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ABSTRACT

This paper discusses the prospects for astrometric observation of MACHO
gravitational microlensing events. We derive the expected astrometric observables for
a simple microlensing event assuming a dark MACHO, and demonstrate that accurate
astrometry can determine the lens mass, distance, and proper motion in a very general

fashion. In particular we argue that narrow-angle differential astrometric technique

are sufficient to measure the lens mass, and other lens properties (distance. transverse
motion) by applying an independent model for the source distance and motion. We
investigate the sensitivity of differential astrometry in determining lens parameters by

Monte Carlo methods.

Subject headings: gravitational nicrolensing, astrometry, dark matter

Introduction

In 1986 Paczyniski (Paczynski 1986h) suggested that photometric observations of gravitational
microlensing might be used to indirectly study the population of massive compact objects in the
(MACHOs) that might be a significant
component. of the dark matter thought to exist in the galaxy by dynamical considerations.

galaxy, and in particular MAssive Compact Halo Objects

Yaczynski’s 1986 paper, and the observational proposals it fostered were met with some skepticisin.

However, the past several years have seen Paczynski's suggestion spectacularly confirmed - at

the time of this writing four separate groups have reported significant numbers of candidate
gravitational microlensing events from photometric observations of LMC, SMC, and galactic bulge
sources. The large majority of the light curves for these candidate microlensing events match
theoretical expectations for single lens objects, and all collaborations report a significant. excess
of microlensing event candidates above the number expected from known stellar populations. In
particular, from their first two years of data the MACHO collaboration reports cight. events toward
the LMC where only once is expected from known stellar populations, and estimates that roughly
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halfl of t he (XI) ccted dark matt erinthe galactic halo is int he form of dark st cllar mass objects
such as white dwarfs (Alcock et al 1996). The di fliculty ininterpreting the MACHO collaboration
events 1S that they are observed photomietrically, which does not uniquely determine the miass of
the lens  instead the MACHO collaboration bases t heir conclusions on int erpreting t heir event
sample observables (amplificat ion, durat ion) in t he cont ext of a halo model (Alcock et a 1996).

Clearly it is desirable tomeasure MACHQO physical properties in a model-{ree context.
This objective has led a num her of authors to propose the ast romet rie observation of MACHO
gravitational microlensing events (Hog et @ 1995, Miyamot o & Yoshi 1{)95). IuParticular.
Miyamoto and Yoshi proposed the separate ast romet rie observat ion of bot h lensing images in
MAC]]() microlensing events (asmall misuse of the term microlensing — see Paczynski 1 986a),
and developed t het heory of suchastrometry. As we shall argue below, we find this suggestion
implausible because of the sinall separation of the iinages. Instead, herein we consider astromet vy of
t hie lensed cent er-of-light for dark lenses. We find, as did Mivamoto and Yoshi, that high-precision
astrometric observation of such microlensing events allows the estimation of the lens parameters
(inass, distance, proper motion) appealing only to the properties of lensing. Moreover, we find
the problemn of determining a subset the lens parameters (mass, relative parvallax, relat ive proper
motion) amenable to narrow-angle di flerential astrometric techniques similar to those proposed
for massive companion scarch programs. In particular we argue t hat t he lens mass can be directly
measured independent of addit ional assumpt ions, and the lens distance and transverse velocity

can be est imated by appealing to an independent moc lel of source distance and proper mot ion.

In this paper weassess t he ability of ast romet ry t o probe the physical parameters of
microlensing events in which the lens is dark. In §2 we introduce the theory to analyze a
microlensing cncounter as observed by a (near) 1 (%triii] inst rument | in terms particularly
oriented t oward diflerential astrometry, In §3 we add ress ast romet rie sensitivity to microlensing
poaincters through Monte Carlo techniques. Finally, in §4 we place our results in the cont ext of
cnvisioned astrometric inst rument a ion, discuss t he near term prospects for such an ast romet ric

programs, and mention fut ure extensions to t his work.

2. Microlensing Encounter Description
2.1. Instantaneous Theory

As quantitatively described by Refsdal (Refsdal 1964) and recently reviewed by Paczynski
(Paczynski 1996a), a gravitational lensing event is photometrically observable when an intervening
compact massive object passes close to the line-of-sight to a background source. This phenomenon
follows from the curvature of space near a massive object. General Relativity predicts that an
object of mass m deflects a light ray by an angle o
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where b is the “impact parameter” (transverse separation a t he point of closest approach) of the

light ray relative to the mass position. In t his way t he: mass acts as an optical lens.

The instantancous geometry of a background source le:nsed by an intervening point mass (the
lens) is depicted in Figures 1 and 2. When the lens is sufliciently close to the nominal line-of-sight
to t he background source, an observer (equipped with a telescope of arbitrarily high angular
resolution) s(ws a background disk-like source as two ares at (list inet positions 0;, corresponding t 0
t wo solutions of a gquadratic cquationint he bend angles «;  on opposite sides of the lens. Ina
plane normal to the unperturbed line-of-sight to the source containing the lens (herein referred to
as the t ransverse lens plane), the appavent positions of t he t wo ares ave at impact pavamet ers by
and b, relative to the Ions, functions of the impact paramcter of { he unpert urbed line-of-sight t o

the source b, relative to t he lens:
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where al t he impact parameters are positive semi-definite quant it ies, 17); is the so-called Einstein
radius: 7

4G D1y, 4G

-, - = /- - Dyuw(1-x) (3

2 Dy, 2

]f}g =

and we have introduced a dimensionless impact parameter u = by/Ry. Dy, Dy, and D, are
the source-lens, lens-observer, and source-observer distances, respectively, and o is the fractional
separation a == D,/ Dy,. The ares arve labeled image 1 and image 2 in the figures, with image
1 being on the same side of the lens as the source. The two images appear separated in the
transverse lens plane by:

Dbz b4 by = Ji2 0 12 = RpJu? 4 4 > 200, (4)

