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Recent work has raised the possibility that quantum-information-theory techniques can be used to synchro-
nize atomic clocks nonlocally. One of the proposed algorithms for quantum clock synchronig@@sh
requires distribution of entangled pure singlets to the synchronizing ppRie®zsaet al, Phys. Rev. Lett85
2010(2000]. Such remote entanglement distribution normally creates a relative phase error in the distributed
singlet state, which then needs to be purified asynchronously. We present a relativistic analysis of the QCS
protocol that shows that asynchronous entanglement purification is not possible, and, therefore, the proposed
QCS scheme remains incomplete. We discuss possible directions of research in quantum-information theory,
which may lead to a complete, working QCS protocol.
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I. INTRODUCTION: A QUANTUM PROTOCOL
FOR CLOCK SYNCHRONIZATION

PACS nuntber03.67.Hk, 06.30.Ft, 95.55.Sh

and Bob(in addition, Bob and Alice are assumed to be sta-
tionary with respect to a common reference frangpecifi-
cally, consider the unitaryHadamarg transformation /2

Suppose a supply of identical but distinguishable two-pyise followed by the spin operater,) on H given by

state systemge.g., atompis available whose between-state
transitions can be manipulatéel.g., by laser pulsgsLet |1)

and|0) denote, respectively, the excited and ground states of

the prototype two-state systefwhich span the internal Hil-

1

0)—=|+)= 2(|0>+|1>),

S

bert spacé+), and let the energy difference between the two

states be) (we will use units in whichh =c=1 throughout
this papey. Without loss of generality, we can assume
Hol0)=0,

Holl)=0|1), (1)

1
|1>H|—>EE(IO>—I1>)- &)

Unlike the state§0) and |1), which are dark under time

where Fl, denotes the internal Hamiltonian operator. Sup-évolution(they only piCIf up an over?I] phase undsy), the
pose pairs of these two-state systems are distributed to twifates +) and|—) are “clock states’(in other words, they
spatially separated observers Alice and Bob. The Hilberaccumulate an observable relative phase utiigrbecause

space of each pair can be written 26® Hg, where ®
denotes the tensor product of the two vector spacéyér-

of the energy differenc@ as specified in Eq1). Such states
can be used to “drive” precision clocks in the following

fect”) singlet is the specific entangled guantum state in thisvay: Start, for example, with an ensemble of atoms in the

product Hilbert space given by

1
Y=

V2

[In what follows, we will omit tensor-product signs in ex-
pressions of the kind of Eq2) unless required for clarity.
Two important properties of the singlet state are as fol-
lows. (i) It is a “dark” state (invariant up to a multiplicative
phase factorunder the time evolutiod,=exp(tH,), i.e.,
(U,@U0,)¥=¢e*¥, wheree'? is an overall phase, ard) it

is similarly invariant under all unitary transformations of the
form Uo U, whereU is any arbitrary unitary map oH (not
necessarily equal tﬁlt). Both properties are needed for the
guantum clock-synchronizatiofiQCS protocol of Jozsa

(10)a®|1)g—[1)a®[0)g). 3]

state| +) produced by an initial Hadamard pulse at tibge
and apply a second Hadamard pulse at a later tigreT.
This leads to a final state &+ T equivalent, up to an over-
all phase factor, to the state

QT
CcO E

Measurement of the statistic&relative populations of
ground vs excited atoms in the state E4) then yields a
precision measurement of the time intervialhence clock
functionality for [+). [In practice, such measurements are
used to stabilize the frequency of a relatively noisy local
oscillator (typically a masey, whose(stabilized oscillations
then drive the ultimate clock readoliNow, the invariance
of the pure singlet [Eq. (2)] under the Hadamard transfor-

11). (4

- [Q
|O>+|sm(§T

et al.[1], which assumes a supply of such pure singlet statemation Eq.(3) can be seen explicitly in the alternative rep-
shared as a resource between the synchronizing parties Alicesentation
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1 rify the resulting imperfect singlet state by using some sort
V=—(—)a®|+)g—|+)a®|—)g)- (5)  of asynchronous purification protoc@le., one that does not
V2 rely on preestablished time synchrony between the local
clocks of Alice and Bopwhich may involve(asynchronous

