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A b s t r a c t

‘1’hc llorl-li  Ilcarg[o\vtll  of [loIl-axisy[Ilrllc`  tlicillstal~ili  tyiIlgc orlletricallytl  liIl
lif:]Jlcriz~Il  cliscsis  followc(l[ lLiIllcricillly  \\ritlltllc  LlsccJf  atiIllcc le]Jc]lclc’Ilt  two-

dilIleIlsioIlal  polytropic  hybr id  l“o~lric’r-~;tic}~ysllck’  spectral Indhod  of collo-
catio I1. ‘lllIC IloI]-axisy[llI]lc’tIic  iIlstalJility  (a corotatioIl  resoIlaI~cc) dcwclops
iIl tile iIIIler  clisc wlIeII  tllc  iIlrler bou  Ildary  is rigid  (corrc’sljoIldi Ilg 11+21X2  to tlIc

surface of an accretinp;  compact star). All the nlodcs  of the instability hak’c
a high Q values and a period of rotation of tile  order of the KepleriaIl period
at the iIlner  edge  of the disc. ‘1’he high order Inoclm have  gro~vth  rates larger
than the low order II1OC1CS. \Vllen  the viscosity is large, the higher  modes
are the first  to be damped ancl saturate at moderate values: the cIlergy  is
con ta ined  in the low order modes whic]l doIni I]ate  tllc  flow. P\7hCII  the vis-
cosity is low, tllc  high orcler ]nodes  cloIIlinatc  the flo~v,  while  the low orcler
Illoclcs do not grow: tile eIIcrgy  is coIltaiIlcd  i]) the lligller  Inodes.  WheIl  t h e
order m aI]d the amp]itude  a o f  the  uns tab le  mode arc lligll  eIIOLIgh (iIl tile
prese]lt calculations 77L; 1.5 aIld a;O.3 for n = 0.001), the flolv ut~dergocs  a
subcritical transition to turbuleIlce. ‘1’lIc turbulcIlcc  is confinecl iI] the iIlller
region  of the clisc, inside the ‘resonant cavity’, where it sustains itself clue to
tbe over reflection of waves (i.e. like the Iloll-axisyl  IIIlletric  instability itself).
Some of the low order modes (e.g. m=] ,5) arc dominant cluring  traIlsicIlt
phases of the turbuleIlt  flow. ‘ll}le  turbulence obtained ill this work CaIIIIOt
accou  Ilt for aIlgular IlloInel]tunl  tra Ilsport  iII tllc  d i sc . lIo\vcver,  the illsta-
bility  provides a new robust mec}]aIlisrIl  to explain  the appearaIlce of short
period oscillatioIls  (l)warf Nova Oscillations aIld Quasiperiodic  Oscillatio]~s)
observecl  ill the inner  clisc  of Cataclys Itlic Variat)les  and other relatccl  systeIt]s.

Sub jec t  llcadiIlgs:  accretion, accrciioIl  discs - biI]aries:  genera]  - hydlo-
dyIlar  Ilic.s  - iIlstabilitim  - stars: oscillatioI]s  - turbulc Ilce
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1 Introduction

I)apaloizou  & I’ringle ( 19S1, 19S5,  19S7) first clfJtIIcJIIstIatc’cl  t h a t  a t h i c k
disc is ur]stablc  to lloll-axisytlllllctlic  ljf’lt(lul~zltiolls. f\dditio[lal  authors, tvllo
also used Iillcar  analyses, tlak’e givcll Ilwessauy  (but Ilot sufficiellt)  conditions
for stability (Goldrcicll  & P!araya[l 19S5; (ioldreicll$  Coc7dIIlaII  &  NTatayall

19S6; GoodmalI,  NTaIayan , & (;oldreicll  19S?;  Narayallj  ~ioldrcich  &z Good-
Ina[l 19SY;  }Ilacs &  Glatzcl 19S6;  Glatzc] l!hl~a,  19 S’ib, 19SS,  1!)S9; Sckiya  &
ShokcII 19SS; Jaroszyfiski  19SS; for a review see Narayan & GoodmaII  19S9).
Numerical siInulatioIls  were also used  to iIlvcxtigate  tile no]l-liIlear  rcg’iIne of
tllcxc dynamic instabilities (e.g. llawley IWy; }Ilacs & ]Iawley 19SS; llaw-
lcy 1991). A basic aInplificatioIl ~)roccxs, tile  over-rdlectioIl of ~vavm (Jones
196S; first recognized in discs by IJrury  19S0), is responsible for the gro~vth
of the instability. A globally uIlstable  Inodc  IIlust  have a corotatioIl  radius 7*C
(a radius at which the unl~erturbd  flotv  rotates ~vith  tllc  same speed as the
pcrturbatio]l)  withiIl  tllc bouIldaIies  of tlIc disc and a reflective radial boun(l-
ary ( Narayan  ct al. 19S7). \$TIICII the ~)crt urbatioIl,  located say at a raclius
73 F,, rotates at a sut]-Kcl  Jlcria Il velocity fll, < fl~-(r~,), its corotatioIl  radius  is
located at a larger radius r= >7’1,, while \vlIcIl  flp > fl~{(?’p), 7’, < 7-P. AssuInc
nolv a sLlb-Kcplcriatl  pcrturl~atioll,  as it r~ro~~agates  oLltwarcl  the pert Llrbatiolk
w a v e  h a s  an a n g u l a r  v e l o c i t y  flp < f) for 7 < 7“,, aIld  f2p > 0 for r > rC,
i.e. for 77 < rC it has a negative a]]gLllar IIloIIlcIltLIII]  (nqgativc  action), which
changes sign as it crosses the corotatioIl  racli Lls. ‘1’lIc coronation racliLls is an
evanescent region, into which the wave caIII~ot  propagate. ‘1’here the wave is
reflected iIlward,  bLlt iI] aclditio  Il it is also  partial]y  trails  Illitted  out~varcl, due
to tllc  tLmIleliIlg Cfrcct. ‘1’lIc tIal]sIllittccl  lvavc has a positive angular momell-
tLIIIl  and coIlscclLlcntly,  the reflected lvave at tile  corotatioIl  radiLls has more
Ilcgativc  aIlg L[lar momerltu  Ill tlla]l  tile origi]]al  i]]ciclcnt lval’e,  siIlcc the total
angular  momentutn  of tllc  wave l)as tc) bc conserved (Golclreict]  & l\Tarayall
1985;  N’arayall et al. 19S7; also k]lo~v!l as the wave  act ioli  collservatiorl,  e.g.
l,ighthill  1 9 7 S ;  Spruit  19S9).  lkcaLtsc  of tllc  reflcctillg  inner  bourlclary,  t i l e
}vai’c reflected at  tile corotatioIl  raclius,  \vill  be reflected back totvarcl tlIe
corotatioI] radius  and thus  provides a  fcdback  1001). If all illtcgral nLIInl)er
o f  tvaves is acco]ll])lisl]ed  \vitllill tlIc 100[), tllcll tllc  [)roccss bella~’(’s l i ke  all
oscillator wit}l a drivi]l:  force at a r(wjllallct’  frc(lll(>[lcy  (’rullatvay’  oscillator).
‘1’tlr  sall]e  process also oc(urs for a sll[)cl-li(:])l(’[i;irl 1)(’rlllul~at  io]l at t IICJ o([tcr
I)()(l[l(laty,  if t,ttis Iatt(’[  is r(’fl(’clivc. If I){)tll  t)o~lll(lari(s ar(’ r(fl(>(titc, tllcrl
t tlt~ Iocatio[}s of tll(’ l~c)l]lldiiri(’s  \vill  {Icfill(’  tll(~ r(’lat il(~ I)li:ts(’s  of t,ll(’ i]lrl(>r
illl(l Ollt  (’r Stall  (lll]g }Vav(’.s. ‘1’11(’s(’  al(’ a l s o  r(’1(’rr(~l 10 as c(lg(, []ltj(l(s, sillcr
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‘1’llc atmve  theore t i ca l  l inea r  aIIalyses  arid IluIllf2rical  I)o[l-lillear  investi-
gations  Iverc c a r r i e d  out for Slelldcr  arid ~vidc all[luli/tori.  ]11 t h i c k  d i s c s
aIId tori systcIlls  the rloI1-axisyrll  lllctric i[lstahility  \vas cxpectecl  to be strong
cIlougll  to cornl)lctely  disrLllJt  tile flLlid  collfiguratioI]. bringing  iIlto qLlest  ioIl
tlic  existence of SLICh systems. llo~vel’cr,  t,ile lack  of a rigid  reflective inllcr
boLlndary  iIl t}lesc  systeIIls  (accretioIl orlto  a black  lIolc),  Inadc tl]is scenario
very Llnliliely (J~laes  19S7; llawley 1991; see also Gat ,U I,ivio  1992).

III thill  ~~epleriall d i sc s , tllc  rigid  sLIrFacc  of tile  accreting ol>jm.t ( say  a
>trhite  dwarf or a neutrorl  star)  cat} r)rovicle  the reflect  i~’e illller  b o u n d a r y ,
ho}~’c~cr. tile growth  rate of the Inodcs  is s]nallw  (see the linear  analysis  of
IIanawa 198Tb). lt lvas suggestd  (INarayan  S: Goodnlall  19S9) that the ut\-
stablc mocles COUICI provide a ~’iable ll]ccllallisln  to efficicmtly  trallsport  angu-

lar molncntum,  though,  nu[ncric.al  simulatiotks  (Kaisig 19S9a, 1989b)  sho~vecl
that the aIlgLllar  nlon]cIltuIn  transported iIl such a case  (a local approxilna-
tioIl to arl iIl\riscicl  tlli]l Kcplerial) clisc in a Cartesian system of coordinates)
is Ilot ~’ery efflcicnt. ‘l’here was no evidellce for the developnlent,  of turbulence
and it has beer) poilltccl  out (Zahl]  1 990) tliat  tllc artificial viscosity might
be responsible for the observed saturatioIl  of the fluctuatioIls.