The intensitics of the two images can be computed from the fact that any lensing conserves
surface brightness. For imperfect lens alignment and const ant surface bright ness of t he source t he
relative bright ness hetween the ares and source is given by t he rat io of pert urbed and unpert urbed
image SillI'fa(’ (" arcasinthetransverse lens plane of Figure 2. The relative intensities (units of the
unpert urbed source intensity) of the t wo images arve casily shown t o be:
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If we consider lensing of LM C, SMC, or bulge stars hy intervening star-like compact masses.
t hen what we observe 1S limited by the finite resolut ion of our inst rumnent at ion. In particular, for
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Fig. 1. Lensing geometry in the source-lens- observer plane. Light from the source is perturbed
by the presence of the lens and forms two images at the observer locatio n.”  The light ray bend
angles oy are related to the impact parameters b, through ¥q. 1. The images appear at angles 0;
relative to the nominal source position,
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Fig. 2. Lensing geometry normal to the line-of-sight.  In a plane normal to the line-of-sight

containing the lens, the relative geometry of” thelens, unpertiil) (@ source, and lensedimages 1S
shown.



m o~ May and Dy, ~ Dy, /2 (2~ 1/2) we find a value of 17y, (henee Ab) that is a few AU. For a
lens distance on the order of kilo parsecs, thatmakes the images separated by an angle on t he order
of a milliarcse cond (inas 10 ““arcseconds) . This order of magnitude is well below the angular

resolution of available instrument ation, so what is observed is an unresolved source of amplitude

(assuming a dark lens):

w2
A= A4+ A, - - >
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The fact that the images are unresolved qualifies this event as microlensing (Paczynski

(6)

19862, Paczynski 1996a). It is important to notethat A is significantly greater than one only for w
less than one (Figure 3). so the unpert urbed source line-of-sight must be wit hin the lens” Finstein
radius before significaut phot onietric amplification is observed. Figure 3 gives the inage positions
and amplit udes as a function of u. Note also t hat t he phot omet ric amplification is purely a

geometrical e ffect, implying it is achromatic  afact t hatis exploit ed in phot omet vic microlensing

scarches.

Center-of-Ligllt  Yven though the two images are unresolved, they arespatially (list inct from
t he nominal source position (Eq. 2), and have non-trivial int ensities (5q. 5). We t herefore consider
the center-of-light position in the instance of microlensing by a dark lens. A's can be seen from
Figure 2, the center-of-light is clearly on the symmetry axis between the source and lens. Relative
to the lens position, the center-of-light. position beeyer tens 1S straight forwardly obt ained from t he

image positions (Eq. 2) and intensitios (1. 5):
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and relative to t he source position, this center-of-light is locat ed at:
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This center of light position is included in Figure 3 as a function of «. The observable astromet ric
displacement of the center-of-light from t he nomninal source position is (Hag et a 1995, Miyamot o
& Yoshi 1995, Paczyniski 1996h):
Abinie Ry, 1
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where we have introduced t he angular Einst cin radius 9,2 Ry 1 Dy,. In the microlensing
situat ion described above, A0 ~ O(ry) is on the order of a milliarcsecond  a value that is
within current and envisioned ast romet ric capabilities of opticalint erferomet ers (1 2alomar Testbed
Inferferometer  PTI{Colavita et al 1994), Keck Int erferometer, Space Int erferomet ry Mission
SIM (Unwin et a 1997), Global Astromet ric Int erferometer for Ast rophysics GAIA (Lindegren et
al 1995)), and even filled-apert ure ground-based CCD diflerent ial ast rometry (Pravdo & Shaklan



1996). 1t is noteworthy that this astromet ric pert urbat ion signat ure is at a maximum for u = /2,
and has avalue of 2 3/, & 0.35 ;. Notealso t hat t his perturbation is positive (semi-)def init e
t he apparent center-of-light is always displaced away from t he lens. Finally. as in the case of
t he photometric amplification, t he astromet rie displaceinent is achromat ic for our assumpt ion of a

(lark 1(ns.

2.2. Microlensing Encounter - Barycentric Observer

The geomet ry of a typical, simple microlensing, encounter observed in @ barycent rie (inert ial)
systemn is depicted in Figure 4. The so11r¢e, 1( '11S, aud observer aretakenas free to move linecarly
on the time scale of the lensing event. Consequently, viewed in a Plane containing the lens and
normal to the unperturbed source line-of-sight, t he relative source-lens t rajectory is approximat ely
linear during the encounter. Without loss of generality we may define a coordinate systcan in
which t he source appears stationary and assuine t hat only the lens is inmotion. Defining t he @y
planc of that coordinat e systemint het ransverse lens plane cent ¢red on t he source (projection),
and taking t he z-coordinate along t he t rajectory of t he lens, we can write the lens motionin this
systein as:
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with v as the relative lens-source transverse speed, by, as the minimum source-lens impact
paramcter, and 1,,,, the time of (transverse) lens-source closest approach or maximum
amplification (b = b, at = 1,,4,). This relative trajectory yields a siinple expression for the

dimensionless source-lens transverse separation u(t) (and its vectorial counterpart u(?)):
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u(t) = X )/ Ry - (8)
where we have defined dimnensionless minimum impact parameter p = by, /Ry thecharacteristic
time or time scale for the microlensing event4g = Ry /v the time required for the lens

to move transversely one Einst ein radius, and a normalized (dimensionless) t ime coordinate

[tz (F - 1,0:)/10. To predict the t ime-dependent microlensing observables, w (1) or u(f) (Iq. 8)

i s inserted into the expressions for the combined image light amplification (Kq. 6) and apparent
astrometric pert urbat ion (Fq. 7). Figure b gives t herelative photometric signature for simple
microlensing events in magnitude units for several values of the minimum iimpact parameter p (p
= 0.2, 04, 0.6, 0.8, and 1). Thislight curve shape is precisely t he photomet rie signat ure for simple
microlensing: current microlensing survey projects (OG1E Paczynski et al 1995 MACHO
Alcock et al 1996, EROS Renault et al 1996, DUO Alard (7t al 1995b) first start ed observing



such lighteurves in 1993, and by this t e have observed many such light curves t hilt agree well

with this simple theoretical expect ation.