Here, in Eq.(5), we have the crux of the QCS algorithm of classical communication between the partias well as the
Ref.[1]: The dark, invariant stat&, shared between Alice l0ss of some fraction of the noisy singlets depending on the
and Bob, contains two clock states, one for each observefidelity of the original transport and the yield of the purifi-
entangled in such a way as to “freeze” their time evolution. cation protocal. In this paper we will give an answer to the
As soon as Bob or Alice performs a measurementioin fundamentql question: Is asynchronous entanglement purifi-
the basis{|+),| - )}, thereby destroying the entanglement, cation possible?
he or she starts these two dormant clocks “simultaneously”
in both reference frames. Classical communications are then Il. THE PRESKILL PHASE OFFSET
necessary to sort out which party has the) clock and o . . )
which party hag—). When used to stabilize identical quan-  In principle, the QCS protocol as outlined in Sec. I is
tum clocks at each party’s location, these correlated clockigorously correct and self-contained. If our Universe some-
states then provide precise time synchrony between Bob artPW possessed primordial nondegenerate singlet sthtes
Alice [2]. (leftover as “relics” from the Big Banyg the protocol just
It is important to emphasize that the nondegenerate natuéescribed would be perfectly sufficient to implement ultra-
of the singlet statel [Eq. (2)] is crucial for the QCS proto- precise clock synchronization between comoving distant ob-
col to work. This is in complete contrast with other quantum-Servers. In practice, however, the QCS algorithm can reason-
information-theory protocoléuch as teleportatidig], quan- ~ ably be viewed as simply reducing the problem of clock
tum cryptographic key distributiofd], and others all of synchronizat_ion to the problem.of distributing pure entangle-
which will work equally well with degenerate(Y=0) sin- Ment to spatially separated regions of space-time. To see that
glets. the latter is a nontrivial problem, consider the simplest way
What is the significance of entanglement in the aboveone would attempt to distribute entanglement to remote re-
protocol? As has been pointed out by a number of authorgions: start with locally created pairs of two-level systems
[5,6] following the original publicatiori1], the QCS protocol (atoms in pure singlet stated of the form Eq.(2), and
is completely equivalent to slow clock transport as long agransport the two subsystems separately to the locations of
the entanglement in the singlet state E).is distributed by Bob and Alice. The internal Hamiltonians of the two sub-
transporting the entangled pairs kinematically to the synchroSystems while in transport can be written in the form
nizing parties Alice and Bolsee also the discussion in Sec.
Il below). The potentially far-reaching consequences of the Ha=Ho+H,®, Hg=Hq+Hg™ (6)
QCS algorithm become clear when we realize that the physi-
cal transport of entangled constituents is by no means the ~ ext ~ ext . i o ,
only way to distribute entanglement, though it is by far theWN€reHa>" andHg™" denote interaction Hamiltonians aris-

most obvious ing from the coupling of each subsystem to its external en-
Notice thatprovided such a “nonlocal” method of en-

vironment, and, unless the environment, which each sub-

tanglement distribution is available to practically create pure>YSt€m i subject to during transport is precisely controlled,
singlets of the form Eq(2), the QCS algorithm gives a way Ha™#Hg®in general, leading to a relative phase offset in
of synchronizing clocks across arbitrarily large distances, inthe final entangled state. Furthermore, unless the world lines
dependent of the medium that separates the two atomief the transported subsystems are arranged to have precisely
clocks to be synchronized—so long as a classical communthe same Lorentz lengtiproper time, a further contribution
cations link exists between the two synchronizing partiesto this phase offset would occur due to the proper-time delay
Since the synchrony transfer takes place instantaneously ovBgtween the two world-linegsee also the discussion in Sec.
the quantum channel, no timing information needs to bdV below). The end result is an imperfect singlet state
passed over the classical channel. This allows the protocol to

bypass a number of noise sources present on the classical 1 _

link (such as an interceding medium with fluctuating index W s=—(]0)a|1)g—€'91)A|0)g), (7)

of refractior), which currently limit the accuracy of satellite- V2

to-satellite and satellite-to-ground synchronization protocols.