A fully t\vo-cliIncIlsioIlal  nutllcric.a]  aIlalysis  of a thi Il KeplcriaIl disc is
still Inissing,  ancl it the purpose of the ~)resc]lt  paper to follo~v  the I]oI1-linear
gro!vth  of a non axisymmctric  instability ill a fLllly tkvo-clittlel]siorlal  thin Ke-
pleriaIl  viscous disc. 1’iIlite-cfif[ercIlcc nuIIlerical  siInulatioIls  are not \’Cry \zell

suited  to study tile  instability bccausc  higher-order modes have snort raclial
Yvavele]lgths,  rccluiri Ilg hig]l s~)atial resolutioIl , and llavc lo~v grolvt]l  r a t e s ,
requiri  Ilg integratioIl  ot’er maI1.  y orbits (as already re]Ila Ikd buy .Xa I’aya Il &

Goodrna]l  19S9). ‘1’tlcreforc,  ill tl]is Jvork ire use a  ll~l)rid  l’o~llier-~’l]rl~ysl]el
Spectral Method developed irl a l~rc}’iolls  FvoIk to st LIdy tidal effects ill accrc-
tioI]  cliscs  (GodoIl  ]W’i’, }’aper  1). Sl)rctral h]etllods  are global  aIld of or{leu
lY/2 ill space (rvllcre Ar is tllf.’ IIuIIllJ(’r of grid  [)oi Ilts). ‘1’lley  Inakc  IISC of fast
l~ourier traIlsforIlls  and a r e ,  co[lscqucllt]y,  relatil’c]y  fast aIld accLlrate  \vlleIl
iinf)lel]lclltd  correctly. l)or this reaso[l Sl)ectral ~letllods  are freq[lfirltly  IISMI
to SO]VC tLII’bll]Cllt  f]O\VS ((’g. Sllf’, J a c k s o n  S’ orszag l!J!)l; (’lIo k l’oliwl~i
I!ma).



o a[ld t,tlc disc tllickllcss  //// (or eq[livalt,lltly  tile  i[lvcrs(’  h[a(il []~l[lll~t’r  ilk tllc
(Iisc). III all tlIc cases collsiclcrccl  lI(~IxJ  tlI(J  II IIstalJlc II1OCICS arc Iocattd  i[l tjl Ie
very  illllcr  part of tllc  d i sc , adjace]]t to tllc  illllcr  reflcctii”e  bo~llldary.  Wllell
tllc  viscosi ty  is  lo~v, tllc  }Iigh order l]]odfvs  (Ior]linatc  tllc  [Iotv, Jvhile  wlicll tllc
k’iscosity  is  large, tllc l o w  order nlodcs  dol[li!iatc  tile  flo~v. F\’llcll t,llc order
a[ld tllc  .31[lplitudc of tllc  ullstab]c  l])odc are lligll  cIIougli, tllc  Illode  [jrovidcs
tllc  fi[litc anlplitude  perturl)ation  Ilccdcd  })y tllc  flotv to ulldctgo  a subcr i t i ca l
transitioll  to turbulc]lm. ‘1’lIc ullstablc  lllodc  for[]ls ill flcctioll  poillts  i n  t h e
illllcr  disc which are unstable and cause the flow to undergo a subcritical
transitioll  to turbulcllce. ‘J’lle  turbLllc’llcc  is  coIlfirld  in t]lc!  illller  region  o f

the disc, itlsiclc  the ‘rcsonallt  cavity’, w}lcrc it sLlstains itself  dL]c to the over
dlcction  of waves (i.e. l ike the lloll-axisyrllllletric  ill.stability  itself). Sonle
of the low order ]uodes  (e.g. m==5) a r c  clolnillant  dLlring  transicllt  i)hases
of  the  turbLllcnce,  bLlt event Llally the m=] m o d e  domillates  the flo~v.  Rc-
cmltly,  it has been S11OWII  allalytically  and numerical ly (~]albLls, }la~vlcy &
S t o n e  1996, in the colltcxt  of angLllar I]lo]ncntum  tral]sport  in d i scs )  tha t
differential rotation flows (e.g. Keplcriall  discs), unlike pure shear flolvs (e.g.
~oLlcttc!  ~“lows), are ]OCally stable t o  tllrec-Clilllcllsiolla]  firlite-alll~)litLIC]e  ill-
stabilities. lIowcvcr,  this was a local analysis ill which it was shown  that
the illitial]y Llnstab]c!  flow cannot tap er)crgy  frolll tlic Keplerian  flotv to grolv
turt]ulmlt.  in the prcscllt  simLllations,  t}lc  instability is global and sLlstaills
itself duc to the inner  reflective boLlndary. ‘I1}]c  turbLllcllce  taps energy  froln
the flow itl the same malluer as tile l]oll-axisyllllllctric  instability: through
the corotat  ioll  resollance  (the over reflect ic)ll of waves)’. ‘1’lkis  process cannot
accoLlnt for the angLllar momcntuln  transl)ort  in the  d i sc ,  since  tllc  tLlrb  L[-
lcnce  is confined  in the very illuer l)art of the disc, ho~vever, it provides atl
illtcrcsting  ncw mechan i sm to  cxl)lain  tllc origin  of sllc)rt  period  oscillatio[ls
observed ill the inner  disc of CataclysInic  \~ariablcs  atld  other related systelns.

111 the nex t  s ec t ion  \vc l~rcsc]lt  a snort rcl’ictv on tile  stal)ility  of rotat-
i]lg flows whic]l IIave been  related to the study of accrctioll  discs ill dif[crcnt
corltcxts.  Irl sectioll  3 kvc give a snort of oLltlillc  of tllc  I)llysical ass(l[n])tiol]s
Illadc  and the Illllllcrical  IIlcttlo(l IIsml to solt’c  tllc  l)robleln.  ‘1’llc results  a r c
prmclltcd  and cliscLlssed  i]l sec(ioll  4 ,  where a detailc(l colll[)arisoll  is  nladc
\vitl I obscr~wtiolls  of c)scillatiol(s  ill (“~at,  aclysl]lic  \Tarialjlcs.



2 Stability of Rotating Flows

It is colI]lllo[lly  belie~ccl that if all accretiol]  disc call bc subject to a hydrody-
llatl~ic illstability  t}lat leads  to turbulcllcc, tllell  tile  trar]sition  to tllrbulc[lcc
kvill  take place only  in tllrcc di[lleIlsiolls. ‘1’llc justification has bcctl  that
pkular  stlear flotv, lvllich is Ii]lcarly  stable, is unstablr  to tll[cc-{liltlcllsiollal
fillite-alll]jlitLlcle  instabi l i t ies  (sm tllc  revie~v ~)a~)cr of lla~ly,  0rs7,ag  &’. lIcr-. .
bcrt 19SS). hTLlltlerical  si[nulations  (Orszag  & Kclls  19S0) h a v e  a l s o  shot~’11
tha t  t he  t,rallsition  to turbulellcc  ill ~ouette  flo!v t akes  place only  ill three-
d;lnension.  And lnore rccclltly it ~vas realized that the transition to turbw

lence  in tllree-(lilllcllsio]]zll  (31)) illcoln])ressiblc  flo~v was associated to the
presence  of streamwise vort ices ill the flo~v (e.g. IIamiltoIl  & Aberna thy
1 994). I1OWW’1’, a  v e r y  illl])ortallt  detail  Ivas o]nittcd:  the lvorks of Orszag

& Kclls  (1980)  and IIay]y  et a]. (19SS) 1VCM7 carried  out for incompmssihle
flow on]y. ‘l’here is no reaso]l  to expect  t]lc coniprcssib~f  floiv to behave  like
tllc irlcorrlprmibk  one. 111 fact tl~’o-cli]llcrlsiollal  (21)) compressible flo~vs arc
used to represent tllrec:-clilllcllsiollal  inconlpressible  flo~vs,  since colllprcssibil-
ity aclcls  an extra degree of fredoln. “1’hcrcfore,  oIle shoLlld be more inclined
to think that the 21) colnprmsible  flow Jvill behave like the 31) incornprcss-
iblc  flolv and Llndcrgo a tral)sition  to turbulellcc. As an exalnplej  tlie Shaloyv
Water Fkluations  (equivalent to a 21) co]npressible  flow) are used  to represent

the three-cli]ncnsional incomprcssib]c  flow ill t~le atmospheric ]aycr.  ]IL t]lis
section, wc revie~v some details  of the stability of rotating flows which have
bee)] related to tllc study of accretio]l cliscs.

2.1 Stability of Incompressible Couette  Flow

In a rotating inviscid  incolllprcssiblc  flo~v, wllcll tllc equilibriuln  and tile  per-
turbatiolls  arc axi-sy]]lrnetric,  the spec i f i c  a[~gular rnolncntuln  t = r2fl = is
co[lstallt  irl time, ~vhcrc 7 is tlie  ra({ius  i]) cylilldrica]  coordi  I]atcs (r, q+, :) a[ld
Q is tllc allglllar velocit jr. SUcll :111 irivisci[l irlcoIrl~~rcssiblc  rotating  flo~v i s
LllistablcI  t o  iIlfillitcwil  Ilal axisyIllIllctric  ~)crturlJatioIls  ;vII(’]1  tllc  allg[llar  nlo-
111 C’Ilt Ll[ll  decreases  outw’ard  d?z/dr  < 0 ( ]tay]eig}l ] 91 6). ‘]’hc instability lcac]s
to tile  appearance of a scx-olldary statio[lary  flow consisting of tl]c ‘1’aylors
~’ortices  (tilerc  is exc]la[lgc  of stal)ilities),  ~v]lilc  L]le effect  of t~le t’iscosity  is to
stabi l ize t,ll(’ flow bclo~v a critical llcyllc)lds Illlr]]ber: /{c < }i(,-. (!out~t,t(’  f]o(v
( i . e .  tllc  f]o,v hetwce,,  rotati[!g cyli,ltlfrs),  \\itl] ccjtl,,tc,rrc,t;iti,lg  cyli],tl[.rs,  i s
cxl)ect(,cl t o  IN’ Iitlcarly  stal)l~’  (i.e.  stal)l~’  to illfiIlitcsiIllal  I)c’lllltl);it,ic)lls)  l)t’-
lowr a critical 1{(’yIlolds  IIuIIIl)cr,  lI{)Ltft(’r, tllc  exj)erir]l(’rlls  (e.g.  C’01C5 1!)65;
])avia(](l,  II(yy+etll  S: llcrg~  19!)2)  tlav(’ SIIOLVII  ttiat it is s[il)j{’ct  to a Ilol]-lill(’ar
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local instability (it’. it is ullstal)lc  to fi[lite a[lll)litu(lc  l)f’[t[lrlJzl[ioIls)  t h a t
1(’ads to tllrbul(’llce.

‘1’IIc two diff’~relltj  i[lstal)ilities, li[lcar  aIId Ilo[l-li Ilear,  in tllc  rotati  Ilg C;ou-
. .

