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Abstract

We give results of recent work  011  a nmvly  dcvdc)pccl  frequency  st a-

bility characterizatioll, callecl Total variance, whose main advantages
are i[nprovecl coILfidcxm2  at ancl  Ilear tllc lo~lgest  averaging tiIne of half
the  data  cfuratic)n,  ald  Iow’cr  se[lsitivity  to drift rcI[loval. Pro~wrtics
givml  here, for t~le standarcl  Fh4 noise types, irldudc  mean, ckgIees  of
freeclom, frequcxlcy response, and  e]npirical  dist ribut ion fum.t ioI1.

1 Introduction and Conclusions

This paper is about characterizing COII1II1OI1, difficult to Cllaractmize  frc-
qucmcy noise modulations founcl at long-terln avcragillg  time T in the out-
pllt sifylal  of many lal)oratory freclumicy  standards. It assullles  a familiarity
with the Allan variance and its c}lar:]ctc:rizat  ic)lls of white, flicker, and rand-
om walk FM xloise IHOCICIS  (W1 IFM, FI,I’M,  mcl l{WFhI)  [I].

“Contribatioa  of the  U. S. C;overnmeat,  not sabject  to copyrigl,t
t~}lis  a[lt~lor  i s  ~itll  tllc  ~i[~~e  aad  I+ecloeucy  I)ivisioa.
tTlle  work of tt)is a[, t},or  ~ra$ ~)crforlllc(l at the Jet Pro[)akion  Laboratory,  ~alifor-

nia Institute of Tkclloology,  oader  a coatract  ~vitli  the h’atic)]ml  Aeronautics aad Space
Admiaistratiori.



A shortfall of the currcrltly  reccjl[ltl~c[ldcd [2] Allall  variance for T,
clenoted  here by Avar (T), is that the usual esti[nators  of it are highly vari-
able at large  T [1, 3, 4] and are scllsitive  to tlke lnetllocl  of drift r’elnovial
[5]. We report statistical ~,ro~,crtics of a I,W, kind of frcxlue~~cy  varia~lce,
illherently  dependent 011  I[lcasuremcult  duratioll 1’ as well as T, cal]ccl ‘l’0-

tal variance anti denoted hermaftc!r  by ‘1’otvar (T, ~’) (~)rollouncecl  t6t ‘-v&r).
We quantify the inlprovelnent  in the unccrtailltjy on frequency-stability es-
timation frc]ln the use of ‘1’otvar (T, g’) r’at]ler  ttlan  Avar (T) ill t~lc l)resellcx!
of FM noises. ‘I’lie square root of this variance, callecl ‘lTotal cleviatic)n and
cielloted  by Totdev  (T, g’) or the! rCXOIllIIICXIdCCl  [2] llOtatiOIl  OV,TC)I’AI,  (T), CaIl

be iIkerpretecl  like the Allan cleviation  Crv(T)  but with  improveci  ccmficlencc
at long-ter’in T, as ~)ointcd out ill earlier  ~)apcxs [6, 7] aucl cluantificcl in this
paper for FM noises. Not aclclressecl  here is the important prolmrty that
lotvar (T, 1’) a~)pwm to have considerably less sensitivity to tile I[lethocl  of
clrift removal  tllall  Avar  (T) [8].

‘The nlaill advantages of ‘1’otvar cwer Avar arc itnl)rovecl conficlcnlce  at
ancl near the lollgest  averaging time c)f 7 == ?’/2, ancl lower scmsitivity  to clrift
removal. By theory ancl simulation we have computed its mean, variance,

and empirical probability distribution iIl the ~mxence  of the three  1+’M noises.
Variance  resul ts  are  givcll  in terms of ecluivalcnt  clcgrees  of frecdcm  [9]. In
the presence of white  Fhl noise moclulation, Total variance is aII uIlbiasccl
est imate  of  the Alla~L  variance for all  T, yet  has three clcgrecs  of frcecloln
instead of one at 7- = 7’/2. For all three noise types, the mean aucl edf of
“1’otvar arc given by simple  exact or empirical formulas.  A comparison of
the em~)irical clistributioll  of Totvar(7’/2,  7’) wit]l tile a~)~)ropriatc  clli-squam
distribution indicates that confickncw  illtervals basecl on C31i-square  levels are
conservative.