There are a number of “nonlocal” entanglement transferwhere § is a real phase offset that is fixed but entirely un-
protocols that have been discussed in the theory literaturé&nown, which we call “the Preskill phase” in honor of its
and some of these are briefly considered in Sec. VI beloworiginal discoveref6]. In general, coupling to the environ-
Most of the rest of this paper, however, is devoted to thement will lead to other errors such as bit flips and decoher-
analysis of what is perhaps the next most obvious method adnce, resulting in a mixed state at the end of the transport
entanglement transfer: entanglement purification. The idea gfrocess. These kinds of errors, however, are correctable
entanglement purification is to distribute the entangled stategr restoring energy degeneracy to the qubit bgéis |1)} if
Eqg. (2), to the synchronizing parties in some noisy mannemecessaryby using standard entanglement purification tech-
(possibly via simple kinematical transpprand then to pu- niques[7]. The phase error in Eq7), however, is inextrica-
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bly mixed with the synchronization offset between Alice andquantum state of her half of the singhts (now a vector in
Bob, as we will argue below, and it cannot be purified asynthe Hilbert spacé+,) by one of the four unitary operators
chronously.

Although W 5 is still a dark state under time evolution, it +1 0
no longer has the key property of invariance under arbitrary vET g —e i)

unitary transformationdJ® U. In particular, an equivalent

=

form in terms of entangled clock statesich as in Eq(5)] is _e 1%
not available for¥ ; [8]. Instead, |\7|q,+=( 0 +1), (10)
i
\If(s:( )(|—>A|+>B—|+)A|—)B) depending on whether the transmitted outcome of Bob’s
242 measurement is one & *, ¥~ ,®* or & . Heret, denotes

Alice’s proper time(as measured by her local clgcét the
1-e (+)al 48— 1= Yal = )8) ® moment she performs her unitary rotation. Now let the-
2.2 ALT/B Al /B known) synchronization offset between Bob and Alice he
so thattg=t,+ 7. It is easy to show that the state teleported
and a measurement by Bob or Alice in tfjer),| =)} basis  to Alice under this arrangement will have the form
will leave the other party’s clock in a superposition of clock _
stateg +) and|—), which, if Bob and Alice were to follow a|0)p+e A1), (11
the above QCS protocol blindly, effectively introduces an
(unknown synchronization offset of- 6/Q) between them. as obtained by Alice immediately following her unitary op-
eration(one of My =, Mg= [Eqs.(10)]) on Ha.
ll. QCS AS TELEPORTATION OF CLOCKS A number of key results can now be easily read out from
. . . . Eq.(11.

This connection betwee#f and the time-synchronization (1) If 8=0, i.e., under the same assumption as in the
offset is much easier to understand by adopting a differengiginal QCS protoco[1] that the shared singlet states are
point of view for the QCS protocol: one which is based ony e the time-synchronization offsetcan be immediately
teleportation[3]. Accordingly, the essence of the QCS pro- getermined by Alicerecall thate and 8 are known to both
tocol can be viewgd as _the telept_)rtation of clock _states beparties). Hence, the synchronization result of the QCS pro-
tween Bob and Alice using the singlet stat¥s(or, in the  {co| can equivalently be achieved through teleportation.
present case, the imperfect singlels;). More explicitly, (2) Conversely, ifr=0, i.e., if Bob and Alice have their
suppose Bob and Alice arrange, through prior classical comg|gcks synchronized to begin with, or =0, i.e., if the
munications, the teleportation of a Known quantqm Stat(?qubits spanning the local Hilbert spacks andHg are de-
|0)g: +B|1)g Mg from Bob to Alice via th? singlet  generate, ther can be immediately determined by Alice.
V¥ 5. Since the teleported state, as well as Bob’s Be"'bas'fﬂence, purification of the phase-offset single is possible
stateq[3] under either of these two conditions.

(3) If, on the other hand, none of the quantit@sr, and

i
+

L1 6 vanish, then the two unknowns and & are inextricably
= — )= ’ . s
v \/§(|O>B|1>B [1)el0)e). mixed in the only phase observabteQ) 7+ 8, and asynchro-
nous purification cannot be achieved via teleportation.
1 This last conclusion can be greatly clarified and strength-
dr=—

