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Abst rac t

I’he statistical mechanical theory of a twro-(li[l~el~siol~al  Euler fluicl  is applied for the first tiIue

to explore the spontaneous self-organization of zona] jets in outer planet  atmospheres. (ilobally

conserved integrals of motion are found to play a central role in defining jet structure. Maxinlunl-

entropy jet structures are calculated for the limit where the constraint to conserve energy  does not

substantially prevent vorticity mixing throu,g]iout  the atmosphere. Zonal wind profiles predicted

for (Jranus  and Neptune in this limit agree quite well with available observations. \\Te discuss how

the theory might apply to Jupiter and Saturn, where vorticity  mixing may be less efflcielLt.
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‘1’he  atmospheres of.Jupiter,  Sat(lr[l, [Jranus,  and Neptune are donlinated  I)y stro[lg eastward

and westward winds, or “zona] jets”, that alternate in direction between tile [~oles (1’ig. 1 ). .Jupiter

and Saturn possess strong eastward w~irlds at their equators, flanked by several alterllatir\g  jets

arranged approximately symmetrically on either side of the equatorial plaue.  (Jranus  and NTeptune

possess westward jets at their equators and a single east;vard  jet at high latitudes in each henli-

sphere. W’e knotv that these motions Inust be driven by buoyancy forces arising from the clellsity

contrasts induced by heat transfer, but we do not yet understand ho~v the winds ultimately organize

themselves into the patterlls we observe. *

Attempts to understand the origin of the zonal  winds at the altitudes where clouds form have

followed one of two paths. One class of models treats the outer planet atmosphere as a shallow’

weather layer, ignoring any influence from the deep fluid interior .2 These nlodels neglect forcing by

solar heating or internal heat flow. Instead, the motions are initialized as a random velocity field and

the flow’ evolves through two-dimensional (21)) turbulent  advection  in a norldissipative  en~rironment,

In some of the models the flow is maintained by baroclinic  instability yin the weather layer.3  Although

highly idealized in their representatioll  of the density stratification and thermodynamic effects, the

shallow layer models have the advantage of allo\villg the effects of various processes and planetary

physical parameters to be isolated in a relatively sirnl)le  calculation. h!lore rigorous calculations

have involved 31) numerical simulations of thermal convection in rapidly rotating, deep spherical

shells.4 Both shallow weather layer models and thermal convection models have been successful in

generating alternating zonal jets with approxi]nately  the correct amplitude and latitudinal width,

but the computed latitude profiles of longitude-mean zonal }vind  are far from those observed on

the outer planets .2’3’4

It is intriguing that both weather layer and convection models yield alternating jets despite the

fact that  their nlotions are forced in very different \vays and in different geometries. Perhaps the

alls~ver  lies in \vllat the models have in comr[lo[l: anisotropic  turbulent fl{)tv.  Ill the convection

Illodels. anisotropy  of the velocity field is engendered primarily by rapid rotation in a \veakly strat-

ified environment. w’bereas in the weather layer Illode]s  it enters as a consequence of rapid rotation

and a sn]all aspect ratio of vertical to horizontal Ic[tgth  scales. Ijong-lived  colleret~t  strllctures.  such

as jets and vortices, are oftel]  seen to elllerge  spontalleousty  frolll allisotrol)ic turt)lllence  ill a tvide

variety of geophysical flows.  s ‘1’best structures I)ehave as self-orgal]ixillg.  attract  il[g l)attert~s.  Is



it possible that anisotropic  turbulent advectiol~ assu[tles  the definirlg role ill orgailizing  t lIe zonal

jets? Applying this view’ to tllc’ outer  p[allets, OILC’ co[lld hypothesize that the jets self-organize

out of a statistical equilibrium of advective  processes. ~vhile  weak thermodynamic forci[lg,  from the

SurL ancl/or  from internal heat flow, enters orily to maintain  the differential rotation agait~st  weak

dissipation. ThiS k not a new idea; in faCt,  it W’as the U1ldQr]J’illg  motivation for sllallolv-wrater

model simulations performed by <1110 and Polvalli.2

To explore the consequences of this hypothesis, it is desirable to calculate the steady, alternating

jet structures toward which inviscid flow would evolve on the four outer planets, in the absence

of competing processes, and compare the results to the observed wind ~latterns.  g’o do so, ~ve

take advantage of recent advances in the statistical mechanical theory of the 2L) F;uler  ecluation.6

