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‘I’he requirement of gcIlcral covariaIlce  imparts to metric  theories of gravity, such as

general relativity, important structural features. A precise mathematical form results,

ensuring that computation] of obscrvabk  physical dfccts  in the theory gives the same an-

su~ers  illdepe~ldeIltl~  of the C11OWI1 syskm of coordinates. q’his coordinate iI]clcpeI1deI1cc!

]~roperty,  in turn, ca~l lead to an cquivalcllce of a]qxtrmlt,ly  different, pllysica]  effects.  AI I

important example is provided by t,hc phCIIOmCIIIOII  of geodetic precession of a gyroscope

as it falls freely in the .gravitatioI1al  field of a massive body. A simple argumcvlt  is pre-

sented that demonstrates clearly,  witl]out  t)lc II(KX1 for detailed calculatioIl,  how geodetic

precession of a gyroscope and the efrect of frame-draggitg  are fundamclita]ly equivalent,

‘J’he argument applies to a gcIIeral class of metric theories of gravity. q’here exist potell-

tially  important implications of this cquivalwlce  for i]lterpreting  expmimellts proposed to

test franle-draggillg.
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1. INTRODUCTION AND S U M M A R Y

General  rcdatlivity  predicts two nlaitl effects 011 tile spill of gyroscope: (1) the precession

of the spin axis clue to the motio]l  of tile gyrosco]~c  ill tile gra~’itational  field of a massik’e

body, and (2) the prccessio)l  arisi]lg from tllc “gla~’itoxllaglletic” ficlcl related  to motions

of the source  itself. W. clc Sitter (1916) derivcxl  the first  effect, referred  to as “geodetic”

precession, ixi an analysis of the nlotio~l  of the Moo1l  around the F,arth as the system

revolves around the Sun. lhxausc  of an arg~~nlellt presented by Schiff (1 !KiOa,  1960b),

the second effect can be refcrrecl  to as the “fl’[lrlle-c]l’aggcd”  precessio]l.  ]Ioth effects are

small in the vicinity of the! h;arth,  prc!scvltillg  a collsiderablc  challenge  to exl~crit~lel~ta]ists.

Since the original proposal by Schiff ill 1960, all cvxpmiment  to test bot,h effects prccisel~’

has been under devclo]~mcvlt  with tile sup]~ort,  of tllc hTational  Aeroxlautics and Space

Administration (NASA) (for a history atld overview of the experiment, seeI<hwritt(1988)).

1]] this experitnmit,,  11OW  well-kxIowlI  as ~~ra~~ity  l)mlm-l]  (G I’-B) (NASA Cra\~ity I’robc-

A was an experiment to test  the gravitational rcclshift  effect, .verifying the predicted

effect to an accuracy of 2 ]Jarts  ill 104 (Vcssot  1980), gyroscopes comistiug  of electrically

supported, spherical rotors are to bc flmv]l  ill all l~krth  orbitillg satellite. P’or a gyroscope

in a 650 km radius polar orbit, the gcocletic  prccmsioll  is 6600 m arc-scc/yr,  while the

frame-dragged preccssio~l  is only 42 m arc-sec/yr.  ‘l’he goal of G1’-B is to measure these

effects to an accuracy of 1 m arc-scc/yr. A cliffcncvlt  version of the experiment has been

proposed that would use a drag-free satcllik  clcsigll, illstcad of an electrical suspel]sion

system for the rotors (I,allge  1 !395). Stuclics  suggest  that this design might  be able to

deliver improved accuracies by a factor of 1 (~ to 1 os, provided it is used in conjunction



with adual-satellitc  scllex~lc  a~ld1~licroarcsecolld-lc\~el  stellar astroxnctry.  IIighcst,  possible

accuracy is desirable llot only for vc!rifyill.g  t]lc’ prcccssio]ls  thc!msc!]~res,  but fcw tc!sting  otllc!r

important theoretical ]Jrcxlictiolls  (e. g., a potentially small clc~’iation  from unity of the

post-Newtonian paramc%cr  ~ due to cosmological rckxation  ill scalar-tmlsor  field theories

(Danmur  and Nordtvedt IWla, 19931))). Satellite cxpcrimcmts  cnnploying alternative

methods for detecting the prcxmssions  at the accuracicx  of GI’-B,  but without, using actual

gyroscopes have been proposed (for a

experiment with I, AGEC)S  satellites,

111 tllc  meaI1time, it has bcwomc

review, scc Will (1989)); for discussion of a proposed

scw Ciufolil)i  a]ld Wheeler (1995).