(10)s[0)er =[1)g[1)g1) (99  ened by a Lorentz-invariant formulation of the above telepor-
V2 tation protocol(which, as we just argued, is equivalent to the
original QCS, and it is this formulation we will turn to next.
are, in general, time dependent, the standard teleportation
protocol needs to be slightly modified in the following way.
The parties need to agree on a time, which we may take
without loss of generality to bgs=0 as measured by Bob’s The key ingredient in any relativistic discussion of
local clock, at which the following three actions will be per- quantum-information theory is the space-time dependence of
formed instantaneously by Bob. the qubit states. The “true” Hilbert space to which the quan-
(i) Prepare an ancillary two-state syst&hin the known  tum state of a singlet belongs is, accordindlf(R*)® H
quantum stater|0)g, + 8| 1)g,, Wherea and3 are complex ®L%(R*)®Hg, where each.?(R?*) is supposed to account
numbers previously agreed on by the two parties. for the space-time wave function of each two-state system in
(i) Select a specific singlél s as in Eq.(7), and construct the entangled paiffor simplicity (but without any loss of
a Bell basis forHg® Hg: that has the form Eq(9) attg  generality, we consider only scalaias opposed to spinpr
=0. qubitg. We will assume in what follows that background
(i) Perform a measurement in this basis and communispace-time is flatMinkowski), and that the space-time de-
cate its outcome to Alice through a classical channel. Upompendence of each system’s wave function can be approxi-
receipt of this outcome, Alice is then to rotate fleellapsed  mated by that of a plane wave. In a more careful treatment,

IV. LORENTZ-INVARIANT ANALYSIS OF QCS
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plane waves should be replaced by localized, normalizableV. DISCUSSION: IS ASYNCHRONOUS ENTANGLEMENT
wave packets. PURIFICATION POSSIBLE?

. Wwe emphaS|ze that a fully relativistic theory of quantum The teleportation protocol of Sec. IiWhich is equivalent
|nforma.1t|.on' would havg fo be formu!ated in the framework, ¢ original QCS protocol ofl]) demonstrates that as
of rela_t|V|st|c guantum flelq theory._Slnce _such a fuII-er_dged|Ong asx, andx, are timelike separated events in space time,
form:fillsn?‘ (_joes not yet e"XISt, We_W|II cqnflne our attention to¢a " relative phaseb 5(x;,x,) can be directly observed by
a naive, “first-quantized” analysis, which is adequate for apjice and Bob via quantum measurements followed by cias-
qualitative understanding of the role of Lorentz invariance ingjcal communication of the outcomes. An observation of
QCS. ® 5(x1,X,) would commence by the selection by Alice and
Denote the four-velocities of Alice and Bob hy, and  Bob of space-time pointg; and x, along their respective
Ug, respectively, so thats-us=ug-ug=—1[we willadopt  world lines at which they wish to measure this invariant
the sign convention in which Minkowski metric d@* has  phase function. Bob then would carry out his part of the
the form n= —dtedt+dx@dx+dy®dy+dz®dz and use teleportation protocol of Sec. Il at his proper time corre-
the abbreviationa-b to denotes(a,b) for any two four-  sponding to the even,, and broadcast the outcome to Alice
vectorsa andb]. The wave four-vectors of Alice’s and Bob’s along a nonspacelike communication path that reaches Alice

atoms then have the form beforex,. Alice would subsequently apply her unitary rota-
tion [Eqs.(10)] sharp at her proper time corresponding to the
Ko5=mouy, kby=(my+Q)u;, (12)  eventx,. The resulting teleported state then has the form Eq.

(11), where the relative phase is precisdh(x;,X,). Con-
versely, since the wave function contains all knowledge that
can ever be obtained about a quantum systempnie(clas-
sica) observable associated with the singlet stdtg that
gontains any information about is ® 5(x;,X5).
Focusing now on the comoving casg=ug, the above
ct implies that the phase offsét cannotbe observed in
olation; only the combination two-point functiord
+Qu(x,—X,) [Eq. (16)] is accessible to direct measure-
0 - ment. On the other hand, clock synchronization between Bob
0),—€*9%0);, [1);—€"9¥1);, (13} and Alice is equivalent to identification of pairs of events
(x{?,x%y such thau(x{’ —x¥)=0. Therefore, by making a
where J=A,B, and x denote an arbitrary pointeven} in  sequence of measurements of the relative phase function
space-timga four-vectoy. Simple algebra then shows that, ® 5(x1,%,), Alice and Bob can use the singletss as a
up to an overall phase factvhich can always be ignorgd  shared quantum-information resource(itosynchronize their
the wave function COI’reSpondin_g to the S|ng|et Stat-e (E):] clocks if §=0 , and(”) measure and purifﬁ if they have
can be expressed as a two-point space-time function of theynchronized clocks to start with. In the general case of an
form unknown § and an unknown time-synchronization offset,
. however,s by itself is not observable, and, consequently,
W 5(Xq,%2) =|0)a| 1) — €' P921%2[1)A[0)g, (14 cannot be purified without first establishing time synchrony
between the two parties.
wherex; andx, denote space-time points along the world  Note that this argument isompletely independeif the
lines of Alice and Bob, respectively, antl 5(x;,X,) is the  particular protocol that may be used to purify the entangle-

