and I?.

To obtaim power-law relations between 7, and IR and bhetween & and 1R, we assigned to the
pair (s, D") regularly-spaced discrete values in the range 0.34 < s” < 0.44, 0.7 < D" < 1.8:
in cach casc, we used a 13.8-Glz Mic-scattering model to compute Z,(R) and k(R) exactly
as the rainrate [t varied in the range 1 < 2 < 130 mm/hr, assuming that the temperature
had onc of three values, 275 K, 282.5 K, or 290 K. The power law minimizing the sum
of the mean-squared distances from the three Mic-calculated functions at the three nominal
temperatures was then caleulated for cach pair. ‘I'he resulting 7- It and &k 12 13.8Gl117 power-
law relations

.= (l(S //’ ])II)]{b(s", D'y (?7)
ko= als”, D")RCPY (28)

arc given in tables (5) (8). To illustrate the validity of (27) and (28), figure 3 shows the
Mie and approximate k- R and Z.- I curves at 13.8 GHz, when s” == 0.44 and D" - 1.8.
The power-law formula over-estimates 7 by about 1.4 dB when 2 = 1 mn/hr, and the
crror decrecases steadily as 12 increases. The approximate and exact & I2 curves do not differ
significantly in this case. At the other extreme, Figure 4 shows the Mic and approximate
curves when s” = 0.34 and )" = 0.8, corresponding to smaller drops. The difference between
the power-law formula cstimates of & and its Mie values is about 0.3 dB when 2 = 150
mm/hr, and the arror decrcases steadily as It decrcases. The approximate and exact 7
R curves do not differ significantly in this case. A systematic analysis of the diflerence
between the approximate formulas (27) and (28) and the exact Mie calculations at 275,
2825 and 290 K was conducted for values of s” and D" in the intervals 0.34 < & < 0.44
and 0.7 < D" < 1.8, and for rainrates between 1 and 130 mam/hre (27) s never farther

than 8.6% Mrom the Mic-calculated dB7 values, the relative difference between (28) and the




Mic-calculated a tenuationcocfficientnever exceeds 9. 8%, while the absolute errorremains
bolow 0018 dB/ k.

4 Conclusions

Based 011 the TOGA/COARLS and Darwin data sets, one can paramet rize drop-size distr -
butions using the variables 2, D" and " defined above, and assume that t 11(se parame-
ters are uncorrela ted. The variance Of the shape parameter s*0S relatively small, and the
auto-decorrelat ion lengths of 1" and Of % ave suflicient ly large that one can reasona bly
assume that D" and s* remam constant O\ °CF several kilometers, These propertiesmake this
parathetrization particularly useful in remote sensing retrieval problems.
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IYgure 3:
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Figure cap tions

o Seatter diagrams for the COARI observations: (a) (£2, D7) paivs: () (1)°,8*) pairs;

(¢) (K, s) pairs.

Scatter diagrams for the COARI estimates: (a) (B, D") pairs; (b) (D7, ") pairs; (¢)

(12, &) pairs.

Foxact Mie curves when the DSD paramcters ave s" = 0.0 and D7+ 1.8, along with
the graph ol our power-law approximations: (a) Z. £ (b) & 12

1o Fxact Mice curves when the DSD parameters are ' = 031 and D' = 0.8, along with

dhe graph ol our power-law approximations: (a) 7, f2: (b) & I2.




[ Variables ||('ro1‘x‘<-]al‘ion Cocflicient
log(1?) and 10/,(/)") 0.29
log(1?) and log(s*) 0.35
10/,(/)” ) and log(s") 0.72

Table 1 : Correlation coeflicients for the ( ‘OARE dataconditionedonf?>0.7 1111117111

Mecan Standard Deviation
‘ ‘ TOC A | Darwin TOCA Darwin
[ (011{L; 72 < 12 mm/hr unconditional ‘ COARE | 22 < 12mm/hr l unconditional |
1) 0.9 I3 £1.38 0.32 0.34 (.33
‘ “0.39 1. 0.39 0. 36 | 2o 0.035 J 0046
log (D) || -0.1) ‘ 0.28 —l- "0.30 E 0.26 0.24
i 107)(s”) -0.95 -(). 94 o -1.03 0.068 0.099 1“ 012

Table 20 Marginal statistics of 1) and s conditioned on It > 0.7 mm/hr.
CTOGA

{ “ COAR
log(RR) and l()g(])//j, 1 T 107
log(£2) and 1dog(s") | 7.6 1072

i ]()P’(])T/)_?“(TW],,OS(S!{)W 7745; ]Oﬁi

R <12 ””[]‘/I}”hlmul{1(*011(11t‘l(mal
8.61 10" Yy | 11.03 10° 1
-1.4 107! -0.77
50 1072 5.01 102

i z . 1

Table 3: Corrclation cocflicients of 1¢, D" and S”, conditioned 011 /2 > 0.7 mm/hr.