Application of this theory to the problem of jet self-organization has the benefit of defining and UII-

clerscoring  the significance of the globally conserved integrals of motion for characterizing turbulent

advection’s effect on the global circulation. Solutions under the theory take the form of latitude

profiles of mean zonal  wind that maximize a suitably defined entropy, subject to all the constraints

imposed by the conserved quantities.

l’here  is not sufficient space here to review the statistical mechanical theory in detail: rigorous

accounts can be fou Iicl i~~ Robert  aIld SoIn Incria (1991 ) and Nlillcr  et al. ( 1992), Ivho provide different

approaches to its formulation.6 Although the literature ol~ the subject has clealt  entirely fvith  strictly

21) flo~vs,  the theory can be reaclily  generalized to certai[l approximate descriptions of 311 geophysical

flows. Jfrhat  is needed is a set of approximations to the primitive equations that allo~v definition

of a conserved potential vorticity, a streamfunction for the horizontal component of tile flo}v,  and

an invertibility  principle connecting the two, analogous to that connecting the streamfunction  and

potential vorticity  in the quasigeostrophic  system. ‘1’he simplest approxir[~ation  satisfying these

criteria on the sphere corresponds to norldivergeut.  barotropic  flov.’. .-lltliou~h  si~nple,  this system

rvill  yield physically interesti[lg  results if baroclinic production of ~orticity  is \veali  in the neutrally

stratified, fluid interiors of tile outer pla[~cts.  h’or simplicity. \vc lilllit  our initial investigation to

barc)tropic flow in a shallow spherical shell.

Geophysical flows tend to develop v~ry col[iplex  pot rlltial  vort icity ( I’\’) filaments on slllall ‘-fine-

~raill” scales  ~vhile  dek’elo}~in~  coherent st ruct ures at larger ““coars[’-grain” scales.  ‘J’lle statistical

I



nlechanica] theory rests on a separation of these scales and provides a mealls to calclllatc  the

flow structure on the scale of the domain size. ‘ [ ’ h e  coarse-graitl  I’V fIelcl is describ(vl  in terms

of local probability distributions p(o,x)  of measuring a I’V o at position x. l’he clistribution

P(O, x) corresponding to the preferred statistical steady state is found by maximizing the Gibbs

entropy S = – ~ #x duplogp subject to the constraints to conserve global average energy I;

(kinetic energy  in the barotropic  model), angular momentum about the rotation axis 1,2, and

moments of the P\~ distribution I’n. IPurtherrtlore,  if \ve search for motions that are symmetric

about the equatorial plane, the solutions for stream function are required to have a definite, evdn

or odd, parity. PV reduces in the barotropic  mode] to absolute vorticity  q = V2@’, Where d)’ is

the coarse-grain strearnfunction  measured in the inertiul  frame. For barotropic  flow, the globally

conserved integrals are then given by

(1)

where V is the domain volume, ~ is latitude, and c1 is the planetary radius. ‘l’he variational problem

67 for a transformed streamfunctionassociated with maximizing S leads to the following equation ‘

r/~ = #~’ + 7] sind  :

(2)

/3, the (positive or negative) ‘(inverse temperature” and q are I,agrange  multipliers associated with

conservation of E and I,z, respectively, and o(o) is associated with conservation of 1’,,. They

are determined implicitly through the integral expressions for E, Lz, and I’n given above. The

I,agrange  multipliers measure the extent to which the integral constraints prevent the system from

attaining its Inaximum possible entrol)y. ‘1’he  state with the largest entropy possible is tile one

\vllere potential  vorticity  is colnpletely  mixed throughout the domain; such a state will ha~.e a

relatively low value of Ij. Conversely. vorticity  lllixing  is strongly inhibited by the energy constraint

lvhell  d is large.

l’or the calculations presented here. lye coliflne our attention to finding solutions only for a

linearized version of the theory. the ,Strong nli.rillg  Ii))lil,  in ~vllich the coustraiut  to conserve the

global average  energy does [~ot sllbstant  iall}’  rest ric~ Illixillg  of potential vorticity  througl~ollt  the



atmosphere (small j?).7 [n general, 21) l;uler  flow consc~rtrcs  atl in fi[lite  nlll[lber  of glolla[ integrals

of motion.~ Solutiotls in the strollS ll~ixillg  litllit,  h o w e v e r , are found t o  dcl)e~ld  parar[letrica[ly

OIL oIily two, the global average total energy ancl total  angular ll~olnentunl  about tt~e rotation

axis. Previous studies, using weather-layer models to explore the effects of turbulent advection,2’3

have implicitly constrained their initial conditions to give approximately correct values for the

initial global-average energy but have .gcnerally l~eglectml  the global-average angular momentum.