Ctt C’ flOW’ lC’a(l  to tlVO Clltlcrc[ltj  traIlsitiolls  fro[l~ Iattlitlar  to tulbulcIkt  f]o~v:  su-
l)ercritical aIId subcri t ical ,  res[wctively.  (’oll(’ttc  flotv tvitll tile t~vo cyli Ilclets
corotating  or with the outer cylinder at, rest, is liIlcarly  Llnstable  accordi Ilg

to the ltayleigll critcriorl and exhibi ts  a sLlpcrcritical  t ransi t ion]  to tLlrbLl-
lence.  q’he supcrcritical  traJlsitioIl  is a pIogressivc  and reversible t ransi t ion
to disorder, which takes place as tllc  rotatioIi  i[lcreascs:  first the ‘1’aylors  voY-
ticcx  form arlcl,  as t}lc  angLllaI velocity iIlcrcascs,  a talgcntial  Jvave pattcrIl
appears, and becomes Itlore  COIIlpli  Catd Ullti]  the whole  flow grows  fLll]y tLlI’-
bulcnt. III this case  tllc turbLl]cIlt  ~oLlctte  flo~v is characterized by bouIldary
layers at each cylinders, while  the mst of tile flLIid  has a coIlstant  angLllar

m o m e n t u m .  (30 Llctte  flolv with cc)untcrrotating  cylinders, or lvitll tile inner
cylinder at rest is L[nstable  to fillitc  aI]lplit Lldc perturbations, and shows a
sLibcritical  transition to turbulence. ‘1’l]is  transition] is abrLlpt  and localized.
‘1’he instability is nomlincar  and leacls to turbulcmt  spots in the lan]inar flow.
‘J’he flow’ is dividecl  into rcgioIls  which are either laminar  or tLIIbLllent.  Mravcs
p r o p a g a t e  o u t w a r d s  fro~n the turbule!lt  spots  into the laInillar regions.  As
the Reynolds nulnber  incrcasm  the lamiIlar regions grofv scarce until the fluid
bCCOIllCX COlll])letdy  tLIYbLllCIlt.  ~lCl”C thC! tLIL’blllCIlt  ~OLldtC flOIV iS ChaTaCtCT-
izccl  by an cnhaIlced dcly-viscosity  propoItioIlal  to tile shear  7’dfl/A7- and a
]{eyIIO]Ck  nLlnlbcr ]k % ] .

The subcritical] transition to turbulcIlce due to a non-linear instability \vas
followecl  numerically in tl]ree-(lilllc]]siollztl  incomprcssib}c  I’latle  Couctte  Flow
for }?c > 1000,  but  Jvas Ilot observed irl the t\vo-(li  Illcllsiollal  case (Orszag
& Kens 19s0; ]) Llbrll]lC  1991). ‘1’lle exact ampli tude of  the pcrtLlrbatioIls
Iledcd  for’ the dmk)plmllt  of tUI’l)LllCll  C(’ dCp CIld S 01) the l{cy Ilolds II Ll[IlbCr
(])ubrL~]]e  & Nazarenko  1991). ‘] ’he il)sta]ji]ity  coex i s t s  ,vith  t])e a],peara,lce
o f  inflcctiotl  I)oiIlts iI] tlic  Il]ean  ilotv, i .e .  local  Illaxilna of vorticity  in tile
flow, wllicll arc unstable  according to the l{ayleigll-1’’j!~rtoft  crilerio[l (1’jortoft
1950). ‘1’he study of the dkct of ill[lection  I)oillts ill aIl iIlviscid  ~!o[lctte  f l o w
Lvas follotved by lJCI. IICI & liIIoblocl  I ( 19SS), aIld l)[IbrIIllc  & Zatll]  ( 19!)1 ) ex-
telltled  tile  case to a t’iscol]s  flo~v. It Ilas t)cell sllo\vll  11101’(’  M’cwltlj’  t h a t  tll(’
cxistt’[lee of st,rf>t[n]tvis(’  i’orti(’(vi is i{]volve(l  iIl tl~c c{(isial)i!i~,:~tiolt  ])ro(css  that
I(a(ls  t o  tLlrt)lll(’tlct  ill tll( tllrwi  clit]l([lsi(jllal irl(()[lll)l(’ssil~lc  flofv  ((,.g. llalllil-
t  011 {f:  l\l)(’1’Ilittll~  1!)!)1; 1):111 (”1101 ,(’ l)ai’ial[(l  19!) 1 ,  1 !)!).5:1,  1!)!)  .71);  11( ’gS(’t 11
l!)!)(i). }\ St,l’(’illll  LYi S(’ vort(’x ill(l[l((’s  iIll ill(l(’ft  ioIl l)oillt  ill t 11(’ flol~’, tvlli(l]  i s
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(l Ilstat)l (’. ‘1’llis  process is l~ur(ly tlIItJt’  (Iilt]rllsio[lal, a[l[l Ca[lr lot tak[’ p lace
i]) two di[nel]siolls,  ~vllicll  cxplaills  tllc  results of orszag & Ke]l (19S0) ar]d
l)llbrulle  ( 1991). ‘1’he sttearllwise  vortices tal) energy frolll tlic  rotating flolv,
arlcl then pour it into tile  tLIrbulet Icc. If this [nccllanism ivas to ~vork ill a 3])
disc, tllc  I'orticcs  m'oLllcl l>coriclltc[l  illtl]c atlglllar Clircctio1l  (l) LlbIullc  1997).
llo~vcverl it has not  been slIo\vIL  ttlat tl~csalne  tt~rcc-[lit~]el~siol]al  mccllanisItl
(i.e.  tl]estrea*lltvisc  vortices)  isrcs]JoI,sit>lc  fortllc clcstat,ilizatiI]l]o  fcolll-
pressihle  rotatirlg  flotvs.

2.2 Stability of Compressible Couette  Flow

It is IIOt clear hotv colnpressibility  will affect  the flolv, si]lce it adds an extra
clcgrec of frcdol 1“1 . IL is il[l])ortatlt  to stress that only a felv stuclim  ha~e
becl[ carried oLlt  for supersonic rotati]lg  flotvs,  ~vllcre  compressibility starts
to affect  the flo~v.  111 the limit of snlal]  values  of the Nlach nut~lber,  tllc cloln-
inant  instability is of tile Kelvin- llc]motz type, tvllile for large valtles  of the
N1ach llumber the instability is the (t~io-clil~lerlsiollal) centrifugal il]stability
(e .g .  ‘1’omasini, l)olez & l,dorat  1 996). 111 their  ~~ork 011 transollic  s h e a r
f lows ,  ‘1’omasini  et al. (1996) clid not rule out turbtlle~]cc,  thoLlgh it lvas not
obtained nLlmerically.

2.3 Stability of Atmospheric Flow

‘l’he atmospheric ffow is presented here as an example of a linearly unstable
21) compressible flow. ‘J’wo-clilnellsional models of the atlnospheric  shear ffolv

on a rotating surface have a lot of similarities with the tYi’o-cliIllcllsi{J1lttl  Iiq-
]crian  flow (differential rotatiol],  ~oriolis  force;  see e.g.  cho & l}olvalli  1996a,
1996 b). ‘1’hc atlnosphcric  flo~v i s  really  a tllrcc ditncnsio[lal  incontptessiblc
flotv,  however  it is rcrjr(sented by tllc  shallo~v-~vater cqLlatiolis (SP\71~), rv}lich
arc colnplete]y  eqLlivalcnt  to tlic  eq(latiorls  of a 21) colnprcssible  flo~v.  ‘1’1$’o
dilncnsiollal  inviscid  Kcl)leriarl  d i s c s  can bc represcrltcd  by tile  Stt’1’;,  ~vllcre
tlic cleptll h of the shallow’ water flo~v is ])rolmrtional  to tllc  surface densit}’ of
the clisc  Y (and therefore tl~cre lnigllt  be solile  li]]ks  })etlvc(’11  tllc  bcllaliour
of  tllc  tlvo dif[crc[lt  f lows) .  In the S\\T1’~ tile  stlear fl(nv is ul]sta}~]c  to lvai’es
longer  tlIaIl a critical V<LILIC. ‘1’llm(’  \Ya\’cs  lla\’c’ a ~) flasc S])(’(KI  tliat lilat (“1)(’s
tile  IIlcalt  Clirrellt, velocity lvi[flill  t lI(J [Iolv, lvllicll  IJcrlftits  a transfer ofc Ilcrgy
fl’oltl tl]e c(lrreIlt  to ttl(’ \viLL’(’. ‘1’llis  [)roccss is kfIoLvIl  ill gtw[)llysical  f l u i d
dyllalllics  a s  Lcl’otropic  i)/,s/~/6ililJ (l)(’(llmsky 1!)S7; (’llslllll;lll-l{oisi[l  1!)!)  1).



‘1’llis  illst,  ahility  is Ii[l(’itl’  afld is I)cli(’vet] to bc’ rcsl~ol]sitjl(’  for t,llc forlllatio[l

of turbulc]lcc  ili t h e  atlnospllcre  oll t h e  large tivo-(lil[lc’llsiollal  scales  ~vhic]l
tra~lsport  atlgulav  lllolllc[ktull~  (tll(, sltlall  scales are Ilot affected }Jy tile  rotzi-

tioll a n d  call b e  represelltjed  by tl~ree (Iilllel]sional  llo[llog(~ncous  turb~llel~cc
~vit]l a IiO]IllOgOrOV  C1l Crgy Spect  1’U1ll  ) .

It is intercxtillg  to rcltlark ttlatj  while tllc 21) gcol)llysical  flolv  (rt:l~resclltcd
by tile  shallo~v  water equations) is Ll[lstable to t]]e ~orio]is  forces, 21) trall-

sonic shear flows (like tile  OIIC stLldied by ‘J’ornasini  et al. 1996) arc unstable
to centrifugal forces. ]n discs, both the celltrifugal  allcl  the [~oriolis terms arc
present, however the centrifugal force is balanced by the force of gravity.

2.4 Stability of Differentially Rotating Discs

Raylcigh (1916) has shown  that a rotatil]g  flow is stable to infinitesimal nom
axisylnmctric  perturbations wllel] t}lcre is lIo local  extrcmum  in the vorticity.
IIowever, colnpressibility  adds all extra degree of frdom,  which allc)~vs  the
al]~ealallcC  of lilleay lloll-aXisyllll  ]lCtric U1lstab]C’ 111 OdCX ill t h e  CZISC Whc!re
the angular velocity is a po$vcr law of the radius (Goldmicll & IJyndem}lcll
1965; Stewart  1975,  1976). ~o]npressibi]ity  becolnm  impor tan t  when  the
flow velocity becomes supersonic allcl shocks start to forln.  II] accretioll  discs

the rotation speed is supersonic, Q cx r ‘~ a]ld the vorticity  is  lllollotOnOus

w  = Iv X ZI m (2  — p)fl ( w i t h  1 ~ p ~ 2). If a slnall  lloll-axisyl]lllletric
perturbation (say 61’) is i]ltrocl  Llcd, tllell t}le allgLllar momentum equation
gives:

d[ 1 ai$l’—-__ ——— .— (1)
z p Zh#> ‘

ancl the  spec i f i c  angular l[lolllelltul[l  is [IO lol]ger  constant  (lvhere  p is tile
density). II] this case dP/dr  < 0 for soltlc  range of 7’ }vitlli[[  the boundaries
cnsu[es  irlstability,  however, [lP/d7” > 0 for ail r lvitllill the bo~[lldaries  does
no t  especial]y  exclLIde  instabi l i ty  ((;}lallc{Ii~sektla[  1{]6] ). ‘1’lle l]lost  gcllc’ra]
aIId su~lcierlt stability colldition  for lloll-a.YisyIIllllc’tl.ic  perturbations is that
o f  a rigid  rotatiorl,  i.e. f) constant  ( e . g .  SUIIg ]9Y4; lIana~va 19S6, 19S~a;
I“uji  [noto  19 S7’).