Figure 7 gives t he plots of t he ast romet ric perturbat ion signat ure magnit ude as a function
of (normalized) time for the p-values given in Figure 5. Note t hatt his perturbation is direct ed
along the instantancous symmetry axis, whichrotat es (counterclockwise Wit hinereasing time for
the geo metry in Figure 4) during the microlensing encounter. A'S scen by the observer the source
apparent ly performs an ellipt ical excursion from its unperturbed position. The app arent source
astrometric excursion is straightforwardly obt ained by inserting (t he vectorial components of) (1)

(1. 8) into AO(u) (FKq. 7):

2o B - u((n) T - [1]
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This elliptical excursion is depicted in Figure 6 for our samnple values of p from above. 1t is likewise
straight forward to derive the cccentricity of this excursionin t(rills of g
P

- 10
p?-t 2 (10)

€= 4/1-
The excursions become more cccentric with doereasing p, as the maximum intensity of the two
images is approximat ely equal (Kq. 5). The maxiimmum magnitude of t he astrometric signat ure,
2 32 1p, is t he sarne for all photometrically observable (p < 1) events  the maxinm astrometric
pert urbation magnitude is the same for all events with p < V2. Thie angular Einstein radius is
given in Figure 8 as a function of le ns dist ance for bulge and LMC microlensing events and  a
represent ative range of lens masses (1= 0.05, 0. 1, 0.25, 0.5, 1Mgy). For example,a 711 = . 1 Mg

object at 8 kpe lensing a LMC source has an angular Einstein radius of 3 x 10- Tareseconds or 300
microareseconds @ microarcsecond, abbroviated pas, (] uals 10« arcscconcls)  and a maximum

ast rometric signature of roughly 100" jras

It is notewort hy t nitt t hetime evolution of t he ast romet ric excursion IS non-uniform. Far from
lens-source closest approach t he apparent source motion is slow, while near the closest approach
the source motion is signiftcantly higher. This behavior is depict ed in Figure 10 (where points are
plot t ed along t he excursiontrajectory at equal time int ervals), and can be seen by differentiat ing
t he astromet ric excursion wit hrespectt ot ime:

d AO([1)) ' P12+ 2 an
(a2 2l
Clearly for[t)? >> p? (i.e. far from maximum amplification) the excursion rate magnitude goes as
[1] 2. This behavior is significant in that the astrometrie excursion described in Bgs. 9 and 11
appears very different than the thine-harmonic astrometric excursion expect ed if the source has

massive gravitational companions,

Finally, it is illust rat ive to compare the time scales for t he photomet ric and ast romet ric
perturbations caused by a microlensing encounter. Figure 9 plots t he phot omet ric amplificat ion
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Fig. 3. Image positions and intensit its. Left: The t wo inage apparent positions and t he cent er-
of-light apparent. position (in t he transverse lens plane) as a function of u. Right: image (image 1,

image 2, combined) intensities (relat ive units) as a function of w.
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Fig. 4. Microlensing encounter geometry. The geomet ry of @ microlensing event is depicted in

a planc normal to the source line-of-sight cont aining t he Iens. The relative source-lens t rajectory
moves from left to right, and is parameterized by t he lens speed and minimum impact parameter

relative to t he source.



and astrometric perturbation magnitude for positive (normalized) encounter times for a p = 0.4

microlensing event. The photometric amplification decays from maxinnun to nominal level in one

single time scale ({g). In sharp contrast, the astrometric effects are much more persistent, roughly

requiring factors of 30 and 300 more time to decay to 10% and 1% of the maximum astrometric
signature respectively. The MACHO collaboration reports a typical time scale 1 for a microlensing
event to be on the order of one month. Figure 9 makes the point that measurable microlensing

astrometric perturbations in events with such a 45 will span a period of years - depending on the

astrometric sensitivity

The case for astrometric observation of microlensing events is both clear and compelling.
Barycentric photometric measurements alone constrain the normalized impact parameter p and
time scale 1y for a microlensing event. through BEq. 6 (Figure 5). Astrometric measurements (in
licu of or in addition to photometric measurements) made by a barycentric observer additionally
constrain the angular Einstein radius 77 and the lens transverse motion direction (orientation
of our x-axis) for the microlensing event through Eq. 9. These two quantitics taken together
are suflicient to compute the (relative) proper motion of the lens object. However, because the
distance to the lens is not directly established, no direct inference can be made about 12y, and

thereby the mass and transverse velocity of the lens.

2.3. Microlensing Encounter - Near-Earth Observer

If the microlensing astrometry is observed by an (near) Barth-based instrument over an
extended period of time, parallactic effects due to the finite source and lens ranges become

nmportant as the assumption of lincar relative motion in §2.2 is badly broken by the motion of

the observer. Figare 10 depicts an example of astrometric trajectories as viewed by barycentric
and terrestrial observers for an arbitrary p = 0.4 microlensing event. An LMC source is assumed
to be lensed by a 0.1 Mgy lens at 8 kpe (rp; ~ 300pas). 1t is clear that astrometry suflicient to
measure the microlensing astrometric excursion will also observe the relative parallactic motions
of the source and lens. So unlike the case of barycentric observations, the distance to the lens
(actually, the relative source/lens distance) is accessible by this parallax measurcment, and a
model-independent estimate of the lens mass and (transverse relative) velocity can be derived. An

and motion to

independent model for source distance and proper motion allows the lens distanc

be estimated. A clear case of making virtue from necessity.