The calculations presented here demonstrate the inciispetlsable  connectiorl that exists bettveen an

atmosphere’s mean zonal wind profile and its global invariant of motion whenever 21) advection  is

the dominant organizing process for the flow. lJnfortunately,  the theory cannot be used to address

the question of how the global invariants of motion came to have their present values, but once

these invariants are specified, the rrlaxirt~un~-el~tro~~y  jet structure can be calculated.

Linearizing (2) in the strong-mixing limit for the axisymmetric  case, we obtain a IIelmholtz

equation for the transformed stream function of the r[laxilt~{llll-cl~troPy  jet structure,

(3)

Here, (~~) denotes the ,global  average of IJ, and ~ = ~l’z,  where 1’2 is the global average e~l.strophy

(squared vorticity).  Although (3) is linear, the global problem is still nonlinear, due to the nonlin-

earit.v of the integral constraints. Solutions are found by expanding the basic equations ill pow’ers

of ~o+. The  expansions are carried out to order  1 for streamfunction  and order 2 for tile energy.

entropy, and angular monlelltunl 7, Ikl. (3) admits two classes of solution, dcpendil~g  011 w’hc’ther or

not ,6 = –An, where An = –-n(n+ 1)/a2, n > 1, is one of the eigelivalues  of the axisymmetric  Lapla-

cian in spherical geolnetry.  For ,; # –A,,, the solutions are a fa!nily of jet profiles with zolLal ~vind

w trocos@, i.e., a family of rigid-body rotations. ‘J’he ltlore interestitig  case occurs wrheli ~ = –An.

For this case, (3) combined ~vith tile integral constrai[lts  for 1,’ and L, leads to the solution

(4)

where }’,,, is the I,egendre  polynoll~ial  of degree ?J~, i’, is tile streanlfullctio[l  nleasured  ill a frame

rotating at frequency  Q, and .\ = $ /J~/az – L’. ‘Iihe zolial JVill(l  as sccrl  i n  the planet’s  rotatitlg

fral~le is givcl~  by u = – ~~t’,/i~o.



‘1’he  rigid- tjody rotatiorls  (\~ # –A,, ) have !\ == f), ~vhir-h of course will not be sa t i s f i ed  fo r

arbitrary F; and 1.s, and he[lce  these solutions are trivial. Nontrivial solutio[~s  exist for A < 0.

Symmetry across the equatorial plane demands solutions ~vith  a definite parity. M’e see that @r

must have ocfd parity because of the presence of P1(sinq5)  in (4). Therefore, 7L is odd. ‘l’he entropy

for mode n in the strong-xnixing limit is given by

(.5)

where So is a constant. ‘ “ “ ‘571 Is maxlm]zect  f o r  nlinirnunl ?L. Since n is odd and greater than 1,

maximum entropy solutions correspond to n = 3. q’bus, solutions consist of a family of zonal jet

structures that depend parametrically on the two global invariants }.’ and ],Z. The enstrophy  1’2

and higher moments of the vorticity  do not enter the solutions in the strong-nlixing  limit. Wre find

that all strong-mixing jet structures possess either i ) a subrogating jet at the equator and a single

prograde,  high-latitude jet in each hemisphere, reminiscent of the observed zonal kvind profiles of

LJranus and Neptune (1’ig.  1), or ii) a wind profile with the salne general shape but ~vith  opposite

sign. This multiplicity of the solutions stems from the nonlinearity of the energy conservation

constraint.

If ~ve anticipate solutions relevant  to Uranus and N’cptune and choose them to give subrotation

at the equator, we find that the barotropic  strong- lnixiug limit yields zonal ~vind profiles sho~ving

remarkable agreement with the observed jets of Uranus and good agreement ~vith  Neptune’s ~vhen

appropriate values of global average kinetic energy and angular mornentuln  are used. These can

be estimated for {Jranus, using a schematic interpolation/extrapolation of Voyager-2 cloud-tracked

2Q[12 )/( Qa2), which represent nondi-Jvinds.s Def in ing  E ~ (i? – ~f12c/2)/(f12a2)  and 1 ~ (1,2 – ~

mensional  departures of F; and L, from their values for a thin spherical shell rigidly rotating ~vith

frequency Q, tve find ( = 0.012 and 1 = 0.010 for the schenlatic  profile. ‘lhe barotropic,  strong-

nlixillg jet structure derived with these values is shotvri in F’i.gure 2a. .-\gree[ncnt  ;vith the schenlatic

fit is very good, ~vithin T m see--l at any latitude, suggesting that the strong-mixing regime is a

good approxilnation  for LJral\us  and that the self-orgal~ization  hypothesis is valid for this plallet.