In the estab]ishccl  tradition of time allcl frequency statistics, fre-
quency stability is clcscribecl  ill terms of finite-cliffercncc  variances that are
ensemble  or infinite-tilnc averages of statiollary,  cxgoclic itlcrcments  of phase
[12, 13, 14]. In particular, the thc!cm!tical  Allan  variance is a numbc!r  that  de-
pcIlds  oIlly  on T , While! its cc)nvcvltional  c!stiItlatc)rs  arc! raIlclolll  Vari:tl)lc!s that
clci)end  0 1 1  b o t h  T ancl  ~’, the largcxt  ~)ossi])lc!  T bc!illg  q’/’2.  l’otal v a r i a n c e
is a ra~ldo;n  variable that,  alo ILg with all its prc)l)cwtiesj inherelltly  de~)mlcls

o n  both  T a n d  ?’. h40reovcr,  “1’otal var’iallcc! earl re~)or’t  values  t)eyollcl the
usual Allan variance last-T  value of T =: 7’/’2; its valLles at T > 7’/2  Inight

be USCC1  to augment tile normal  last-T  value of frccluc’ncy stability reported
at T = 7’/2.

We conll)ute tile frequency rw~)c)Im  of ‘1’otal  variance as a function
of T by averaging the squares of the l:ouricr trallsfc)rlns  of q’otal variance
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sam~)ling fullctioIls,  arid fiIicl  that it resclllt)lcs  tllc frcqumlcy respol~sc  of Al-
lan variance. I’he  results of these invest igat ions i[dicatc that ‘1’otal variance,
while it has an intcrpretatioll like that of tllc AllaIL variance, also lLa.s low~er
variability and less scmsitivity to clrift rmtioval.

2 Equations for Totvar (T, 7’)

The  pLlrposc  of this scctic)n  is to give a precise dcfillition of ‘1’otva.r  (~, 1’) for
all fV-lJoint  time deviation recorcl with smn~)lc  period To. In tllc following
description, the indices m, 71, allcl IV ate rclatccl to time by 7_ = 7n7-~,  t =
to + 717_0, and T = lV~O, where to is the tilne origin ancl without loss may be
maclc equal to zero.

Start with time-deviation clata x,,, f or  ‘n =. I to hr. I] CfiIIC  a nclv,

longer vil tual clata sequence  *;, .&s follows. lbr 7L == 1 to iV let x~l =: Z7L; for
j=ltoN--2lct

Z;. j = 2X1 —X]+j, Z:fi+j = 2xN -- ~:N- j.

This operation, depicted in F’i.gurc 1, is called extension  6y reflectim  about
both C@)0271tS.  The result of this cxtensioll is a virtual data scqucllce  {Z:L}
of length 31V – 4, whose index 71 I1OU’ runs f~oln  3 – N to 2iV – 2.

Now C] CfiIIC

Totvar (m, N, To)
1 N--1

-.. ——.— — - - -  ~ (x;,.,,,  -  2’C* +- %+,,J2 ,  (1)
2 (?rLTo)z  (N -- 2) ,,= 2

. 71

for 1 <711 < N – 1, i.e., ~ call go to (Ar - 1)70 i[lstcad  of the usual limit
of [(N – 1) /2] 70. The previous notaticm Totvar (T, 2’) is to be rcgarcled  as
equivalent to (1) with the cle~mldcllcc  011 TO sup~)ressecl.  Totvar can also be
represented itl terms of extended fractional frequmlcy  fluctuation averages
as

Totval (712, N, TO) = - - - - - } –  - - –  ‘jjl (j; – J;..,,,)  2,
2(~-2)7L=2

(2)

where  y;= (x~,+,,, ‘-  ~~,) /~.
It can be verified that ‘1’otvar, like Avm ald its estimators, is invari-

ant to al I overall shift ill lJllasc alld frcqucllcyj i.e., if a first-clcgrcc  pc)lyllomial
co + C17L is acldecl to t]lc original data set z,,, t~lcIl  ‘1’otvar does llot Change.