An observer at barycentric 3-position b (imcasured n AU) obscrves a source in barycentric
di cction 1y to have an apparent parallactic deflection:

7 [y, (My, - b) - b]

with 7 as the parallax of the source (given in arcseconds by the reciprocal of the distance to the
source in parsees). In the case of microlensing both the source and lens are at finite distance, so

both acquire parallactic displacements. In the two-dimensional microlensing coordinate system of
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§2.2, we can write the time-dependent correction to the (normalized) source-lens separation u(t)

(Fq. 8):

All({) = :7”(’”3 [ﬁ/('ns(ﬁ/('ns . b(’)) b ( f ) ] ’Z‘TMNH(‘( [il.s(llll‘(‘( (ﬁ,snuz(‘( b(f)) b(f)]
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assuing Ny, ¢ = Mooy oo = N((STTL ~ O(10° 7)), defining t he relative lons-source parallax
1= Myens = Tsou rees and with i and b rotat ed into the microlensing coordinate system (so the z
component is indeed zero). With t his parallactic correction t o u(1). lq. 9 predicts the astromet ric
excursion observed by theterrestrial observer (an example of which is depicted in Figure 10).
However, it is important to remember that ¥q. 9 vefers to the excursion relative to the unperturbed
source posit ion, which it self now appears to move with t ime due to parallactic effects. This
formulation is reasonable, bocause, as we Will argue below, this observational problemlends it self

to ground-bascd narrow-angle different ial astromet ry techniques.

There are several remarkable points concerning t he finite range correction t o t he microlensing
ast romet ry. First, as noted above, fit ting a ioclelbascd onF. 9 to such astrometric data allows
the direct estimate of all the physical parameters for the lens, Strictly speaking, this statement
assumnes e and the source proper mot ion can be separately established (or in ferred) by ot her
means. However; the lens mass 1S aspecial case in t hat it can be est iinat ed just fromn quant ities

we observe directly, namely g anid 11, This fact can be seen by inverting Feq. 3 to solve for 1

('72 ]{i, (72 ])sn" 9 . 2 712
roe - - 20w - =
4G Dy @ - x) o AG Mo-w 4G 1

11

[pc] (13)

where the last equality comes from t he fact t hata/(1- @) = 1/Dg 11 wit h Dy, in pe and 11

in arcscconds. 17 11(1 units of 7 are inradians and Hinarescconds, and t he [pe] factor is t he
lengt 11 of” aparsee exp ressed in the leng th units of cand G 'p,.. ceters). The dimensions of
Fq. 13 are lacking in elcgance, but t heresult is t hat we have exchianged t he uncertainty in D,
for the uncertainty in the definition of an astronomical unit. The second interesting point is to
not e t he breaking of t he time synunetry around ¢,,,,, by t he parallactic correct ion. Figure 10
demonst rat es this point in a particular instance as t he bavycentrict,, ., time points are label ed
on t he t wo excursion trajectories. T'he dogree of symnetry breaking is dictated by the observer’s
orbit phase and source position in the sky. In general t his pavallact ic synunet ry breaking leads
to asymnnetric lighteurves and different t imes for maximum amplificat ion for t he barycent ric and
t errestrialobserver, bothof whicli have becn not ed by ot her aut hors (Gould 1992, Miyamoto &
Yoshi 1995, Buchalter& Kamionkowski 1996, Gould 1996, Gaudi & Gould 1997), and has been
observed (Alcock et al 1 995).
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3. Astrometric observations

During a MACHQO microlensing encount er phot omet ric observat ions alone const rain the
impact parameter p and {9 through Fq. 6, while astrometric observation can bor used to uniquely
determine the fundamental parameters of thoe lens (1 nass, range, and tran sverse velocity) without
appealing to a lens population model. Strict ly speaking, comput ing the lens range and t ransverse
velocity requires the source distance and proper mot ion to be separat ely est ablished, while t he
lens mass can be estimated without appealing t o the source (list ance provided t he relative parvallax
can be established (Eq. 13). For LMC, SMC, and bulge events ident ified by photomet rie sea rch
programs, assuming () (10%) distances by source membership in these groups is a plausible
sit uation. Source proper motion relat jve t o a di flerent ial astromet rie frame can be est imated
by astrometry at late encount er t immes. T'hese conditions imply t hat t he required astromet ric
measure ments can be made different ially against background objects t hat share common gross
parallactic and proper motions wit h t he lemsed souree. For t he dense I MCLOSMCL and bulge fields
u sed in photomet ric searches t his app roach scems plausible, as the quantity 1)/ among t he
reference object S (a naturalmeasure of t he scat ter in parallax and proper mot ion) is small for t he
objects in t hese fields, These considerat ions st rongly suggest a program to perform different ial

astromet ry on microlensing can didat ¢ events detect ed in phot omet ric surveys.

1t is int eresting t o invest igat ¢ t he sensitivity t hat such an ast romet ric program would
produce. To address t his questionwe have (“()]1S1 ruct (1 asimulation code t hatereates synt hetic
photometric and astrometric measurement sets, and t hen fits a paramet ric microlensing model to
these measurernentsets. Thie code is st ruct ured to performm this operation in a Monte Carlo mode,
so error dist ribut ions in the microlensing paramet ers may be erupirically derived as a funct ion of
physical paramcters and mcasurcinent error. Figure 11 shows sample outputs of the synthetic
observation and fitt ing process for an LMC microlensing event. For this example the lens is again
assumed to be at distance of 8 kpe (11100 gras), 1 = 300 pas (R, ~ 2.4 AU, m ~ 0.1Mg), 1o
= (0.1 yr (relative lens-source t1ansverse speed of 120 km s 1), and a lens mot ion posit ion angle
of 30 deg. Operationally we assume the event is detected photometrically, and an astrometric
campaign starts  this implies astrometry near and after maxiimum amplification. Assuming
3% photometry and 1() pras differential astrometry referenced t o t 11(1 unlensed source position,
we fit a paramet ric microlensing model to t he combined data set The fit is scento reproduce
t he measurement sets fait hiully, and predicts t he microlensing parameters accurat ely. Figure 12
shows the microlensing parameter residual s obtained in 500 instances of the event depicted in
Figure 11. lu particular. we observe 2% and 1 6% fractional sample st andard deviations on t he
rpand Hresidualdistributions respectively. (Fitt ing Gaussian profiles t o t he central parts of t he
residual (st ributions resultin error estimates t hatare ~ 20% bett er t hat t e samnple st andard
doviat ions). Using t he sample st andard doviation figures, U he error inestimating t he lens mass is
1 6% inkq. 13, clearly dominated by t he paralla x error.