3 Numerical Modeling

All the dctaik  OIL the Ilumcrical nlctllod  and t]lc exact forlll of tllc’  quatiolls
Carl be foLllld  ill l)apcr I ,  ttlcrefore,  we git’e ]Icre o]l]y a short out]i[lc  of tile
numerical Inodeling.

3.1 Physical assumptions

‘1’he fu]] Navicr-Stokes equations are kvriltell irl cylindrical  coordillates  (?”, d, 2),
allcl  are solved ill the plane of the clisc (7’, ~~). We LISC an alpha viscosity pre-
scriptioll  for t}le viscosity law, and assun]e a polyt,  ropic cclLlatioll  of state.

WC chose  n = 3 for the polytropic  irldcx  and the polytropic  constant is fixed
by  chosing  Ii/I’ at the oLlter radial boLll]dary l/OUt,  i.e. by chosing  the ‘tenl-
])erature’  of tllc  clisc.  A  c o l d  clisc has  }1/7’ R a fc~v perct21kt, lvhile  for tllc
hot disc case 11/7 R 0.1 -- 0.2. LJllless  otherwise specified, in tllc  moclcls
presented here, tile outer radius of tlkc co]npLltational  clomaill is located at
f&U~ = 51?i~,, Wllcrc lt~,, is the inllcr radiLls of the compLltational  clomaill.

3.2 Boundary and initial conditions

‘J’lle  outer radial boLlnclary  is a free boulldary,  i.e.
rdcxtivc  boLII~c{ary coIlc]i  LioI]s.  At this  bounc]ary  p,
the solution of a standarcl  thil]  Kepleriall  disc.

it is treatecl with non-
v, and ~ arc given, e.g.

l’he inner  boLlndary  is treated as a rigid  fdst rotating accreting object. ilt
the present stage of the work  wc ig[]orc the boLlndary  layer bctivecn  t]le  disc
and the star. IIowever, tile  sharp clellsity drop in the boLlllclary  layer seems to
reflect waves very  e~lciently  (~zodoII 1995). ‘1’his  makes oLlr present reflective
inner  boLII]dary  ass Llmptioll valid for a ~vidcr ra]lge  of problcrlls  il]cl Llclillg  the
one  Of the boundary layer.  ~O1lseq Llelltly,  tve C}losc v, = O, Q == fl~{ and p is
llot givell,  since this \voLIld overs])ecify  ttle  l)ou Iida Iy corlclitioIls. (see pal)er
1 for all the details of tile  treatrncllt  of tllc  I)oulldary  coI]ditions)
‘1’lle i]litial  density  is u[liforIll,  t he  initial  rotat ioIl Ia\v is Iicl)leriaIl  aIld tile
radial velocity is initially set  to zero. ‘1’lie eql]at  ioIls  a re  first  SOIVN1 in oIle
di[nellsiol],  aIld after  aIl iIlitial  dynal]lica]  [)l]ase of re]axatio[l,  the cquatioIls
are solved ill t~vo diIne]lsio[ls. ‘lllIC initial iIlfiIlitesi[[lal  I)erturl)atio]l  o f  tile
(Iisc is citllcr  I)rovide(l I)y tllc  ti(lal [)otf’lltjial  of a corIll)allioll of ~’cly s m a l l
IIlass  (like ill l)al~cr  l ) ,  or l)y a  raII(lOIII  ‘Ilois(”  ill tilt’  d(~llsit~’.  ‘1’IIc  rcs~llts
ot~tjail}f~(l  Ilsillg  t,tl(’ ttvo (Iifi’(>r(’[lt i[litial  1)(’ltlll’l)ziti[~lls  ar(’ tl](’ saIII(:.  III [host
o f  tllf’ cas(~s,  \ve tl(’ci(lml  to  us(’ a Irery \V(’~11<  1)~’I’tLll’t)tlt,iIlg  ti(lal I)otc[ltinl  t o



[Jroiicl(’  111(, illit iill  ]lotl-;lxisyl]llll(~tli(  ])(~rt{lll);itic)ll. ‘1’llis  lias tll(> a(lvatltag(i
of being a ‘Ilatllral’  way to disturb tlt(’ systclll.

3.3 The numerical scheme

Iri order to follow the Ilomlincar  gmwtll  of tile  iilstahility,  Ive use the time de-
pendent  hybrid IJo[llieI-Cjllcljys}lcv Illetllod  of collocation dcvelopd  in I)aper

1. A (;hebyshcw  expansion  is carried out iII tile  radial diredio]l,  while  a l~ouricr
cxpallsioll  i s  LM’d in the angu]ar  dirmtion. We solve the time dcpcnclencc

of the equations by means  of a.11 explicit 4th order Rungc-Kutta  telnporal
scheIne.  Wc take 64 points in tllc  radial dimensio~) and 32 ])oints  in the an-