We expect the Total variarlcc to be a~)])lied  Inostly  to lorlg phase
recorcls  in which the FM noises dolnillatc the I’M noises (w’llite  and flicker
PM). 111 this case it is collvcniellt for tllcorct i(al purlwscs to al)proximatc
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T’otvar (m, iV, TO) by a colltillLloLls-tillle analog  callecl ‘1’c)t varc (T, ~’), ill which
the  SUII1  iIl (1) iS re~)laCCC]  ~Jy aIl iIltC~ral,  aIld  C] C]) C’llCIC!IICe  011  T(I iS C!liIlliIlateC1.

The time cleviatioll  is IIOW a coIltiIluous-tiI 1le ])rocess  x (t), given for () < t <
T .  Extencl  x (t) t o  x’ (t) a s  follcnvs: for O < t ~ ~’ let z’ (t) =: z (t); for
0<’21<7’ let X* (--u) = 2X (o) – z (U) aud x“ (7’+ u) = 2X (T) --z’ (7’ – 21).
Then X* (t) is given for --~’ ~ t ~ 2T’. ‘1’lIC colltilluous analog  of ‘1’otvar is
clclfinecl by

1
‘1’cjtvarc  (7_, 2“) = --—

I2T2~’ O
7’ [z* (t - T) - 2x* (t)+ x“ (t +- T)]2dt, ( 3 )

for 0<7 <~’.
g’he expressiolls  above are cluite different from their equivalent Allan

variarlce expressions. Maildy,  ~otvar (T, ~’) reports a value for an interval
T vrit,hin clata length Y’ basecl on Incm sam~)les  of the! sccolld-difference  of
phase  (or first-clifferellce  of al’erage  frccluellcy)  using a rearranged and ex-
tellclecl  series of tile original clata series {z,,}. It clocs this by a multi~)le
saml)le  on the l)hase  usillg a larger, virtual set of data which is all oclcl, or
reflectccl,  extension at tile bcginuitlg alLd encl (left alld right) of tile c)ri.ginal
real set. Figure 1 illustrates tile cxtcmioll  allcl, hellce,  the resulting; circular
or repeating representation.

Analyzing a larger virtual clata set built  froln  the original clata set
Iias been a tool ill freclLlellcy-cloIllaill  sigllal I)rocessing  for maxly  years. A n
assumption of perioclicity re~)laces  tile recurrent behavior (in a time-series
sellse),  a conscqucmce  of the ergodic prillci~)le [15]. Itl particular, a range of
frecluency  values (Fourier compollents)  frolll  O < j < j)L can be extended
by a mirror reflection t,llrough ~ = O so that “negative frequellcics” are
aclclecl to an original data set, resulting i[l –j}, < j < ~h. III the context of
time-series allalysis,  rather than cloillg cxtellsions of tllc origi[lal  vcctc]r {z,, }
and applying the straight secollcl-cliflerence,  we alterllatively  can resample
wit]liu  the original vcctc)r; .wc Scctioll 4 for all algorit]lln  that rccluires I1O
extcnsioll of the clata array.

3 ToivaIc  (-i-, T) as an Estimator of Avar (T)

3.1 Mean and Variance

As mentioned above, for collll)utillg theoretical I[lol[lcults  it is cc)nvc[licnt  to
use the continuous-tinle  ra[lcloln variable ‘1’c)tvarc (T, 1’) a.s a surl ogat e for
tllc cliscretc-tilne rallclom variable ‘~c)tvar (T, ~’), for tllc salllc rcasoll  that
tile calculus of integrals allcl clcrivativcs  is less intricate tllall tllf: calculus
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of sums ancl differences. ‘he Itlewl  allcl variance of l’otvarc  (T, ~) in the
prmmcc of t~le tllxec standard power-law Fh4 Iloises were computed by the
generalized autocovariancc  nlctllocl  [4] under tile assulnptiorl  of Gaussian,
mc!an-zcxo sccolid differelices  of lJ1l.zsc; 110 frcqLlency drift or cirift removal  is
allowecl. T’he mean E [r~otvarc  (T, q’)] is conlpared to Avar (T); the variance is
nlost  conveniently conlmLmicated  tllmLlgll the eqLlivalent  degrees of freedom
(eclf), defined for a ranclom variable V I)y

2 (EV)2
Cclf (v) == -iirTvT . (4)

The results, some of which are exact alld some of which are elnl)ilical fits to
nulnerically conl~)utect  rcsLllts,  can he exlJressed as followw.