By Fq. 13, a given mass lens lies along a particular contour in the space of 11 vs. vy (Figure

13). Armed with our event siimulation code we have surveyed this 11 vs. 7p: phase space of
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microlensing events for experiment sensitivity to microlensing parameters  wit h aparticular
cmphasis on the lens mass. Table 1 gives a summary of t he set of microlensing and ast romet ry
parameters we considered in our Monte Carlo runs. We ran 500 instances of cach parameter
perinutation given in the table  atotal of 384 cases in adl. Inadditionto t ho: parameters specified
in Table 1, i cach of these experiments we ass uned conditions similar to those deseribed above in
Figure 11: namely 3% photomet ry for event detection, and a b-yr ast rometric sequence st arting at
tinay - Lo, and sampling with uniform period 0.14y. Microlensing parameter fits are made to the
astrometric dat aset combined wit h a 3% photomet ric dat aset t hat spans t he interval £, ., 4 1yr.
We considered fitt ing only the astromet ry sequence in a few select ed cases, but invariably found

dograded parameter estitnates (anillustrative exarnple is givenin Figure 14).

Figure 15 shows the variation of fractional lens mass error vs. ast rometric error for t hree
illust rative cases: vy = 1()() pas, =50 pras (i = 0.02 Mgy)i7p = 300 jras, 11 = 100 pras (mn
= 0.1 Mg);andry = 1000 pras, 11=200 pas (717 = ().6 Mgy). Incach of these cases p = ().4
and tg = 0.1yr. Here t he lens mass error is estimated from t he observed uncert aint ies (residual
sample stanidard deviations) in g and 1 {(and t he generally nonz ¢ ro covarianee). This behavior is
suggestive t hat the mass error scales by a power law of t he astrometric error w( find t hese cases

to be typical of the range of Monte Carlo cases considered.

Ignoring the correlation term, we can (st intat ¢ ¢ he fractionalimass (10017 asa function Of t he

fractional errors in 7 and 11 from g, 13:
} 1

7, 40?2 2
T R NI NP S AR (14)
™ Ty, 11 ry. 1

where the second equality cornes from crudely est imat ing the uncertaint ies in 71 and 11 by Gast-
Figure 16 shows a scatter plot of t he observed fract ional inass error from all 384 of our Monte
Carlo cases against the estimated fract ional error given by Eq. 14. The agrecmentbotween the
observed and estimat ed quani ities 1S good, but we find Eq. 14 gverest imat es the fract ional error
atlarge values of a,4. A power-law fit t () t hedataindicates t hat t 11(1 observed error scales as

t he estimate inliq. 14 (hence a,gy) tothe (0.8 power. We at t ribute t his sub-linear scaling to t he
fact t hat astromnetric fit S supported by associated phot ometry resolve rp, and Il slight ly bet ter
t han t he naive estimate of o, We at tribute t her observed scat ter in t he data to t he correlat ion
terms which are included in the observed error est imat es, but are noglect ed in kq. 14. We al so
note t hatthe tg= ().2 yrcasesonaverage have lower ob served ()7 and smaller scatier t hant he
corresponding £y = 0. 1 yrcases. This is not particularly surprising, as the slower time evolution

allows for extended obscrvat ion of T he relative parallactic effects.

Finally, we have argued for aud simulat ed di flerential astrowetric experiments where we
assuine ast romet ry i a frame where the source is st at ionary. T'his reference frame must be
established by observing ficld objects near t he nominal source position. For LMC, SM C, and bulge
events where there are many objects at small 81/ wit h t he source, t n(i refer ence frame will
absorb c ommon parall actic motions. How ever, t here will be resi dual frame drifts and rot at ions
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resulting from unknown velocity dispersion arnong the reference objects (and source). The residual
linear frame drifts are large (mas yr ') on t he scale of the microlensing ast romet ric excursion.
The frame rotations Will be small (O(10°7) rad yr '), but to the extent that the source is not at
the (“(111 erof t he astrometric frame t his too adds an effectivelinear drift t o t he differential frame
of order 1 ()() prasyr-'. So in practice t he microlensing fit process must account for lincar frame
drifts t hat are large compared wit It hescale of t he microlensing excursion. 11 is straight forward
to extend t he microlensing parameter model to include a frame drift. Figure 17 gives an example
of allowing for a random drift int he ast rometric framne, and using an extended microlensing model
to solve for this quantity. The physical parammeters of t he microlensing eventin Figure 17 are t he
same as those used In Figure 11: 742 300 pras, 1= 100 pras, 4o = () .1 yr; and we have taken 50
jras astrometry. To this we have added 1.5 masyr !of frame drift in a random orientation to the
lens motion. The microlensing fit does an acceptable job of ident ifying t he frame drift, bolst ered
by t he time base of astrometry at late cncount er t imes (not shown in t he figure). We do not find
a coupling bet ween frame driftand t he quant it ies of interest in det ermining t he lens mass: 75 and
11. We have added random frame (1 rifts t o several of t he Mont ¢ Carlo cases described in Table 1,
and find that such drifts do not significantl y effect our simulat ion results. This is reasonable, as

bot b7y and 11 are estimated from t he curvature of t he ast romet ric pat h.