gular dimension (64X32) for models ~vith a moderate viscosity (n R 0.1). l’or
IIlodcls  with a lolver viscosity (<r X 1 0–3) we take l)ighcr  resolutions: 256X:32,
~~~X@j al~d ] 2SX]~S.  ~\~~~cII t]~c vis~osit}~  Z/ i s  coIlstaIlt,  one can  solve  the

viscous term implicitly in a very cfficie[lt  Inarlncr, t)y ifriting  the equations

in the spectral space. One is then Icft with a diagonal  ballcled  matrix,  easy

to inverse (see e.g. Canuto et al. 19S9; this was applied by ‘] ’omasini  et al.
1996). _flo\vcver, in the present  case  tllc  cocfficicmt of the viscosity v is not

constant, (u = acs}/). Consequently, tllc tilne dcpe)ldencc  of tile  equations is
sc)lvccl  using an explicit fourth-order ]{unge-]{utta  method, al~d the Chel>y-
shev method  is implemented using the Inodification  described by Kosloff  &z
‘J’al-]jzer (] 993). q’his allows one  to rLIII tllc coclc efficiently on a work  station.

In the raclial direction wc use a spectral filter to cut-off high frequeIlcies.
‘l’his illl~>lclllcIltatioll is Lised for numerical convel~iencc.  It gets rid of the

high frequencies which can  cause nulnerical  instability, while it keeps  a high
enough  number  of terms itl the s])ectral ex~)allsioll  to resolve the fine structure
of the flolv (see e.g. })apcr  1, but also Gottliel)  & Orszag 1977; ~oigi, Gottlicb

& IIussaini  1!3S1; Canuto  et al. 19SS; a sl)ccific app l i ca t ion  cat~ be found in
1)011 & Got, tlieb 1990). ‘l)IIC Inodcls  with a lolv viscosi ty  (0 % 0.001 ) arc ull-
stable to  high  order  Inodcs  o f  tile  l)alJalcJizoL1-l)rillgl(’  itlstahility.  ‘1’he order
of unstable Inodcs  reachm  a very hig}l  val IIc. III order to follow tllc  cvolutiotl
of  the l)a])z~loizotl-l)rillgle  iIlstalJility  in tile  ]o~v v i scos i ty  lIlodels  oIlr  Ilas to
lllakC SIIIC’ t ha t  t]l~ high(%t Llll Stat)lC  1110(1(% al’C IIOt tllc  tlig]l(’St  !110(!(’  Of t.llC
r e s o l u t i o n .  ‘1’his  Incans that one C;lII  eitll(r increase  tll(~ Msollltioli  or dainl)
tl]f’ higllcr  Illo(les of tllc  rcsoll[t iol). 111 tll(> ])rcw[lt  silll[llatio[ls  ~ve clatil])  ttle
l]igl]cr lIlo(lt’s  I)y using  a s])cctral  filt(>r ill tli(~ arlg(llar  (Iilll(’[lsioll. ‘111( filtt’r
JY(J i]sf~ has tile  sa[lle  analyt ical  forll]  as tll(.’ [ilt(’r  ~ls(d ill t)l(’ racli;ll  (lir(’cti~)ll,
it cl]t s-off f~x])c)ll(~[ltizllly  tll(’ Iligli  fr(>([~itkllci(.s  al)c)t’e  ii gi~’ell frmlll(’tl(.y k~ (s(T
l)a])(’r I for (1(’t,ails).  I t ,  acts  Iik(’  a all art, ifi(ial  vis(vsity  oII tt)(’ Illocl(” /: > L’cJ.
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‘1’his  filter is also Ilecessary  ill or(lt’r to follolv”  ttlc  t~lrtjulcllce:  it is [ICIC sil[lilar
t o  tllc strong  cLlt,t-off’  of ttlc  Iligll  frcqllcllcim  otjtairlcd Lvitll  a IIigll poiver  ( p )
of tl]c diss ipat ion olwrator  usml ill tllc  nu[llerical study of turbulence  (e.g.
(’llo& f)olvalli 1996a). It does  Ilot,  affect  tlletral~sition  toturbule[[ceor  t h e
tl[rbulctlcc  itself, l~utollly tllcdctaild  structllreof  tlleflo~v.  “I’he high  po~ver
dissipation) operator pcrlllits  to cxtclld  tll(’ inertial rallgc  of the t[irljLllcllce

to  hig}lcr frcqLlcllcics (k).

4 Results and Discussions

L\Tc have rLIII  models ivith  different values  of the physical and numerical pa-
rallleters. Wc tlave varied the viscosi ty  ~Jaralnetcr  fl, tllc Mach llulnllcr in

the clisc Af == v~{/c$,  the resolutioll  and the spectra
are lMTSC!IltC’C]  here.

filter. Not all thr II1OC1CIS

4.1 Preliminary considerations

4.1.1 Cond i t ions  fo r  i n s t ab i l i t y

We found that the lloll-axisyl[llllctlic  illstal>ility  clocs not develop for n >0.04
and M < 14, which means  for a liigh viscosity, since  v = crc~fl~l (i.e. mocl-
els wi th  M < 14 require 0 < 0.04 to becc)lne Llllstablcj lvhile  moclels ~vith
ck > 0.04 rec]uire  M > 14). ‘1’his  is justified hy the fact that the I’iscosity
danlps  the wat’es which  arc rcs~)ollsit>le  for tile  gro~vth  of the instability. I n
aclclition, as expected, t,lle llol]-axisylllll~ctric  il~stat>ility  develops w’hen the
irlner  boLIIldary i s  reffccti~’e. 111 all the models presented here,  tlke inner
l>olllldary  is rotating al, tllc  l(cplerial~  velocity, i.e. tlfe  ignore  the boLlllclary
layer (In order t o  tak into accoLint the I)oundary  layer l>et}vcc[l  t}ie slotvly
rotatitlg  stellar sLlrfacc’  and tile  lic~)leria[l  disc, \Yc would  ha~~c to increase tile
rcsolutioll  by a large factor). Ilolvevcrj ili tllc  l~ourldary  layer there is a stlarp
tral]sition  WILCK tile  flo~v becortles  sul~-I(e[)lerian  ar]d i s  pa r t i a l ly  sustained
Ly the pressur(’. ‘1’here tile  dcllsity  dro[)s by s e v e r a l  orders  of l{lagllitude.
‘]’his  abrupt cllallgc  irl the de[lsity  is l)rot~c to r e f l e c t ,  i]lcolllil]g ~va~~m: tile
Ivavcs Lvil] [lot ]Jro[)agatc  into  tilt’  low cl(’l)sit  y (slll~-[((:1~1(’l’i:lll  ) region.  i!ll{l  it
is tl]crefore a goo(l  assull)[)t  io]l t o asslllllc  Lllat t Ilc wflc(t i~’e l)olillclary is tllc
]Iigli density  regiorl w~ierf> L]t(> rotatio!]  i s  still  ];(’~~leriall  (tvc also  (Iiscllss tilt>
isslle of  L}le  }~o[lf~clary  lay(’r ill tllc  co[l(.lltsiotls s(~ctio[l).  011 t lIe ot Ilcr si(lt’,
solr](: syst(:llls  IIligllt,  Ilai;c a fas~ rot, ati[lg  accr(~tirlg s t a r . It is etlo[lgtl for a

II



Lvllit(:  d~varf (ill Cataclysltlic  \Tariat~lc systcllls)  to  accrcte % (). 1 —  ().1.5:11(3
to rotate near break up (Narayall  & l) Op}IaIn 19S9) and at this stage it call
still  colltitlue  to accrctc (l)o[)lla[ll  & Narayatl 1991 ). III a d d i t i o n ,  Inany (;V

systclns  do not show observational cvidcllcc of a Loulldary  layer  ( h’erland et
a l  19S2).  III tllcse systmns, i t  co[ild well bc that  oIIly the outer  Ctlvclop of
the star is rotating  llcar  break [II).

4.] .2  Growth  ra te  o f  the  uns tab le  mode

111 al l  the lllOCICIS WC fOU1ld that the grOWt,]l rate Wi of all urlstab]c  mode
(lll=i) varies  bC!tWCC1l  Wi/fl~{ 2 3 1 0 - 3  – 10-2 it] agrcelncrlt  with the rcsu]ts of
linear  studies for thin  Kcplcriall discs (Ilanawa l!187b; Kaisig  19S9;  Savollijc
& ]Iccmskrk  1 990). ‘1’his  means  that,  one has to follolv  the simulations over
a time scale of tile orclcr of at least % 100 – 1000 local orbits at tlie illncr
edge of the! clisc, in order to discern the ullstablc!  I]1OC]C in the c]c’nsity  profile.
in contrast, in the thick discs case  the instability nmcls  to bc follo~vd  only
over  a  fcw orbi ts  (Papalc)izou  & I)rillglc  19S4;  lla~vlcy  1987) .  ITI I’apcr  1,
some models  were followcc{  over a tinle scale = 10’1 periocls,  while here most

of the models arc followccl  011 a period of tl]e  order of x 103 local orbits. ‘1’he
growth rate of a particular II1OC1C illcreascs  with illcrcasing  viscosity (e.g. see

‘1’aLle  1). This can be explai]l  simply Lccausc the }Iighcr the viscosity, tl~c
shorter t}le  accretion time nccc]cd to acculnulatc  (nomaxisymmctric)  matter
in the inner  clisc.

4 .1 .3  Effect  of tile v i s c o s i t y

‘1’he high orcler mocles have grotvth  rates larger than the loLv orclcr mocles.
~olmclucntly,  whcm tllc viscosity is IOJY, tllc  high  orclcr ltlocles  clol[lillatc  t h e
flo~v,  lvhile Llle low orclcr Itlodcs  clo not gro~v (ttlc etlergy  i s  contai[~cd  ill the
lligller  lnoclcs).  Wherl  tile  viscosi ty  is  large, tt[c lligller  1I1ocICS are the first
to Lc clalilpecl  and saturate  at lnoderatc  values, tllc  energy  is tllcn  colltainccl
ill tile  lotv order ]nocles  whictl cvc[ltllally  dolllinate  ttlc  flotv  (see also ‘l’able 2).



lllodt’  is of otdcr [11=-2 (like ill [Ilo{lf’ls  1 all(l  2 ill I’al)(’r I). J\/}tctI  tllc  \’iscosity
i s  decreased  to a =  0 . 0 1  (wit]] a resolu(ioll  of  25[;.S32) tllc  In=S Illodc  i s
i n i t i a l l y  tlic dolIlinallt  ol]c, lJ{lt  cwc[ltllally  tile  order  of tile  nlode cllatlges  to

111=~,6 a[ld evclltua]]y t h e  dolnitlant  ttlodc  bccolncs t]le 111==.5  tllodc  (t, }\is i s
tllc  case  for [llodcl 5 ill l):Lper 1, which was ru]l fLlrtller ill tllc  present work).
~\rc have  also rUII cool discs lvitll o = 0.001 (atld  ~vitll  resollltiolls  256~64  and

]~s~]~~) and foulld  that the dollliIlallt  [node  \vas lrer’y  nigh (?n > 15). ‘I]]lmc
lo~v viscosity moclels were rUII wit]l a s~)cctral  filter in t}lc angular dimctioll
(SW the section on the numerical mctllod). ‘l’lie  ef~ect of t]le viscosity OD the

odct’  of the dominatlt  mode is recapitulated ill ‘] ’ab]c 3.

4.2 High viscosity and low order modes.

Wre have carried out  a systclnatic  s tudy of  all m=2 Inocle ill a  cool  disc

as a function of the viscosity. ‘1’!lC  111=:2  mode is Clolnirlant  in a  coo] disc
when a % 0.1. It forms a prccmsing  elliptic dc[lsity  pattern around the cen-

tral object ,  with a period  close to the Kcpleriall  period  ill the illncr clisc.
‘ l’he mocle has a very  coherent  period  and phase. ‘1’his  suggests that the
Ull$tah]C II1OCIC’ CC)Uld bC t]lC SOLII’C’C  CLf ShO1’t I) CI”i C)C] CC)hCL’C!lt OSCill?ltiOIIS  Ob-
scrvecl during outburst of ~at,aclysrnic  Variables (discs around non-magnetic