(5)

n,

cdf[Totvarc  (T, q’)] = b-$ -- c, O< T<;, (G)

where a, b, and c are givml in ‘l’able  I. “1’hwm  results wwrc chcckccl by silnLl-
lations of Totvar (7n, IV, To), with N == 101.

~aMe  I
Noise u b——-

WHFM 0 3/2 ;
FI,Fhl 1/(3 111(2)) 24 (111(  2)/7r)2 0.222
Rwlmfl 3/4 140/151 0.358

The simple, exact form (5) for the mean of ‘1’otvar cau be it~terpretccl
as a scaling property of power-law Iloise. It tLlrlls out this \vay because tile
shapes  of the sample fullctiol~s  fc)r ‘1’otvar allct Avar (see Sectioll 4) depencl
OIlly 011 T. For 2“/2 < T < 1’ the saml)ling  fLlllCtiOIl  sha~m clepeIld  also 011
~’; yet, it is noteworthy that (5) persists all the way to T’, but oIlly for white
Fh4 and ralKtonl walk FM. l’lle edf results arc mnpirical,  with an ohscrvccl
error below 1.2% of IluIIlmically  co~n~)utcd  valLlcs; for w’llitc! I“’h!, tlloLlgh,
the cclf rcsLllt appears to t)c exact, alt]lough  this is ullvcrified.

F o r  white  Fhl noise  ~)roccsses, ‘1’otal  Variance is all unbiased esti-
mate of the traclitiollal  Allan Variance (freclLleIlcy-cll:~  llgc:-s(lllarecl  vs. T) for
all averaging times (T’s). Its primary advarltagc  as sLlrlnisc!d  froln (6) and
Table I is a considerable il~l~)rovcl~lent  ill tllc collfidellcc of that estimate at
lollger  averaging times. For exallll)lc,  10,000 seconds of frcclLlcnlcy  measure-
nlents means that T can’t go bcyolld 5,000 sccollds (~/2) to gc!t oIic! sin~le
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cstirnate  of fre(lLlclicy-cll:ltlge  over tile data duratioll (last half Itli[lus first
half) using Allan. ‘1’lic above eclf result (6) for white k’h4 SILOWS that OIIC
obtains tile ecluivalellt  of three i[lclepellclcmt  estilnatcs  (edf = 3) by using
Total ancl its lllLllti-sallllJlirlg  function, Ivllich is discussed in the next, sec-
tion. Tlleilllprov[!l~lel~t  ofedfin the~Jresellce  ofl’I,I~h4 allcl RWFh4 (2.097
ancl 1.514,  respectively) is not .as drain atic, bLlt substantial nevertheless. ~“or
T = 1’/4,  1’/8,  etc., the confidence rnc!asures of Allan  and ‘1’otal confidence
a~)proach each other, Llntil they are essentially the satnc at T/16. For small
values of T/~’, the tilne-deviation record is extcllcled  only a short distallce
at both ellds,  alld llellce  l’otvar(~, ~’) cliflcrs little frolll  tile fLllly overlapped
estinlatc mc)fAva r(~)  [9].

3.2 Distribution Functions

]n the traditioll of tilne allcl frcque]lcy statistics, it is cLlstonlary  to clcrive
confidence intervals for frequcvlcy  st a~)ility  011 the basis  of tlic?  assunll)tion
that the probability distribution of a frequency stability estimator V, w~hen
scaled appropriately, follows  tlie chi-square  distribution) with the same eclf
as V; see [9]. Tile clli-square  msuln~)tion  has beell  i[lvestigated  ill a limited
way for corlventional  estilllators  of Allan variance  [10, 11]; in view of the
g;reater complexity of q’otal variance, sol[le investigation of its clistribLltion
is appropriate.

I,et V clenote  the Totvar estilnator of Allan variance a 2, for some T,
and let r =: E (V) /CJ2, Zj = edf (V), which are ~)resuxned knowI  I fIonl  t h e

~Jrc!vious  resul ts .  ‘Tllell  tile rancloIll  vaIiable

lIas  t h e  saIne  IIleaIl  aIIcl eclf  a s  c l e w s  a  ~~,  llaInely,  ZZ.  lf X liad  the ~~
clistribut  ioIl,  then OIIe coulcl  clerive  coIlficlencx2  intervals for 02 based on one
c)bsmvation  of V .