4. Summary and Discussion

We have specialized the Miyaimota and Yoshisuggestionto mcasure t he ast rometry of the
lensing event. photocenter. Weagree with their conclusions: that high-precision astrometric
observation of M A CHO microlensing events hold the promise of determining fundamental
lens paramcters (1 nass, proper motion, transverse velocity) in a model-inidependent fashion.
We maint ain that it is suflicient to measure t he motion of t he center-of-light. In part icular,
accurat ¢ differential asl rometry is suflicient obt ain t he lensmasswithoutadditionalassumptions,
and reasonable lens distance and transverse velocity ¢so e es (i 1)¢ obtained from an
independent model of source (list ance and proper motion.  Alt ernatively, wide-angle astrometry
cansimultancously determine the SO111 (" (7 and lens kinematic paraineters, and again the lens
mass. Clearly t he potential for probing t he physical parametors of t hie halo object p opulation by
astrometric techniques IS enormaous.

A program to Probe jicrolensing events phot ometrically detected in t he galactic 1y ulge seems
plausible for the planned Keek Interferometer (1{1). J{] requires a bright guide star to track
atmospheric fluctuations of the int erferometric fringes. The bright est bulge objects are 1 6th
magnitude, within the fringe tracking capabilities for the two ]() mapertures. T'he expected 10 jras
astromet rie perfornmance of K1 yields microlensing parameter estimates suflicient to cons trainlens
paramecters for individual events, which will give profound insight into the nature of these objects.

Howcever, events in the LMC or SMC are not detectable from the Keck site, both because
of geography and scnsitivity. The brightest objects in the LMC are 17 18 magnitude, arguably
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fainter t han the tracking capabilitics of t he 1{1. However, t he declination of t hese fields would
require K1 zenith angles t hat severely degrade t he ast romet ric performance. A large apert ure
astrometric interferometer in the Southern hemisphere such as the VI interferometer (V1,11
1 3eckers et al 1990) could measure Magellenic cloud events. Such measurements are compelling
because t hey would preferent ially probe t he population of galactic halo objects.

A number of authors have suggest ed the application of planned space-based global ast romet ric
t cchniques t o analyze these events (Hog et @ 1995, M iyaimmot o & Yoshi 1 995). In space-based
applicat ions astrometric references can 1) drawn from a global astromet ric frame t ied to
extragalactic objects, and t he positions, proper mot ions, andparallaxes Of t 11(7,S( references are
known to a few microarcseconds. T'hus the necessity of establishing a narrow-anigle relative frane
for differential astromet ry is removed. Further, ast rometry at lat e times establishes t he source
proper ot ion and parallax in the global frame  thereby establishing the source motion and
dist ance. With the source dist ance and kinematics established, the lens paramcters are all uniquely
det ermined. Assuming ground-based observations mcasure lens masses in t he manner we describe,
we believe t he role of space-based microlensing ast romet ry programs by planned ast romet ric space
missions suckh as SIM (Unwin et al 1997) and GATA (Lindegren et al 1995) will be in probing the

positions and kinematics of thelens objects.

Finally, in the near future it is possible t hat CCD-basced ast romet ry could make detections of
microlensing astrometric perturbations, and possibly make rough estimates of lensing paramecters,
and/or breaking some of the degeneracies in photometric microlensing observations (see helow).
Pravdoand Shaklan ('ravdo g Shaklan 1 996) report night-to-night astromet ric repeat ability of
200 pras in data taken at the Palomar 5 m telescope, and speculate that limits might approach
10[) pras a the o m Keok Telescope. In further assessing these prospects we anxiously await the
results of two nights of Keck observat ions recent ly made by Pravdo and Shaklan (Shaklan 1997).

One of the key assumptions we have made in this work is the assumption of a dark lens. This
assumption IS reasonable given the suceess phot ometric programs have hadin fit t ing (lark lens
amplificat ion models to phot omnet ric data. However, the iustance of a luminous lens is possible
and interesting (Miralda-Escudé 1996, Paczyniski 1996h), and the astrometric model derived here
can be augment ed in a straight forward way. One operational question t hat arises is how does
one determine whether a dark lenis model s appropriate for a given microlensing event. While
one could straignt forwardly t est « he luminous lens hy pothesis by adding a relative source/lens
luminosity parameter to the microlensing: fit model presented here, amore obvious and compelling
resolutionto t his question is contained inthe possible chromaticity of t he observables, If t he lens
iS luminous. t hon its spectral content is ingeneral different from t hat of the source implying that
bot h the photometric and astromet ric observables will be funct ions of wavelengt . Making t he
observations in a variety of spectral bands will ident ify t he relat ive source-lens intensity and color,
and provide the nccessary data to robustly ext end the microlensing model to the case of huninous

lenses. We defer the quantitative analysis of the luminous lens case to future work.
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The closely related problen of image blending is discussed in recent work by Alard (Alard
1 996), and Wozniak & Paczynski (Wozniak & Paczynski 191)7), who consider t he possibility
that a sccond source (possibly u nrelated to either source or lons) is unresolved {rom the image.
Wozniak & Paczynski find that t he degeneracies in photometric observat ion of such events result
i systematic errors in estimating lensing parameters. We concur wit 11 t he speculation put forward
by Wozniak & Paczynski that mmulti-spect ral ast romet ry and photomet ry breaks t he degeneracy
in (so1ne subset of) blended events, and point this out as a particularly important case for fut ure
Stndy.

A sccond inor operat ional difticult y in t heanalysis presented here is t hatint evferomet rie
astrometry does not mecasure the comt er of light as calculated in . 7, instead it mcasures
t he average sky position of fringes from t he lensing images.  In t he case where t he images are
part ially resolved by t he interferomet er t he two quantit ies can be di fferent. To set t he scale of
the problem we note that astrometric interferometers such as the Palomar Testbhed Interferomet er
and the planned Keck Interferometer have baselines 011 the order of 100 m, and (will) operate
astrometrically a K-band (A= 2.2 pm),thushave a fringe spacing A/I3 ~ 5 1mas 011 the sky.
Near maximum amplificat ion (whenimage 2 is significant ) if t heimageseparation(= 2rp,;) is
comparable to the fringe spacing there is an observational correction t o Bq. 7 (strict ly speaking,
t his case nolonger sat isfies t he resolution conditions of microlensing). For t 11(1 range of lens
paramecters considered here t his correction is insignificant, but can bo:come iimportant for larger

values (If 7 p:namelymoremaggiveand /or stiori(Cr range 1( 11 SC'S.