White  l)~varfs, e.g.  I’attcrsoll  19S1 ; WarIIcr 1 986; for solne  rcccllt results sec
Mauchc 1996) and maybe around  Neutrc)u  Starx in I,o\v-Mass  ~-ray I]inayics
(e.g.  Mason et al. 1 9 8 0 ;  Sadeh  et al. 19S2;  Schoclkopf  & Kelley  1991;  or
Inorc  recently Stroh]nayer  et al. 1996). An additional tests, that ~ve carried
out to verify  this suggestion, was to cllcck  how the period  of tile  unstable
Inodc  varies as a functioll  of tllc  I,umillosit,y  of the disc, i.e. as a fullction  of
tllc mass accretion rate. ‘J’he  solution of tllc  polytropic  clisc is illdcpcrlclent
of tile val Llc of the density. ~o!lsqucntlyl  ivc assulllc  that tllc  lnass  accretion
rate is  proportiollal  to tllc  l’iscc~sity  para[[lctet  n. ‘1’he effects  of the viscos-

i t y  011 t}lc m=2 lllode  is sllo~vll  ill table 1 . P’ol’  (1 x 0.1,  lYC f ind  that th(’
p e r i o d  o f  tllc  Itlode  1’ varies  witl~ tile  Illass accretion rate itl as }) cx Al-f?,
tvllcl’c /? x 0.1 i n  good  agrcelllcrlt  ~vitll tllc slo])e of ttlc  origi[lal  ‘l)arlal]a di-
agranl’  (/? % 0.2, I’attcrsoll  19S1 ), arid tllc rIlorc wccIIt  obscrkwtiolls  of SS
(lyg (/3 % 0 . 1 ,  h~auchc  &z l{obillsoll  1997). Irl t}lis  latt,rr  systcrl]  tllc  obscrt’d
jurill)  of Lllc oscillatiolls  froll] a I)c[iod  of x 6s to 2X :1s (\lauclIc & I{ol)i[lsorl
] {)97; lklll ‘1’ccs(’]irlg ] 997) cilli  Ijc (,asily ir]t(’[l)r(,t  (~c] as a Cllar):c  of III(JCI(J  fro]ll

11]=1 to 111= ’2. 111 111(>  11(’Xt scctio]l  \ve ])lwl~osc ;Ill afl(litiorlal  (Jxl)larlatiolk  t o
tl](’ “,jlll]ll)”  of ttlc  rIlo[lc ol)st.Ivccl  ill SS (~yg.
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4.3 Low viscosity, High order modes,  and transition to
turbulence

MThcn  the viscosity is furtllcr rcduccd  ill tile  cold disc, n % 0.001, tllc higllcr
m o d e s  (m > 15) arc do[l]illatlt  and sat urate at a IIIUC1] higher value thall
whcIl CY % 0 . 1 . ‘1’hc moclm rather look l i k e  ‘Ijlarlets’ (i.e.  hi,gll dmsity  i s -
l a n d s ,  like in the resul ts  of  llawlcy 19S7). illducing  ~vavcs that prol)agate
ou twards .  P’igure  1 snows  sue]] a rcsu]t  for a II Iodcl ill ;shicll  the Ill=  16 mode
is clominant. in this model tllc resolution is 256.S64 and a spectral filter is
applied  ill the aZilllLlthal direction, With a cLltoff  frqLlcIlcy of ko = 16. ‘]’hc
frccluencim  above kLJ arc clamped by the filter, ancl tllercfor  tile  m==16 Inode
i s  t he  dominan t  one.  It saturates ~vith an al[lplitudc  of = 0.1. ‘1’lle innm
clisc. stays in this state for Inorc  500 local  orbits afkr the mode has grown
unstable, time at which we arbitrary decided to stop tllc  sinlulatiotls.

4 .3 .1  Non-1 inear  evolut ion of  a  turbulent  model

Jlre carriecl  out several  additional test Inodcls  (not all sho~vn l)erc)  and foL~nd

ou t  t ha t  when  the OK]C’I’  ?71 and the aznp]itudc  a of the unstable  moclc!  a r e
high enough (in tl]c present calculations ?)z; 15 alld  u;O.3 is obtained by cllos-
ing @ = 0.001), the mode ]Jroviclcs  the finite alnplitudc  perturbation ncwclcd
by the flow to ullclergo  a subcritical transition to turhulencc.  in figLlre 2 ww
show the appearance of an m=] 9 unstable Itloclc ill the inner  clisc (ill moclcl 2
k. = 20). After the nlodc  has grown expo]lcntial]y,  it seems to saturate Jvith
an amplitude of % 0.3. A C1OSCY look at the amplitude of the I11OCIC reveals
that the mocle still grows linearly at a very  10IV rate. At a time of i x 6,50
all the modes (with k < ko) start to gro~vtll  and the flo~v becomes turbLllent
(see also figLlre 7). ‘1’he tLlrt>ulence  i s  cotlfi]ld  i[~ t~lc’ illncr  region  o f  t]lc
disc,  frolll which ~vavm pro[)agate  outkvarcl  (figure  3, tllougll  I’ery differellt  ill
llature, the  p resen t  tLlrlJulellce has  tllc  saIIlc a])])earc~llce  as turl~Lllr[lt  sl)ots
Jvit]l  oL:tti,al.C]  propagatil]g  Ivavcs; e . g .  l)aucllot  & l)aviaud 19Y1, lWJ.5a & b).
SoIn(~ o f  tllc  IOJV orclct  rnodcs  (111=-5) are do]llilla!lt  during  trar~sic[lt  phases
of the turbulent flmv. ]Iut e~’ent  ual]y  the III= 1 mode becolnes donli]]allt  and
remains  so for tile  mst of tllc  rlll)  (for at~o~lt  300 orl)its).

‘1’lIc v e l o c i t y  [Iuctuatiolls  of 111( lI]II)LIICIICC  arc s[llm[iic  (Jvittl  a Nlacll
IIlllllt)cl M==o. fi-(). ?). IIy tll(’ (’lld of t,ll(’ [1111  (alollrld  1=-:1200)  s[[lall S h o c k s
st art, to forlll a[lcl tllc  Iluct(lat, iol]s LCCOIII(’ s(l])(~rsorlic’. ‘1’11(’ 1110(1 (’[ ;Vas S1OI)])(’(I
a t  this  s tage,  sillcc tt)(~ s[)(’ct,  ral lli(~tllo(ls  (’allltc)t  r(~solv(” r(’soli’(, stlocks  ((l II(J
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1,0 t,llc ~~iljl~s  1)11(’I)()[IICIICJII).  otll(’r  [Ilo(l(’ls tlal’c dcvclo[)ml  sul)crso[lic  fl(lct  Lla-
tio]ls at all mrlicr stage of the evolutiol)  al](l the tuthulc[lcc  could  IX’ follo~vcd
for only  50 orbits, while  ill t}Ie prf’scIlt Inodcl  tllc  tllrtjUlcIlcc  ii’as  followed for
o\’er !500  orbi ts  (frOIll  / N 700 to / = ]~oo).  ‘]’I,c tot~]  ~in(.ti~ c~,c*gy  o f  the

fluct (Iatic)lls  is show[l ill figure  4. At t,}lc early stage  of the evolutioll  (t < 300)
there is only small fluctuations (’lloisc’)  due pro}mt)ly to the illitial  relaxation
of tile  nlodel  alld s]nall  aln[Jlitude  viscous oscillatiolls  ill the disc (see also
l’aper 1). f\s  tllc ~n==l 9 mode continucx  to grow, the kinetic cnmgy contained
ill it cvclkt,ually bccomcx  larger than the ‘noise’ and the exponential grolvth
of the energy becomes cvidmlt  (300 < i < .400). ‘1’lIc  saturation of tile  mode
is seen clearly for 400 < t < 600. ‘1’hcI~ around  i x 650 the flow becomes
tu rbu len t  and t}le  kinetic energy gvows agaill, but it also oscillates ~$rit}l  a
large amplitude (it is interesting to colnparc  figLlre 4 with figure  7). ‘]’h~
fast and oscillatory growth of the kinetic cllergy  aroLlnd t=700  is associated
w’ith ancl characteristic of the highm ln=l{~ lnode. ‘1’he ellergy  then decreases
~vllilc the dominant mode changes from In=] 9 to m=5 and eventually m=l
(around t=900).  At this stage the kinetic energy starts to grow again, mom
slo~vly allcl  also mom steadily, charackrist  ic of the low order  m= 1 mocie. A
look at the power spcctrutn  of the energy reveals immediately the clominant
II1OC1CS m=] ,5, ancl 19 (fi~Lll’C (i).

4 . 3 . 2  ‘1’he P o w e r  S p e c t r u m

‘1’he power spectrum of the kinetic cILcrgy  ilitegratccl  over the turbulent re-
gion and in time is shotvn ill figure  6 (ill figure  .5 the same is shotvn I)eforc tllc
tratlsition  to tLlrbLllence,  while  the m=] 9 mode  is  dominant) .  ‘1’he Four ie r
transforln  of the kinetic el~ergy  has heml carried oLlt only ill the angLllar cli-
rection,  since in the radial dircctiol~  the turbulence covers only a small region
(alld  therefore otily w 15 grid  points). ‘1’hc SIOIK of tl~c spectrum is IoL@Ily
-1 (tl~ough at sonle  stage of tllc  evolution tile  slope is closer  to -1 ..5). At this
stage  of the work  it is difficult to assess how accurate  is this value  of slope.

OIlc migh t  need  to ilicreasc  ttlc  rlunllwr  c)f points  in the angLllar d i r e c t i o n
froln  hl==&l to M= 1 2 S ,  256 or CVCII 512  in order  to he co[lfidc[it  ;vith  t h i s
r(’SLllt.

‘ ]  ’])(’  OJ1].Y ot]lCI°  tUI”hlll(’llt  flOW Jvitll  tvllic])  lv(’ CaII cot Il])ar(I o u r  results
is t 11(1 rotat ing t~i’o-(liillctlsiollal  lnod(’1  of tfitL atrnos]jller(’  (Lisillg tllc  shallow
$vat(.’r  m[llat io[ls, (.’110  & l’oltra[li  1996a). ?1s stated  ir[ t tlf s{,colttl  s(’ct,i(>ll  tl)is
flolv is eqllival(,llt  to a 21) colil])r(~ssil)lc  rotat, illg flo~v. ‘1’tl(’r(’ tll(’ illd(’x o f
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tll(’ slol)c ~wri(s  ljet\voeII  x --:] ;III(] x --1 all(l (Iq)(’tlds S()[llewllat 0 1 1  tllc
initial collditiolls  all(l orl tllc  dissipatio[i  ])ara[flctrr  p. IIo!vcver,  as tlas bcc[l
])oillt,cd o u t  (C1llo  &  I’o]varli  1996a) Illally sl)cctral tjellal’iours  arc [Jossihlc,
and cornparisorls  of spectral slopes  (lvitll s])herica]  or l~la[lar  results) sllou]d
Ilc)t k tmptc’d.

‘ l ’ h e  only  co[nparison  which  ca(~ he [l~adc is the follotvil~g.  In tl~c thrcc-
dilnensiona]  illconlpressil~lc  turlJulcllt  atlllosphcrc  of  a  rotat ing planet  ttlc
larger scales  arc afi’ectcd by the Coriolis  f o r m and prc)t~ably a l s o  by tllc
finite vert ical  e,xtc]~t  of the atI]losplleric  layer. ‘1’he cle~’iation  from a Kol-
IIlogorov  spectruln  is strong  aIld the cllergy spcctru  In behaves like 11~ cx L--3
( e . g .  I)ubrullc  & Valdcttaro  1992). ‘1’llc l a rge  scales  are lnost  prol~at>]y  tlvo-
dilllensional  iIl structure. ‘I’l Ic sIllaller  scales  arc not affected by the rotation
(t}le }]c{dy  turn over tinle is Inuch  slna]lc’r thal~ the rotation time) neither by

tile  small vertical extent  of the at Inosphcric  layer. ‘] ’hercfore,  01] this scale,
the turbulence rmnain  ]lomogcneous, tl~rc-cli]lleIlsioIlal and the Kol IIIogoro\’

‘5/3 ‘JIIIc same is probably true also iIlillcrtial range s t i l l  holcls them j;~ cx k .
discs, aIld one Inight, expect the large scale  turbulence (A > 11) to be affectecl