possible to clctermine  the 19.2 nl arc-scc geodetic

precession of the ]unar pcrigyx prmlictcd  by de Sitter to an accuracy of 2% (Shapiro et

al. 1988; Bertotti,  Ciufolini,  alld IIcriclm  1987). Gcodclic  prcxxssion of ~)ulsar s])ill-axes

might be confirmed eventually ill favorable. puls:ir  binary systcvns (Wolszcza]l  1991), As

we will scw in more detail,

expanded in all interesting

tllc illt,cr]}retatioll  of geoclctic  prcxxssioll  observations can be

way. Ikcause  of gcllcra] covariancw, the observable precession

can be calculated in any conve~lie]lt  refcre)lcc  frame. 111 a frame in which the massive

body is at rest,  the predickd  prcccssioll  ap]wars to l)c purely geodetic in o]igin, apparently

dcpcmdcnt  upoIl the motio]l  of the gyroscope. ] 1 owevcr, i]] a frame ill which the gyroscope

is at rest, the prccessioll  call bc s11ow11  to be purcl~r [i COIKXIUCUICC of frame-drag.gillg due

to the apparent nlotioll  of the sourcw. ‘1’llis result  call bc proven rigorously by deriving

the coordinate transformation that is rec]uircc]  tc~ give the metric  in a frame comoving

with the gyroscope (Ashby a]ld Shahid-Salcxs  1990; Shahid-Saless  1990).

The purpose of his essay is to show how the cquivalcmce  of geodetic precession and
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frame-dragging cali be easily demonstrated ixl nlctric  theories of gravity without detailed

coordinate  transformat,ioll  calculatioxis,  alld to SIKK1 Ilcxv light on the theorct, ical inter-

prctat,ioll  of related experiments. h40re spcxifically,  the former goal will be accomplished

by inspection of a “fllIlclal]lclltal”  equation  for g,ymscopic  precession that is common to

metric theories. As a result of the prcparatio])  of this essay, it became apparent how the

equivalcllcc could bc broadcmml  to itlclucle  frame:-dragging from rotating sources. This

potentially importallt  issue will be collsidcuxl ill the Conclusions, For now, our analysis

proccwds  as follows.

Relative to a local 1,ormltz  frame  oricnltcd  with rcs]xxt  to the distant stars (hcmccforth

designated by the acronym 0] ,],F’)  tl]at is comovi]lg with a gyroscope havi]lg a velocity ~

~i,ith respect  to a lllassi~~c  I.)ody,  tllc sl~ill tllrcc-vector .!’ is cletcmninwl  to post-N  cwtoniatl

order in metric theories of gravity by t,lle  cquatioll (whcnw the notation and convcnltions

of h4isncr,  Thorlle,  atld Wl]ec]cr (I 973) arc gcl]erally  followed throughout, this paper):

d s’ -fix  L+,z-

whcrc the angular velocity of prccmsioli  6 is gil’ell  }.)y

(1.1)

(1.2)

We use the terminology 01,1,17, for oricrlted  local  1 ,orcmtz  frame,  versus the terminology

“quasi-inertial” frame (adopkd  by Ashby and Shahid-Saless  (1990)), to

this frame  is meallt to k kept  aligned 011 the distant stars. The. first
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equation (1 .2) is tllc well-klIowIl ‘1’llomas preccssio~l  for a gyroscope that has an acceler-

ation d due to lloll-gl”a\’itatiorlal  forecs. IJl:ltll(’-clr:iggillg  arises from the seco]ld  term in

ecluation  (1 .2), which is scxn to clcqmlld  u])o~l tllc of[-diagonal terms  in the metric, where

ij Z= 90@j. Geodetic prcxmsio~l results  from the third term, where U is the Newtonian

poteritial  of the body, clcfirled  positi~’c]y. “J’llc parameter  y (ecp]al  to one in general rel-

ativity) measures the contribution from the purely  s])atial components of the metric. A

point of c]arificatioxl  is ill order here regarding terminology used in the literature. As an

example, it has bee]] remarked that geodetic prccwssion “is esselltially  just the Thomas

precessiorl  caused by gravitatioxl”  (\Veillbcxg  1972) (similarly, see Wilkitls (1970), p. 282).

q’his analogy must lx invokxl to arrive at a correct  result  in dcrivatio~w  of geodetic pre-

cession that treat gravity as a spill-2 fielcl OX1 a flat background (Schwinger  1974a, 1974 b),

or that specialize to the case of a uniform field (I)arker  1 969), Technically, however, as

a result of geodesic motion alld ]~arallel  tratls])oro  tl]ere is I1O Thomas precession for a

gyroscope that is freely-fallillg (i. e., expcriellcillg llo lloll-gravitational acceleratiolls).