Astrometric Detections - Non-MACHO Events A number of authorshavesuggested

to broadent he applicability of” the ast rometric t echiniques t o noni-MACHO microlensing
events (Miralda-Escudé 1996, 1 2aczynski 1996bh). These eve nits could pot entially be dotect ed
astromet rically in programs t hat concentrated on high proper motion objects (so as to sweep-out
larger solid angles), or as a part of broader companion scarch program (something we have
integrated into our PT'1 program). While much of t he phenomeniology we have developed in §2 is
direct ly applicable, t here are a couple of practical difficult ies in est ablishing lensing paramet ers
in such evenits measured differeniially. The first is the absence of arcady supply of reference
objects that share conmmon parallact ic mot ions as t he source. The fact that the rich LM C,
SMC |, and bulge ficlds used in the photometric surveys naturally yield an abundance of reference
objects for which 8D /D is small makes events in t hese fields unique. We speculate that without
that common parallactic reference, the systematic errors inthe dotermination of 1 [will be t oo
large to cstablish a precise Iens mass. The second pract ical difliculty would be the absence of
accompanying photometry in this more general class of microlensing events. We observe that
si][lt,:{IICoils photometry does much t o constraint he time scale of the event, making the job of
int erpreting t he astrometry considerably casier (see Figure 14 and similar remarks in Hog et al
1 995). In ast rometrically detected events, by t hetime it is clear t hilt an ast rometric sequence is a
microlensing candidate, most (if not all) of the photometrie effects have passed.
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Complex Lenses While t1 e majority of photometrically detected events are consistent with
single lens hy pothesis; a nutnber of binary lens events have been report ed (Udalski et al 1994, Alard
et al 1995a, Bennett et al 1996). In a recent preprint Dominik (Dominik 1997) argues that
photometry alone does not uniquely conistrain the binary lens parameters. We speculate th at
addit ional ast rometric informat ion would break t he degenceracies among various hypot heses in
binary lens events through straightforward ext ensions of the ast romet ric t heory developed here.

We defer t he analysis of the binary lens case t o fut wre work.

The work described in this paper was performed at the Jet Propulsion Laborat ory, California
Inst it ute of Technology under contract with t he National Acronaut ics and Space Administ ration.
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Fig. 8. Microlensing Encounter Anigular Einst ein Radius. Left: t he angular Einst ein radius (74,)
for 1)1118(" sources asa functionof lens (list ance for lens masses between ().()5 and 1 Mg,y (i =
0.05, 0.1, 0.25,0.5,1Mg,). Right: thesame quantity for LMC events. The astrometric signat ure
magnitude for microlensing events is given hy 2 32pp 2~ 0.35 rp. Thusam = 0.1 Mg object at 8
kpe lensing a LMC source has an angular Einstein radius of 300 pas and a ma ximum astromet ric
sighature of roughly 1007 pras.
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Fig. 9. Comparison of Microlensing Astrometric and Photometrie Fffects. This figure shows
the amplification factor and magnitude of the astromet ric perturbation as a function of encounter
time for an event with p == 0.4. The 1)11010111(C | ric amplificationiSseen to decay frommaximum
amplificat ion to a nominal value of 1 (no amplif icat ion) in roughly 1 event t ime scale (ip).
By comparison, t he astrometric perturbat ion (normalized «  « he perturbation ac © o 4, o5
rop/(p? - 2)) incrcases to its maximunivalueat[f]~ 1, and t hondecayst () zero in a t ine scale
sceveralorders of magnitude larger t han the photomet ric amplification. If 75 ~ Tmonth as reported
for 1. MC microlensing events by t he MA CHO collaboration, measurable ast romet ric deflections in

such events would last over periods of years  depending on ast romet ric sensitivity.
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Iig. 10.  Parvallactic Perturbation to Barycentric Microlensing Astrometry. This figuve shows the
astrometric deflection for a p = 0.4 microlensing event as viewed by baryeentric and terrestrial
obscrvers over a period of 4 50 75 = 4 5 yr. Marks on the two trajectories are given at fg
= 0.1 yr intervals. (The parallactic motion of the background source - 20 pas - is removed to
facilitate comparison.) The background source is taken in the LMC (Dg, ~ 50 kpc), and the lens
is taken to be in the galactic halo (1), ~ 8 kpc), with an angular Einstein radius of 300 pas (110 ~
0.1 Mg). Astrometry suflicient to measure the microlensing perturbation will also measure the
parallax effects. A parallax measuretnent can be used to estimate the relative source/lens distance
to the lens, which in turn allows the lens mass and relative transverse velocity to be inferred for

individual events. The time marks corresponding to (barycentric) t,,,4, arc shown,
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Fig. 11.  Sample Microlensing Model Fitting.  Here we show anexaniple instance of fitting a
microlensing model to synthetic terrestrial photometry and astrometry datascts for a microlensing,
encounter. The critical parameters for the event are alens ot ion position angle of 30 deg, p = 0.4,
Tz 300 pas, and 11,1007 pras (i = ().1 Mg)). We assume the event is identified photometrically,
and different ial astromcetric measurements commence ater that dotection. The microlensing model
described in §2 was sitnultancous ly fit to both the photometric and astrometric data. Shown in each
arc the siimulated data, true values, and the model fit. Left: the photometric lightcurve results. In
this example we assurne 3% photomnetry error. The thime units on the r-axis are plotted relative to
the barycentric 4,4, - Once a microlensing interpretation seems likely, we commence astrometric
measureinent  this time point is shown. Note that the time of maximum amplification for the
terrest rial observer 1S offset relative to a baryeentric observer. Further: the lightcurve is slightly
asymmet ric with respectto the t e of maximum amnplification. Both o f these effects are well known
for terrest rial microlensing observation.  Right: the corresponding depiction for the astrometry
sequence relative to the nominal source position. The shimulated 10 pas astrometric measurements
bhegin short ly before maximum magnification, and continue for 50 1y after maximun magnificat ion.
The true excursion trajectory is shown over the comple te: excursion, butthe micro lensing model fit