We carriecl oLlt a brief investigation of tile clii-square  assulll~)tioll  for
tile most ilnl)ortatlt  case of ~ =- ~’/2.  One thouswld incle~)endellt  trials of
Totvar (50,101) m’cre si[nulatecl  for the tllrcx I“LI Iloisc  tyl)cs, and tllc cvtl-
~)irical distributioll  fullctions of X wcm ~)lottcd  along w’itll tile theoretical
cbi-sclllare  distribLltioll  fu[lct, ions. It turned oLlt that tllcclli-scluare  clistril)-
utions  were gooci  fits to tllc clnpirical distributiolls exce~)t  at the lowwr tails,
expmclect  views of wliicll  are shown irl l’igurc  2. The empirical tail always
lies below the clli-square  tail. g’llus, for a probat.)ility~)  ~ 0.2, if xv(p) is
tllo chi-scluam level for ~), and x~(l))  the level of tllc scalccl l’otvar  X, we
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have ZU (p) < x; (p). Because the upper end of a true ccmfidellce  illterval
for cr2 is proportiollal  to l/z~ (p) for all a~)propriatc  value of p, tllc use of
x (p) for this purpose gives a collscrvative confidellce interval. For exalnple,
suppose we wish to llavc a 90% confidence interval for C7 2 at ~ = q’/2 tmsecl

on V = ‘1’otvar (2’’/2, l“) and a white-1+’h~  noise a.ssuln~)tion.  ~’hcm r = 1,

v  ❑ = 3; the 5% and 95% x: levels are 0.352 and 7.81; ancl a 90% collficlcmce
interval  for U2 ba.secl OIL clli-square  is [3 V/7.81, 3V/.352]  = [0.384V, 8.52 V].
(Take scluare roots for a.) ~’he more realistic vallle of 0.60 for tile 5% Totvar
level from Figure 2(a) recluces tile u~)~)cr  ellcl of the collfidence itkerval  to
5.OV.

4 Sampling Functions and Frequency Responses

The procedure of extelldillg by reflmtion au c)riginal {x,, } vector at both
ends ancl then apl)lyirlg  a second clifl’erence can be eclui\ralelkly  r[!lmesented
as four different types of clifIerellcillg  on {I:r, : n = 1, . . . . N} directly. ‘he
sLllnnlancl  c)f Totvar (~n, N, To) in the fc)llowring  equation takes on four forms
that depend on the relatiollshi~)  of 7L to a givcm 7rL ald N:

N - 1

— - - - - - -  ~ D;>Totvar ( m ,  N, TCI) = -–-  ~
2(7nTo) (N  –  2 )  ,,. z

(7)

where

From these expressic)ns  we call clerive tile freqllency sanl~llillg funct-
ions associated with Totvar (~, ~’), i.e., 11OW  its terlns act cm g,, = z,, –
~71_I, ancl contrc%st them wit][  the silnpler  salllpling  function .associatecl \vitll
Avar (T) (S(!e ~igLIL’e  3), Which gives tllc! chaIlge  ill avcriagc!  frequc!ncy  f[oln  one
T interval to the Ilcxt [7]. ‘1’lLc au,g[nc~ltation illcorl)oratcd  in Totvar (~, ~’)
cornbincs the sequmtial  sampling function \\ritll  other ones \vllictl makes its
sample technique ratllcr  bizarre, but Ilcwertlleless siiown ill FigLlre 4.

Althougl)  the tilne-dolllai[l  prc’sc!ntatioll  of t~lc action of Totvar 011
freclLlcncy residuals seem to give little ilisight, OIIC call usc tllc Fourier transf-
orm of these sanll)ling  functio~]s  to clt!rive frequency rcs~)onscs that ~)cx-ha~)s
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coILvey Inore rneatling. T h e  ccmtiIlucms  aIlalo,g version of l’otvar(T,  T) can
be written in the form

r!1 ,!