III the rest-frame of a Iloll-rotatill.g  massive body, tile off-diagonal components of the

metric vanish, in wl]icll case  a freely  fallillg P;yroscopc  is sem] to ulldergo  geodetic prc-

cessiorl only. I1owever,  cquatioll (1 .2) caxl bc used equally  as well by arl observer who

accelerates in such a Ivay that his velocity matches

instant.  With respect to this accclcrakd  referc]lcc

that,  of the gyroscope at a particular

frttme,  the freely  -fallitlg  gyroscope is

temporarily at rest, while the massive bocly  ~low l)as a velocity –0. According to equa-

tion (1 .2), the gyroscope call undergo only a frame-dragging precessioll  relative to this

observer. After correcting this result for ~’homas ]Jrecessionl  it can be shown that the pre-



cession relative to the OIJIJF  comovitlg  with tllc gyroscope is equivalent ixl metric theories

of gravity to geodetic precession. Conversely, gcocktic  precession can be intcrepreted  as

an effect that is partly  due to “spill-orbit’)  coupling (Schwinger  1974a, 1974b), in which

there appears all induced gravitonlaglletic  field ill the rest-frame of tile gyroscope (for

further discussion, see ‘1’horlle  (1988)).

]N the next section, the full cletaik of the above  argument  are presented. ]n partic-

ular, it is shown that, witllill  the parametrized post-Newtonian (l’PNT)  formalism (Will

1993), the potelitials  in the off-diago]lal  conlpo]lellts  of the metric yield a frame-dragged

precession that is equivalolt  to geodetic preccssio)l  whml the analysis is performed in the

accelerated reference frame  and then transformed to the conlovillg O1,lJ1~.  Concludirig

remarks appear in %ctioll  111,

II. GEODETIC PRECESS1ON AS A FRAME-DRAGGING EFFECT

With respect to all observer who at a particular instant is accelerating with ii = – VU,

but, whose velocity tcn]]~oraril~’  matcllcs  that of a freely-fallillg gyroscope, the gyroscope

prccesses  duc to frame-clra~;ging  o)ily, wit}l prccessio]lal  angular velocity

(2.1)

where ij is to be evaluated ill the acccdcratecl  fral]lc. ‘1’his frame is assumccl  to bc nonro-

tating. ~’o post-NewtoniaIl  order,



f,(i’)i;’  . (i -- i:’)(z  – l’)jd3z/
Wj(i)  = /  -— ,.j! _.-j:/,3  “

Without affecting the results, possible contril)utiolls  to equation

(2.2)

(2.3a)

(2.3b)

(2.2) from motion with

respect  to a preferred  referellce  frame have becui Ilcglected  for the SAC of clarity. ‘1’he

parameters A and A’ are given in the I’1’N formalism by the expressions

A’ = –[1/2)(1 -i OQ– <1 ‘1 2t),

(2.4a)

(2.4b)

where the preferred-frame paramckrs  al and 02 are to bc set to zero.  For the case h

which the body as a v’hole has only an apparexkt  trallslatiollal  velocity —i; (i. e., no rotatioll

cm internal motioxls),  expallsio~l of I; and ]{’j  ill powers of ]/r yields to lowest  order

(2.5a)



IVj : –Ufij  (i)’ . 73), (2. W))

~,}lclc  [] z ~4/r  and the ~lllit,  ~~cc(ol  fi ~~oillt,s  fronl the g}~Ios~ope  t o w a r d s  t,he body.