by the rotation and the the sInall  thickness of tllc disc. Onc earl therefore
say  that the large scale  turbulence wllicl]  tralls~jorts  allgular  lnomeIltum ~~’ill
b e  t;vo-(liIllcIlsioIlal  and IloI]-lloIllogeJlcoLls, while the small scale  turbulence

(~ <  ]]) will be th,ec-cli,,,e,,  sio,,al and hoIIIogencoLIs  (\vitl,  a Kolmogorov
spectrum).

4 . 3 . 3  T h e  e n e r g e t i c

‘1’he lloll-axisyIlllllctlic  itlstabi]ity  grotvs according to tllc  Inechanisln  describe
ill the inttoclLlction:  it gro~vs due to tile  ovcl’-reflcctio1l of 1~’al’cs, Jvllile  it is
Collflllcd  in tllc  Iwx)IIaIIt  cavity. ‘J’llis  II)ccharlisIIl traIlsf(’rs,  thmugll  \va\’cs,
cIIc Igy to th(~ unstable II IO(I(W. ‘l)lIe illstat~ility  pIodLIccs  illflcctioll  ]joillts  ill
the flow ~t’llich,  at solilc  stage (wllel,  tllc  ~,crtLl*})atio]l  is stro*lg c*loL,g,lI)  lnakes
th(’ flow u[lstable  and tUL’bLll(’Ilt.  ‘1111(’ tLl~})Ll]CI)CC  thin, ill 01’d[’l’  to sLlstai Il it-
self, taps its ellcrgy  froln  tllc  flow ill tllc  sallle  Illallller  as tllc  instability itself:
tllro~lgh tllc  ov(~r rcflcctioll  of ~vavcs. ]11 fact  0])(’  C’;lll  look at ttlc  tll I’[)lllC’[l  C(’ .21S

a Ilo[]-axisyI[lllletri(’  illstal~ility  wlIcIc  all tl]e II Iodcs lIav(I  gIOIVII ~lllstat)lc, ‘1’llt’
L(l[’l)tll(’rlt patt(’111  L’otat(’s at ttl(;  Salll(’ s]je{xl  as Lll(’ iliit  ial llc)rl-axis~~l[llll(’t  ri(

illstaljility, frorll ~vllictl  it for[llc’cl. I t  ]Ias ttl(’ salllc  a Corotatio[l  [a(li(ls.  “1’llis
e.x[)lai[]s  ;vtly  tll(’ tLl[’l)ul(’llc(’  is co II fiII(J(l olIly iIl tll(’ I(w)[l;lrlt  (’;t~’ity.  1)(’t\v(*(>ll
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ttle cowtatiorl radius  all{l tll(’ illllcu (Ylge o f  t,ll(’ (Iisc. ‘1’tlcrf  is IIO a[nplifi-
catiol)  of tlIc snort  waves pm~)agatitlg  ollt~vads  (froII)  tlIe rcsor)a[lt  cav i ty ) ,
since  there is probably still too  Illllcll  viscosity for tvavm of Ltlat zutlplitude
(the viscosity increases with radius and tllc  resolutioll  decreases lvittl radius).

4.3.4  C o m p a r i s o n  w i t h  O b s e r v a t i o n s

In orcier to make further colnparisolls  \vitll tlie  ot~servatiolls,  we assume  (as

a first  approximatioll)  that tile lu]ninosity  of tllc  inllcr disc is  proportional
to the cmergy dissipated them (our nlode]  is poylitropic).  WTc compute the
d i s s i p a t i o n  futlction  O(i) as a fullctiorl  of tiltlc for t~vo dif~crent  cases:  first
for a whole  ring with O s q$ s 2T (say @zT) and  then for half a ring  w i t h
O  < 4 s n (On).  ‘1’he f i r s t  c a s e  erlablcs  to discern illtrinsic  challge  ill t h e
dissipation function as a fullctioll  of tilllc’. ‘1’he scconcl case reproduces the
eclipse of the inner  clisc by the ccwtral  star, but enables also to cliscern noll-

axisymmetric  rotating (luminosity) patterll. 111 figure s \\’e show @(t) for
the two cases arouncl  i % 770, j u s t  after tllc  flow becanlc  turbulmt.  ‘1’his
is a transient phase ill which tile clolninallt  Inodc  changes from m=] 9 to
111=5 and cwcmtL~ally  to m=]. ‘J’he illner disc rcI’cals  an intrinsic change in
@ (obvious whcll  looking at @Zm) of large amplitude (% 10 percellt) lvitll a
freqLlcncy  v = 2V0, where V. is the freq  Llency  of the ro t a t ing  flLlctuations
(slightly smaller than the local l{eplcriall  frcclucncy  V}{, since the coronation
radi Lls is larger than the irlllcr  racli Lls of the disc). ‘1’llc variation of d)z= is very
Inuch  sinusoic]al  ancl highly cohcmmt. ‘1’his  variation is probably  assc)ciatecl
with the for~varcl  ancl backward travel of waves ill tllc  resollant  cavity, which
is tllc process that sLlstaills  the instabi l i ty  allcl tile tLlrbulcncc. A look at
@m, however, shows a variation I1lLICII  less sinusoidal and less coherent. Some
aclclitiollal freclucmcies can  b e  cliscerllecl,  l i k e  v == W, v = 3V0 ancl v = 51/..
‘J’llese are the odd  dominallt  lnoclcs 111=1 ,fj a]ld ,5. ‘1’hc el’ell  IIloclcs  can  not
he seen since  t h e y  callccl  tllclllscll’es  ~vllilc  [c)tati[lg  (as a fluctuatioIl  clisa])-
l)eam behind one side of star, allottler  OIICT rcal)l)cars  011 tllc  otl Icr side). ‘1’lIc
v == 21/0 fmcluel]cv  is also appaIcIlt  (d(le to tilt’  illtri[lsic  clIallgc’  ill @).



lIiis clcclcasc(l)  alId v X 0. OSb’O (c(jrl(~s[)o[lclillg  10 a I)criod  f’ = 12.1 Iota] lie-
plcuiall  periods). ‘1’llis  lolv frequency  oscill:ltioIl  is traIlsiellt  and is associatd
~vit,l~  tl~c CCCellt~iC  osci]]atiolls  of t]~e ~v]Iolf~  ~{isC as tll~i  OIIC ol~s~~~~d iIl tile  ~~111

of model 5 i[l l}aper  1 (but not  r~lcrltiorld t,llere;  this kiI)d of oscillatioIls  was
a l so  obse rved  iIl the results  of 116~yczka & Spruit  199:3). III tl)c  illncu disc,

however,  the rotating  clo[ninant  m=l lllodc  produces a highly sinusoidal ancl
coherent oscillatioll  !vitll  a frcquc]lcy  u =: z/L), tvllicll  is obscrvcxl in tllc  grdpll
of  djr in figure  9. In col]trast  to tllc  case  ill figure  S, tllc rotat ing m= 1 lllode

itl the inner disc call illuminate the wliolc disc, such  t}lat arl obscm’atioll  of
tllc reprocessed light will ill fact rcwcals the frcqumlcy  v = VO (this  is clifficult

to reproduce if several l] Iodcs are dominant, like in figure  S for ~,. around
t % 770 with the fmq  Llencim 31/0 arlcl .5z~O).

‘1’0 sLlmmarize  ancl compare, ~vc IIave distiIlguisllcd  tllrw kind  of oscilla-
tions datecl  to the tLlrl.julmlt  inner  disc. ‘1’he first  lvitll a fmqucIlcy  v = 2V0

is due to an intrinsic change in the lLIItlil~osity  of the disc and is Inainly  secvl
dLllillg  a tuallsient phase  of tile  tLlrl~ulcllce,  lvllile tllc ellcrgy  is iIl tile higher
I11O(1C% (aftC~ what the aI1lplitUdC’ Of this fI’eCILIC’IICy  decreases). ‘~)hc SCCOIld
oscillatioIls  with a frccluency  vo call bc observed directly  ciue to the occulta-
tion of the iIlncr  disc by t}le  cmtral  star or indirectly if its light is repIocessecl
by the w1101c clisc. ‘J’his  oscillatioIls  is clLlc to an m==] rotating mode and is
seem after the initial ‘relaxation’ pllasc  of tile turl~ulellcc,  lvhen  the energy is
passccl to the m=: 1 mode.

We propose  that these two oscillations, ~vhich  am highly collcrelit  ancl
siIILlsoidal,  are the oscillatioIls  whic]l  am us Llally observed  as l)warf hTova Os-
cillations (l) NOs)  in ~ataclys Inic Variables. ‘1’he m=. 1 is the fundalncntal
mode of the oscillation] and is it tllc one ~vhicll  is Llsually  mcognizccl  as the
I)NC):  its nl=l syltlmetry  al lows for tllc  360 degree shift in tl~c phase ~vliell
tile  source is  ecl ipsed hy a coIn~JaIlioll  star (Jvitll  a jLltllp of 180 (Icglee  at
Inicl-ecl ipse;  1’attcrsoIl  19S1). While tllc  u :-- 2U0 oscillatiolls  is prot)ably  ot)-
scrvcd a s  i t s  first  llarmollic (first  tlarl[lor~ics  Ilavc Ijcwll  ol~scIIJed i[l A];  Aqr
by l)atterson  1979) or during  a transic[lt  I)llasc of tile  disc (e.g. at Illaxilnuln
light c[uring  oLltbLlrst; MaLlcllc & l{ol)l)illso[l  IWJ7).  It would he illtcrmtillg  to
cllccfi  if ttIc first  harl[lo]lic  olxwrve(l  ill SS (’yg  (or :\ I’; ~\qr) also ull(lcrgoes  a
plIasc  shift of 360 dcgm’ (lllIillg  eclilxw. l\’(’ ])ostlllat(  that if it is (lIIc to the
pmcms  clcsc[it)c(l Ilcm, Lll(’  first llaI’lllollic  tvill  [lot lIII(lt*Igo  all} ])lIasc  shift
dllrillg  ccli]jscs  fmlll ttlc  sccoll(lary. If ii is dIIe to a s])lit  tillg  of LIIC IIIO(IC fm[ll
III=: 1 to 111==2 (as [)rol)osf’{[  ill tllc  l)rc’(”(’(lillg  s(il~s(’(”t  iol~), tll<,tl  it Lvill t’xllil)it

a  I)I121SC Slllft of 180 (1(’glW’  ( w i t h  110 ]Jlliis(’  jllllll)  (Itliillg  llli({-ccli~)s(’).  It [las



I)(YI1 l)roposd  loIIg ago  (Ilatlll  197;;)  that tl]c I)NOS  arc C[LLC  t o  e c l i p s e s  o f

tra[lsimt Ilot s]mts  at ttlc  illllcc  e(lgr  of tile  disc. Nlmlcls of boundary  layers
(e.g.  Klcy  1991 ;  GOC1OII 19$5;  Ilujeirat  199.5) have  l~ot l~cell  able t o  p r o v i d e
oscillatiolls  tligl~ly  sillusoida]  und  wi th  Kepleria[]  p e r i o d s .  IIcrcI ~vc l)roposc
a ‘robust’ mecllatlislll  to create such hot  s])ots  ill tlic  illllcr disc and (proba-
h]y) ill the hotter ‘thermal boul~dary  liLyer’, \vllicll  creates  oscillations highly

collcrcllt  and si[lusoidal  with all tllc  characteristics of the otjserved  l) NTOs.

We believe the t}]ircl  kind of oscillatiolls,  whit.11 is tratlsicllt  and has a lo}v

frequency, is more related to the so-called Quasiperiodic  Oscillations (QI]OS).

‘J’he presellt  results, l]owever,  callllot  explain tllc flickering ol]serkcd  in the
inner region of cool discs in ~V systcm~s, thoLlgh  it is believed to originate
f r o m  all iIlncr  tU1’bLllC1lt  clisc (e.g. llrllch 1 992).

5 Conclusions

WC have followcc] the non-linear  growth of l~oll-axisyll~I~~etric  instability ill
geometrically thill Kcpleriall  discs. ‘1’he instability CICVC1OIM ill the inner  clisc
W1lCI1  the inner  boLlnclary  is rigicI  (corrmpollcling  here to  the  sLlrface  of all
accreting’  compact star) and WlICII  tl]c  disc is Ilcithcr  too hot (say with a
Mach number  M > 15) neither too viscous. All the modes of the instability