prediction is rendered only for the interval of the astrometric measurements.
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Fig.  12. ample Monte Carlo Fit Residua Distribu jons.  Here we show a sample of the

microlensing model fit residual distributions obtained in 500 measurement sequence instances

taken from he microlensing event depicted in Figure 11 Measurement parameters are the same
as discussed in Figure 3% photometry and 10 pras differential astrometry. Distributions are

shown for lens motion position angle (top left), normalized impact parameter (top right), angular

tein radius (lower left), and relative parallax (lower right). These astrometric experiments are

scen to yield fractional uncertainties in the angular Binstein radins and parallax of 2% anc 16%.
respectively, yielding a 16% crror in the lens mass estimate by I5q. 13.
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Fig. 13.  Contours of Constant Mass in 1l vs. 7y

. After Eq. 13, a given lens mass constrains

the vatues of 75, and 11 to lic along a particular contour. The problem of estiimating the lens mass
may be envisioned as simultancously estimating 11 and rp from astrometry of the microlensing
excursion. For a given event, astrometry of finite accuracy defines an uncertainty region. For the
event depicted in Figure 11 (rp; = 300 pras, 1= 100 pras, me = 0.1 Mgy) a presumed covariance ellipse

is shown (0,,, = 40 pas, oy = 50 pras, with a correlation coeflicient of -0.5, roughly corresponding

to results obtained with o4 = 50 pras) in this space that define

the range of possible lens massces.



26

o

i ' i ' 1 i T T 0
24
s € ¢
m” .
S0 %,
o <7
b
$
z H
2 = 15 §
o < BN
2 = Do
<] i = ¥4
o Bl 16 U
Z 2 P8
% T ¢ 8
& £ :
N PR
< !é rj; &
S0 2 12 ;
(ombined Madel Eat o 7
Antrrnel i Mad
14 -
Sl - —4 —+ Lo [ ox Lot 1 ' TR Poed L i
150 100 S0 0 St [ 150 [GN (604 o2 0 02 04 06 0% t
Relatrve RA (U sy Focountcrhime vy

Fig. 14 Microlensing Combined Model Fitting. Here we depict the utility of fitting a microlensing
model to combined photometry and astrometry datasets vs. fitting the astrometric set only. Thie
physical parameters for t he event are t he same as in Figure 11: a position angle Of 30 deg, p = 0.4,
TE o= so0or pas, I = 100 pras, and we ha ve assumed 75 pras astrometry in this instance.  Top
Left: Renderings Of the t rue astrometric excursion and model fits using bot h phot omet ric and

ast romet ric dat aset s (combined), and t he astromet ric dat aset only. By definition t he ast romet rie-
only fit mat ches the astrometric dat aset (notshown for clarity) bett ert han the combined fit. Top
Right: T'he photomet rie predictions from t he same two model fits at left. compared with t he t rue

photomet ry. Clearly the combined fit model mat ches t he phot omet riec dat a bet t er t han t he fit

modecl wherethe photometry is ignored Or unavailable. Bot t om 1 .eft:a relative parallax fit residual

histogram for 500" instances Of the experiment depicted above using the combined datasets in the
fit metric. Bottom Right: the same quant ity using the only t he astromet ric dat aint he fit metric.

Clearly utilizing the photometric data greatly constrains the error of the parallax measurement

(the dominant error in the lIens miass estimate) by alinost a factor of two.
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samples of fractional mass error VS. ast romet ric error from our enscinble of Monte Carlo results,
The three e xa mples arerrp;: 1007 pas, 11 =50 pas (e = ().()2 Me);7p=300 a8, 11 = 1007 pas
(7l =0.1Mg)); and 7+; = 1000 pas, 11 = 200" pras 7/ = 0.6 Mgy). Not surprisingly, we find the
fractional mass error to scale as a power law of t he astrometric error in al our Monte Carlo results.
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Fig. 16.  Scat ter of Observed Mass Frror vs. Estiinated Mass Error. 11(71' (" weshow thescatter
of t he ohserved fractional mass error vs. t he estimat ed fractional mass error givenin Kq. 14, Ea ch
data poind represents the fractional mass error obtained in 500" instances of mecasurement sequence
fit t ing. Data sets fortyg = ().1 yr, (.2 yrandp = 0.4, 0.8 are shown separately  the intrinsic
scatter inthe tg = ().2 yrresulis iS noticeably smaller. The dat a are seen t () correlat e reasonably
well with the crude mass estimate of q. 14, but it overestimates t he mass error a larger values.
A simple paramet ric fit shows t he observed fractional mass error t o scale (wit hmoderat e scat ter)
t ot he estimated fractional mass error to t he 0.8 power. We att ribut ¢t he scatt erint he datato the

corrclat ion in errors included in t he observed error calculation but explicit ly ignored in Fqg. 14.
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Fig. 17.

experiment. where we have added a lincar drift into the diflerential astrometrie frame.  The

trometric Fit With Frame Drift. Shown is the result of an astrometric

microlensing paraineters of this event are the same as used in Figure 110 7y = 300 pas, 11 =
100 pras, 1o = 0.1 yr; and we have taken 50 pras astrometry. We added 1.5 mas yr- ' of frame drift
in a random orientation to the lens motion (vectors indicating the frame drift and lens motion

direction are shown). The microlensing fit does an acceptable job of identifying the frame drift.

We do not find a coupling between frame drift and the quantities of interest in determining the len
mass: vy and 1. We have added random frame drifts to several of the Monte Carlo cases described

in Table 1, and find that such drifts do not effect our simulation results.