8
awami  r D" | log(No) || 1

] 21.7% | 1.84% | 3.9 % | 0.846
2 1[39°1% | 312% | 61% | 0.792
3 53.00% | 3.76% | 6.98% | 0.621
4 65.2% | 1.39% | 7.57% | 0.532
5 2% [ 1.715% | 81 % | 0.466
6 |180.7% | 1.97% | 8.21% 0.41]i
A839% | 5.27% | 8.67% | 0.385
S | s12% | 5.57% | 9.22% | 0.376

: . . "
‘1 able ‘1 Spatialauto-correlation statistics of /2. D" a

D"
0.91
0.84
0.803
0.766
0.742
0.727
0.707
0.686

log(Ny) slze
0.85 | 7081
0.742 661()
0.693 6297
- 0.642 5904
0.599 5616
0.576 5358
0.545 H121
0.508 1909

I Ny, conditioned 011 2 > 0.7 1mm/hr,



SND 0T |oos

031 68.83 | 89.67
0.36 70.32 1 93.02
(.38 7219 | 97.12
(.10 7448 | 102.(11
0.42 7721 | 10785
044 80.59 | 114.61

Yable 5: @ as in 7, = altt
[s/\D ] o7 ] o8 [ 09 | 20 | 20 | 12 | 13 | 14 | 15 | 16 |
0.44 1413 1ATI 1497 1508 | 1505 | 1.492 | 1.472 | 1.447 | 1.419 | 1.390
0 @ LAAD 1480 | 1501 1507 | 1.499 | 1.483 | 1.459 | 1.432 | 1,403 | 1.372
0.38 §.455 | 1.487 | 1503 | 1,04 |.1.492 | 1.472 | 144G | 1.417 | 1.386 | 1.351
0.40 1465 | 1493 | 1504 | 1499 | 1483 | 1,460 | 1.4:92 | 1.401 | 1.369 | 1.336
0.42 1474 | 1497 | 1503 | 1193 | 1.473 | 1.447 | 1.417 | 1.385 | 1.352 | 1.319
0.44 1.482 | 1.500 | 1.500 | 1.486 | 1463 | 1.434 | 1.402 | 1.36$ | 1.335 | 1.302 | |
Table 6: b asin Z, = alb
[s“\ND" ] o7 | 08 | 09 | 10 | 11 | 12 | 13 14 J15
0.34 0.0162 | 0.0171 00]857 0.0211 | 0.0239 00.0269 | ().0300 oow ¥L0362
0.36 0.0164 | 0.0174 | 0.0193 | 0.0217 | (00245 0():0275 | 0.0306 | 0.0336 | 0.0366
-0.38 0.0167 | 0.0179 | 0.6198 | 0.0223 | 0.0251] ©00280 | 0.0311 | 0.@A41 0.0370
040 || 0.0170 | 0.0183 | 0.0203 | 0.0228 | 0.0256] 00.0286 | 0.0316 | 0.0845|00B#4
042 ().017: | 0.0187 | 0.0208 | 0.0234 | 0.0262 00.0291 | 0.0321 | QEOBLJ 0.0379
0.44 0.0177 | 0.0192 | (i.02147| 0.0240 Q.ngs]?p.o 297 | 0.0326 | 0.0355 “|00BBA
Table 7 a as in k= «lt?
SONDT 008 | 09 e [ 12 T 18 114015016
0.34 1.137 1161 | 1.169 | 1166 | 1158 | 1.446 | 1.1i3-} 1121 | 1909 | 1.097
0.36 1138 1159 | 1365 | 1061 | 1152 | 11417 [ 1.029 | 1.117 | 1.105 | 1.094
0.38 PA38 | 1057 | 1161 | 1156 | 1.147 | 1.136 | 1.124 | 1.112 | 1701 | 1.089
0.40 || 1138 | 1164 | 1167 | 1152 | 1.142 | 1131 [ 1.120 | 1.108 | 1.007 | 1.085
.42 38 [ 14051 | 0153 | 1147 | 1138 | 1127 | 1015 | 1104 | 1.092- | 1.08]
().44 17 | 149 | 1049 | 1043|1133 1,122 [ 1a11] 1099 |1.088]1.076

09
118.49
125,22
133.16
114238
152.499
165.06

10
159.63
RYARY
185.01
200.45
217.90
237.45

Table 8: B asin k-

IEE R IR
217.44 | 296.37
236.23 | 324.22

355.28
380.68
492755
46898

257.46
281.26
307.78
337.15

IR

400.83
139.88
482.92
530.05
581.30
636 .66

alif

RE

03498
HRT.2H
614.19
70077
771.89
842.372

1.5
702.44
T69.57
841.81
918.91
100[).0) 1
1086.25

T.086
1083

1.069

1.6
305.99
989.02
107718
169,96
1266.74
1366.85

1.7
1.359
1.341
1.323
1.305
l 287

/o

1.6
0.0391
0.0395
0.0399
0.0403
0.0407
0.0412

1]

1.078
(74

1.064]

0.0139.

1.7 s
114731 | 1426.86
1246.45 | 1541.32
1350.21 | 1659.30
VA7 .78 | 1779.67
1568.27 | 1901.36
[GRO.T8 | 2023.29

IR ]
1.329
1.310
1 201
1.274
1.256
1.240

g
0.0420
()-0423
00426
0.0430
0.0434 |

1.8 -]

0.0447

0.0450

0.0153

| 0.0457

0.0461
| 0.0465 |

8

11.076
> 1.071
11.067
1.062
“1.058
1053
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