J [J

1 2

l’otvarc(T,  T’)= – -1 —  cit 1ChIg(I/)hy(lt; t,T) ,
2T2T  IJ o

(8)

where  hg(u; t,~) is the sampling functiorl  for V~x* (t) (for the cxtenclecl
x“ (.) record) in terms of y (IL)  = dz(zJ)/du,  O < u <2’. IJet Hv (f; t, T) ==

J:’ 119 (11; t, T) e –izn  ju~ll,. ~*le caIl ShOW tlla,t the expectecl  value  i s  p,iven  in

terms of SY (~),  the one-siclecl  spectral clensity  of y (t), by

E [rl’otvarc  (T, T)] = ~w’ lt~g (~; T, ~) S’v (j) df, (9)

where
1

---”/
WV (f; T, I’) “ ~T2T! ~“ p]v (f; t,T)12 Cit. (lo)

It follows that IVY (f; ~, T) can be regarcled  as tile mean frecluency  respome
of lotvar as an action 011 y (t). Figure 5 shows this frequency response
p]ottecl  against fT for ~/T = 0.1, ().2,... ,0.5. ‘1’he frequency respc)nse  of
Allan variance (clotted curve) is the limit of l’otvar  respolwe  as 7/T + O.
Also shc)wn (clashed curve) is the frecluellcy  response of 2. Totvarc  (T, T),
Iegardecl  as an estimator of Avar (2’/2) (see Section 5 bc]ow).

‘rotvarc  (T, l“) has an approximate Allan-like  response; more import-
antly  lotvar  hasI1’t  the cleep nulls encountered with Avar(T)  near T == ~/2,

consequently it has less variability, hence better confidence as illclic:ated  by
an increased edf.  We showecl  that tlie estimate (vis-ci-vis  E [Totvarc  (T, ~)])

is an unbiased estimate of Avar(T) for WIIFhfl noise and slightly biasecl
for I?IJFM  ancl R\VFhl rloise. ‘1’his may be somewhat eviclcmcecl  by noting
the slight reduction in the anlplitLlcles  of the main lobes of the frequency
responses in Figure 5.

5 Properties of Totvarc (T, 7’)

Although we have Clefined  Totvar for T all the \vay  Llp  to (~ -- 1) T O, one

can realistically expect to obtain nlealLitlgfLll  freqLlency stability results only
T < ~/2. Nevertheless, we compLlted  tllc mean alLd edf of Totvarc  (T, ~’)
for T/2 < T s T. For white ancl random walk l’h~, it tLlrns oLlt  t}lat  twice
Totvarc  (1’, ~) is Llnbiasecl for Avar (T/2), ancl is almost unbiased (within a
factor of 2/(31xI(2)) Z= 0.9618) for flicker Fhl.  q’his  result was xnc)tivatecl  by
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COIIlpMiIlg  thC fI’eqLleIICy  ITS~)OIISeS  O f  2 . ‘1’otvarc  (~’, q’) and Avar (T’/2), as
seen in Figure 5. Unfortunately, Totvarc (1’, T) has a smaller ecif (1.5, 1.126,
and 1.029 for WI IFhl, FI,Fh4, and RWFh’1)  than Totvarc  (T/2, T) cloes, ancl
hence the mean-square error  (i.e, bia-s2 -t variallce)  of 2. Totvarc  (T, 2“) as an
estimator of Avar (T/2) is greater than tliat of l’otvarc  (T/2, T), so that one
might still prefer Totvarc  (2’’/2, ~’), or perhaps some linear combination of the
two. This possibility has yet to be investigated, hut other work indicates that
~btal variance coefficients twyond  ~ ❑ = 2’/2 could justifiably be incorporated
in the last T/2 value usually reported. It has been shown that summing all
the familiar “power-of-2” T-values in a Total variance plot Ieacls to exactly
twice the standard sample  variance much h the same way that integrating
an estimate of a spectrutn  also yielcls the sanl~)le variance [18].
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Figure 1: (a) Extensioll of a phase record by reflection at both encls;  (b)
circular representation  of extendecl  I)hasc record

Figure 2: Expanded views of tile lower tails of elnpirical  ‘1’otvar clistribLl-
tion functions (lower curves), alld tllecorres~loIlclil  lgclli-s(lllare  clistril)Lltio1l
functions (upper curves)

Figure3: UsLlalsalrlpliIlg  givellby Avarfor valLles  of?lLallci ?Lw~le1l~=lO,
711< (N – 1)/2

Figure 4: Sampling given by g’otvar  for valLlc5 of m and n when N==1O; note
that 7n is not restricted to 7n < (IV --1 )/2 a.s with Avar

Figure 5: Mean flcquency  responses c)f Avar allcl lotvar as operations on
y (t)
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