Equations (2.1), (2.2), a~ld (2.5) give

fi’ = --(1/2)(A  -1 A’)i~ X V U . (2.6)

‘1’}]c precessional velocity of tllc gyrosco]m  relative  to the comoving C)l,l,F’  cali be found

by bringing up a llonrotatillg local fmely-fallitlg  frame  (1 ,11’Fh’)  which is instantaneously

at rest relative to t}le body. I{clativc to tliis 1,1~1~’~~, the basis vectors of the accclcratcd

frame are I’homas prmwssing  with angular velocity

d = -(1/2)tix  ii= (1/2)ti x  5(7. (2.7)

Therefore, the prccessiollal  velocity of the gyroscope relative to the 1,FF’F  is given by

A simple boost from the 1,F’1’W’  to the comoving 01,1,1’ does not alter this result  to post-

hTewtorli  an orclm-. I’;quatiolls  (2.7) mld (2.8) arc thus seen to yield for a frcwly-falling

gyroscope the result
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fi = –(1/2)(A -1 A’ -1 1)0 X V[J. (2.9)

For A and A’ given by equatioll  (2.4), this result  is SCICW  to be equivalent to the purely

geodetic prccessioxl  predicted by equatioxl (1.2).

III. CONCLUSIONS

The above argument demonstrates clc.arly  tile intimate relationship that, exists in

metric theories of gravity lwtwccnl  geodetic precession and frame-dragging. It has beexl

shown here how purely  geodetic prcmwsioll  call readily be illterpreted  as a coxlsequence

of frame-dragging. Thus, the vcrificatio~l  of tllc de Sitter precession of the h’loon  at

the 2% level is also seen to tcs[ the terms respollsil)le  for frame-drag.  gi])g, implyi]lg  that

[A -t A’1 =- 4 + 0.02 accordillg to cquatioll  (2.9). ‘1’his theoretical intmpretatioll  is ap-

propriate for .gellmally covatiant, nmtric  theories of gravity. Although not collsidered

here,  it is cxpcwted  that, a vio]atioll  of 1,orcnltz  illvaria]lce  would disturb the cquivakncw

of these precession cfrects. ‘1’his is suggested l)y the manner itl which cliffcrent  reference

frames having a relative velocity c]lter  into tllc abo~’c analysis. Further work OX1 this issue

could reveal iriterestilg corisequellccs, and snow now ]Jotelltial  improvements could be

obtained with precessio~l  expcrinlellts  for testixlg  1,orelltz  invariallce. It has been enlpha-

simd elsewhere how terms col]llected  with fralnc-dragging that, arise in metric theories

are vitally necessary for cancellation  of co~llltertcrlns  ill certaill calculatiolls ill order for

correct observational predictions to result, (NTordtvcdt  1988a, 1988 b).

It remaills for future cx])erinlellts,  such as (;1’-1], to test directly frame-draggilig pro-
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clucecl  by the gravi  tomagl[etic  field of a rotati]  Ig source. 11 OWCVCI-, the above considerations

suggest how geodetic preccssioIl tests could ap]~ly to this case, as well. Coxlsidcx a gy-

roscope to lx orbiting  just above  the surface of a sphcxical, non-rotating massive body.

‘1’llis allows the radius of the orbit,  to bc sci equal to the radius of the bocly.  Wc have

seen how geodetic preccssioli  only would occur. I lmvcvcr, a frame rotating at the orbital

pcxiod  of the gyroscope call be used illstcad. 111 this frame,  the body  would now’ be ro-

tating in the opposite sense,  whcmas  the gyroscope would appear  to be perfectly at rest.

A gravitomagnctic field would exist ill this frame,  givi!lg rise to frame-dragging. It must

still be possible to calculate the same preccssiol]  using the metric  in this rotatillg  frame.

‘1’his approach would permit  tllc cquivalmlce  of geodetic precession and frame-dragging

from a rotating source to be established. ‘1’o tllc best  of our kllowlcdgc, all equi~~alence

to frame-dragging from a rotating source has Ilot IKW1l ~lotcd  before (e. g., only apparent

translation was treated by Ashby and Shahid-Salcss  (1 990)). lJscful steps in this direct-

ion have becxl taken, however, by virtue of deri~’atio]ls  of the metric ill a rotating frame

(e.g., see Nelson (1987)), a~}d  exk~lsio~,s  tlltit il,cluded  massi~e  sources to ~,ost-Nmvtonian

order (Nelso~l  1985, 1990). “1’llis additional cx]llivalclkce  became apparcmt  to tllc author

only during the preparatioll  of this essay. A cletailcxl  allalysis  will be presmltcd  elsewhere.

Once this aspect is firmly establis]]ed,  we will l)C al)lc

dragging has been verified itl metric tllcorics  of .gravi

of geodetic precessioll  tests.

to CO1lCIUCIC  defilliti\~ely  that frame-

y up to the present accuracy of 2%
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