Rmults  for Neptune are sholvn  in I’ig. 21J for a fixed val~[c of c anti tlvo vallies of 1. ‘1’i]e theory

a~)~~ears  to underestimate the strengttl  of the prf)grade jet at 70° S: a Solutic)ll  forced to recovf.lr tl[is

jet (havit~g  a slightly dift’ere Ilt Yal(le  for 1) forli]s tt)[)  Ilarro\v alitl  stro[lg aII wl(latorial  jet. l’t’rl)aps
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the strong-mixing liltlit  is a worse approximation for Neptune than  for [~ranus, or \)ortii\[)s  n]or(.

than just anisotropic  tllrl)ulcnt  aclvectiorl corltrols tllc~vi[lcl  profile. \f7enced toap~~lyttlt,fllllttleory

to decide which is correct.g

The jet structures of Jupiter and Saturn (1’ig. l) cannot berepresentecl  by the smooth profiles

obtained in the strong-mixing limit. This limit predicts every planet should have three jets like

7Jranus and Neptune, irrespective of its values of 1,’, 1,:, and I’m, but it breaks clo~vn at large /3.

‘l’he pronounced cyclonic-anticy  clonic vorticity  banding on Jupiter and Saturn suggests that the

constraints to conserve the integrals of motion effectively impede vorticity  mixing. If the self-

organization hypothesis is valid for these planets, they must lie in the nonlinear regime. In Figure

3, we illustrate schematically how the theory might include these planets by plotting the entropy

S against global average kinetic energy l;, ignoring for simplicity any dependence of S on I,Z or

I’n. By definition, (8 S/81;)  = –,b’; hence, the slope of any curve on this diagram is equal to -~.

Inspection of (3) shows that j = @I’2 is a wavenulnber  scluared  and that the number of alternating

jets a planet will have scales with (~112a2)~.  The strong-mixing solution plots as a straight line

with –~ equal to the slope of the full nonlinear solution at l; = O. The solid curve in Fig. 3

represents the general dependence that S must have on E for a full nonlinear solution to (1 ) when

the global circulation 1’1 = O (as it does in sp]~erical  ,geonletry).7 As Z increases, @ increases. I[ence,

the number of jets (for fixed 112a2) scales with l;, the global average kinetic energy measured with

respect to an inertial frame. .i larger, faster rotating planet will have larger 1.’ and more jets (for the

same 1’2). As I’i,g. 3 is dratvn.  Jupiter and Saturn would be predicted to have multiple alternating

jets. In future work, we will be particularly interested to determine whether the nonlinear regime

of the statistical mechanical theory predicts equatorial superrotation and nlultiple  alternating jets

for these giant planets.
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Figure Captions

l’ig.  1. Latitude profiles of mean zonal  wind for the outer planets. Note that the velocity scale for

Saturl~ is offset relative to that for Jupiter.

Pig. 2. Ilarotropic  jet structures derived in the strong mixing limit of the statistical mechanical the-

ory for Uranus and lNeptune.  a) [Jranus:  solid curve is the theoretical prediction from Eq. (4) with

71 = 3, c E (1;– ~Q2a2)/(Q2c2)  = 0.012 and f ~ [Lz – ~Qa2)/(fla2) = 0.010. ‘1’hese values  for E and

1 were derived from the dashed curve. The dashed curve is a schematic interpolation/extrapolation

of Voyager-2 cloud-tracked wind data .8 Solid circles denote cloud-tracked wind measurements” and

wind velocity inferred near 5° latitude from radio occultation data.11 b) Neptune: solid curve is

theoretical prediction from Eq. (4) with c = – 0.071 and 1 = –0.079. Dotted curve is for same [

but 1 =: –0.082. The solid circles are Voyager-2 cloud-tracked Yvinds averaged in 1° latitude bins.12

Fig. 3. Schematic entropy vs. energy diagram for outer planet barotropic  models. 1; is global-

avera,ge  kinetic energy measured relative to the inertial frame and normalized with respect to

Jupiter. The solid curve represents the dependence of entropy on E expected for the full nonlinear

solution, ignoring any possible additional dependence of the entropy on l,= or 1’7L.  The dashed curve

represents the strong mixing solution. l’he slope of a curve on this diagram is proportional to the

square of the number of alternating jets comprising a zonal wind profile. l’or comparable global

average enstrophies on the outer planets, the diagram suggests that Jupiter and Saturn should have

more jets than lJranus  and Neptune.
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