have a high Q values and a period  of rotation of the orcler of the ]{eplerian
pcriocl  at the inner  eclge of the disc. ‘1’hc high order modes have gro~vtll

rate larger  than the low order moclcs. in ~V discs the viscosity parameter
is expected to be a H I, 10-1, however itl the inner  region  (bout~dary  layer)
the viscosity drop by several orders of magr)itudc,  and there Q H 10-3 (e.g.
I{cgev 19S3). Ilere we consider both cases. WhelI  assuming a higli viscosity
(~ == 0.1 ) the nigher  moclcs are first to bc damped and saturate at Inoderate
val Lies: t}lc energy is  contained ill tile  lo~v order modes ivhicll  dollli[latc  tllc
flotv.  WheIi  the viscosity is Iolv (0 = 0.001 ), tllc  hig]l  order modes  dolnillate
the flow, while tile  low order niodcs  do not  grow (tile energy is co~ltai[lcd  ill
tllc  higher  modes ) .  Whcll  the order 7)1 al~d the a~lll)lit~lde  a of tllr Llllstat)lc
mode are high e[)ollgh,  t!le flow undergoes a (sLlljcritical)  trallsitio[l  to  tlll-
l) LIlcIIcr. ‘l)lIC  turl~[[letlcc is Cotlfiri(xl  itl tltt irlllcr rcgio[l of tllc  disc, irlsi[lf tl]c
‘Icsollallt  cavity’, ~vll(’re it sllstairls  itself {ILI(’ to tl~c ok’[~u rcflcctioll  of ~va~rcs.

Solllc  of tll(’  low 01’(1(’1’ 1110(1(’s (e.g. Tn=:r5, (Illitc aIllazillgly  silllilar  to tllc  lc-
s(llts  o f  I)(IIJ[’(111(>  1!)!)1 ill a l]]) ~.!ollettc  flol\’)  ar(’ do]llitlallt  tlllrir~p,  Lrilllsi(’)lt

I!)



pllWS of t]l(’ t i l l ’ b l l l ( ’ l l t  [io\V, 1)111  (:vcIIt IIally tll(~ II]=:]  IIIod(,  CIo[llinates  tlIc
[low (this is a cotnl[]oll  sit,uatioll  ill ~]) i(ll.lJII~(~llccI,  sillCe  ~,]1~ 111= 1 I11OCIC c~r-

l’CSpCHld S to the largest Scale avail al~le for tile dC\”(’1Oplll C1lt  of the turbulcvlcc
tvitll an illverse  cascade of energy). ‘1’lIc turl)ulcIIce obtaillccl  ill this work
callrlot  account for arlgular [nonlcrlt  UII1 transport ill the disc. rlcit]lcu can  the
outtvard  propagatill.g  w a v e s  (cog. Kaisig  l$)S9a, 19 S91>). \\:aves  it’llicll  earl
tra[lsfer  allgular  lnoltlcrltlllll  am illlvard  lJrol)agatillg  w’al’cs (S~)ruit 19S9), ex-
citd in tile outer  disc (e. g by tidal forces , see I)al)er  I). It is rlo~v bclicvcd
that a hydrolnaglletic  illstability  (tile \~clikllo~-~llallcl[ asckllar  instability) is

responsible for tile transport of augular I[lomcntu[ll  ill tile  clisc (Hal bus &
Ilawley 1 991). IIowcvcr, tile present results provide a Iicw mechanism to
cx~)lain  the ap~)earance  of s}lort period  oscillations observecl  in the inner  disc

of cataclysmic Variables and c)ther related systems. We iclcrltified in the tur-
bulent  inner  disc highly  coherent  and sinusoidal oscillation, J$itll a roughly
Kcplerian  periocl,  t oge the r  Jvith its first  harnlollic, that easily ex~)laills  tllc
appearance of l)NOs in CVS. A less collercllt  oscillation with a louger pcriocl
is also observed, clue to ecc-el~tric oscillatiolls of t}~c clisc.  ‘1’his  latter oscilla-
tions is more characteristic of tllc QI)OS observed in these systems.

‘1’hc present work has  aII additional direct implication for tlt’o-clilllc~lsioxlal
compressible trallsonic  shear flow’s like the OIIC studiecl  by ‘1’omasini  et al.
(1 996). In their numcrica]  sinlulatiol]s  ~’omasiui  ct al. sho~v that a centrifug-
al instability clominates  the flo~v kvitllout tral~sition  to turbulence. Ilowcver,

these authors remark that the absence of turbulence is probably clue to the
lo~v Reynolds number and low resolutioll. ‘1’lle centrifugal instability is re-
latecl to a strong  shear itl tile  flow, and it is llot kno~vI]  tvhether  some l ink
exists between the centrifugal instability and the l)a]~aloizoL1-l)  rillgle  insta-
bility. lIowmrer,  if a relation exists between the t~vo, then there are goocl
reasons to tllillk  that the celltrifugal  i[lstability  I[ligllt also leads to a sLltj-
critical transition to turbulence ill tile t~vc)-clilllellsiollal  colnpressible  rotiiting
sllcar layer  flo}v st ~lclied by ‘J’olllasilli  [’t a l .  (  1996), l)rovidccl the a[llplitude

al~cl t,lle orclcr of tile u[lstal)le  rl]odc arc lligll  eIlougl  I.

A  h igh  uesolutioIl  stu(ly  of tllc  illstabi]ity  ill tile  itlILer  (Iisc \vill  l)e carriml
out, in the future. A hig]l resolution spectral code ~vill cl Iablc  to i]lcluclc tile
f~ff(’cts  of  tile  dyllaln  ical l)olllI(laI’y  layer  olI tllc  sollll  ion. 1( is possit~le  that
t 11(’ very  lal’g(’ slIca I. ill tile  ljou II(la I’y lasf,I’ i s  clIoll~lI  1,0 sllst:iit] tl[rljlllc’llcc. .
ill llIC [Iulv. lvit, tlout tllr IIC(YI  for a r<~so IIa IIt cavity :111(1  rl(>[l-:~xisj[lllll(~t  r i c
llIlstal)lc  Illo(l(’s.
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Figures  cap t ion

l’igum 1.
A grayscalc  of the density is sholvn. l\tl In=. 16 mode has grotvn in the inner
d i sc .  Wases p ropaga te  outwarcls  fronl  tlic  corotatioll  radius i[ltc) tllc outer
regiO1l  of the disc.

F’igure  2.
A grayscale  of the clrnsity  is sho~vll. ~\Il  tIl=19 mode has grotvIl  i[l the inne r
disc, from lvllerc waves propagate outwards into tllc outer regiolt  of tllc  CIisc.



~va~’cs  l)w[)agatr  out~var(ls into [,11(’ ()(lt(’r  d i s c . lleIc tlI(J II I()(I(s  .7 aII(l 19 are
StlO1lgC1’  tha Il t,h~ Ot,h~I 111 OdCS.

E’igurd 4.
‘1’hc  t o t a l  kiIleticcrlcrgyi Il tile  illllerdisc  l;~ = ~p~)~+ ~p~)~ i s  dralvll  (itl ar-
bitrary  utlits) as afullctioll  oftitllc  (in ullitsof  licl>leriallrotatioll  period  a t

the intler cxlgc of the disc  27r/f2]~(fi~,L)). ‘1’he Ke])leriarl  ‘backgroLltld’ ;elocity
has becll substractecl  to v+. ‘J’llc eJIC’rgy  has  bcctl illtcgrated raclially  o~’er t h e
inner  turbLl]mt  region,  and azimuthal]y  o~’cr 2T. Arouncl  i = 400 the mlergy
reaches a plateaLl  when  the Llnstablc  m=l 9 ]node  starts to sat Llrate. At this

time the lnodc  has stoppecl  to grow exponerltiallyj  but continues to g row
linearly. ‘1’he energy undergoes an adclitiona]  groivth  aroLlnd  i R 650 – 700
~vhen the flo}v bccol[lcs  tLlrbLl]c’Ilt.  ‘~’]lc flo~v s t ays  ill t]lc  tLIL’bLl]ellt  state f o r
t >700 till t % 1200.

F’igurc 5.
‘~’he total kinetic energy  spectrLlln  is shoJvIl, illtegratd  ill time a n d  in the
raclial Clirectioll  over  the illllcr  tLlrb Lllcnt  region. ‘1’hc spectral decomposition
has been carriccl  out in the azimLlt}]al  direction. ‘1’hc SpeCtrLllll  is S11OW11 be-
fore the transition to tL1l’bLl]C’llCC!.  while t}lc  nl=19  mode  is clo~nillallt,.

F’igure 6
Same as figLlre 5, bLlt the sImctrLIIn  is shown after the transition to tLlrbLl]C1lcc.
]) Llring most of that time a few modes are strollgm  than the others, these
mocles are the m=] ,5, allci  ]~. ‘1’}le s]opc  of the spectrum at the OIISCt,  of the
tLlrbulence  initially reaches H –1, arid increases slightly with timc(~  –1.5).
At t % 850 the 111=1 nlodc  increases and becomes clominant  for tllc rest of
the rLln (i.e. till t Rs 1200).

I“igurc 7.

SOIIIC illdividual  modes  are dra~vn as a fL]nctioll  of til~le. ‘1’hc a[nplitLlde  S’,,,
o f  each  rlloclc m is draw[~  ill units  of ,5’.. ‘I1tlc Illcxlc  ln=l!) (full line), which
CVf!Ilt  Llal]y ]CadS tO tLlrb Ll](’IICC, i s  stloJvll  togcttlcr  lvi~ll :3 otllcr Itlodcs:  m=F5

(dash),  111=]() (dot-dastl)  and In=lfi (dot) .



lower graph  shows tllc energy dissil)atc(l for O ~ + < 7r (@T), cquiialent  to
the illller  disc eclipsed by t}lc celltral star.

E’igure  9.
‘l’his figure  is the same as figure S but for t % 1100.



1’:FIJEC’I’S  OF I’IIfi V I S C O S I T Y  oh’  1’}1[,

h~=~ N1OI)I; 1?4  A  COOI,  lIISC

[0 Q12/fl,,, ~tn I f

0.1 4.24 X 1 0–3 1.24
0.125 5.18X  10–3 1.24
0.15 6.28  x 10– 3

1.23
0.2 8.06 x 1 0 –3 1.17
0.3 1.25 x 10–2 1.14

T}Ic o vismsity  pardmelc~ is given irl ttle first
column. l’he gi-owth rate of the nlodc is given
in colun)n  2 in units  of t}le  rotation rate  at the
inner  radius  Q,n = fl~;(r  = R,,,).  The r o t a t i o n
period of  the moclc  (p = 27r/j)  is given in the
last column in unit of the local Kepleriarl  rotation
period of the inner  radius (27r/Q,,,  ).



.————— ——
0.1 4.24 X 1 0–3 2*
0.1 8.83 X 10–3 4
0.1 1.25 x 10-2 Cl
0.1 1.54 x 10-’2 8
0.1 1.82 X 1 0–2 10
0.1 2.19X 10–2 12

0.01 8.86 X 10–3 9*
0.001 3.89 x 10–2 19*
0.001 6.45 x 10-2 24”

——._—

l’he  a viscosity parameter is given  in the first
column.  The growtli  rate of the  mode is given
in column  2 in units  of the rotation rate at the
inner  r a d i u s  Q,n  =  f_2K(r  =  J{, n). l’he order
of the moclc  m is given in the last column. At]
asterix  denotes that the nlode  was tile dominant
one in the run.



‘1’Alll/II;  3
1’:FFHC’1’S OF 1’111; VI SCOSI’1’Y  ON T’IIR

ORI)[:R OF 1’}[R I) Ohl IN AN’1’  MODI: I N  A

C;OOI, I)lsc

[> 7!L A’ A’ ,\l

0.1 2 64X32
0.01 8-5 256X32

0.001 >20 256X64

‘1’he  m viscosity parar]]eter  is given in the first
coluInrI.  l’he  orclcr  of  the clominant  m o d e s  i s
given  in colunln  2. ‘1’he  resolutiorl  is  given in
COILIIIIII  3. N is the  number  of points in the ra-
dial direction and JIf is t}lc  number  of poillts  in
the angular direction.
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