wherem, is the ground-state rest mass of edaentica)
two-level atom, andk®; and k!, denote the wave vectors
corresponding to the ground and excited states of the atom
respectively, wherd=A,B. The plane-wave space-time de-
pendence of the wave functions corresponding to the grounﬁijl
and excited states of each of the atoms can then be written ]
the form

Lorentz-invariant two-point phase function ment Eq. (7). Instead, the argument relies entirely on the
nature of the space-time wave function describing an en-
D 5(X1,X2)=Q(Up-X;—Ug-Xo) + 8. (150  tangled pair, and this “universality” is its primary signifi-

cance. The crucial observation is that the invariant two-point

In the important special case wheug=ug=u, i.e., when Pphase functionb 5(x;,x,) is theonly observable in the sin-
Alice and Bob are comovingand it makes sense to synchro- glet state Eq(7), and this function depends not only on the

nize their clocky @ 5 takes the simpler form priori relative phases, but also, through its dependence, on
both ¥ andx,, on thea priori time-synchrony information
D 5(X1,X0) = QU(X;—Xp) + 6. (16)  between Alice and Bob. Since the relative-phase information

cannot be separated from time-synchrony information as
long as the qubits remain nondegenerate, no protocol that
wave functionW 4(x,,x,) is invariant under arbitrary Lor- doe§ not rely on prior time synchrony i.n an essential way can
entz transformations including translations. This is in conPUrfy the entanglement so as to distill puré<0) en-

trast with the general case, where the phase functiof@ndled pairs.

(I)K;'(xl,xz) [Eq. (15)] does not have tra_nslation in\./arianc'e. VI. CONCLUSIONS AND FUTURE WORK

This dependence on the choice of origin of coordinates is a

manifestation of the fact tha¥ s is not a dark state unless By using entanglednondegenerajequbits as a resource
Up=Ug. shared between spatially separated observers, the QCS pro-

In the comoving case, E@16), (whenu,=ug), the singlet
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tocol as reformulated above in Secs. IlI-V allows the directworkers[11] is (in very rough outling the following: Start
measurement of certain nonlocal, covariant phase functionsith a single-mode cavity whose excitation frequency is
on space-time. Moreover, this functionality of the protocol istuned to{). Send the pair of atom& andB into the cavity
straightforward to generalize to many-particle entanglemenbne after the other, with atorB first. Initially, both atoms
[9]. While these results give hints of a profound connectionand the cavity are in their ground states

between quantum information and space-time structure, they

fall just short of providing a practical clock-synchronization

algorithm because of the uncontrolled phase offget, 6 in |0)A®[0)g®|0)ewm, (19

Eq. (7)] that arise inevitably during the distribution of en-

tanglement. Since, as we showed above, these phase offsets

cannot be purified asynchronously after they are already iyhere|0)g\, denotes the vacuum state of the cavity. After

place, a successful completion of thginglet basedQCS  atomB is in the cavity, apply ar/2 pulse on it, which trans-

algorithm would need some method of entanglement distriforms the state Eq19) into

bution that avoids the accumulation of relative phase offsets.

We believe a complete clock-synchronization algorithm

based on quantum information theory will likely result from 1

one of the following approaches. E|O>A®(|O>B®|1>EM_|1>B®|O>EM)- (20)

“Phase-locked” entanglement distributioft may be pos-

sible to use the inherent nonlocdell) correlations of the

singlet stategwhich remain untapped in the current QCS When both atoms are in the cavity, apply a secanghulse,

protoco), and implement a “quantum feedback loop,” this time on the atonA, thereby transforming the state Eq.

which, during entanglement transport, will help keep the(20) into

phase offset vanishing to within a small tolerance of error.

For example, states of the form .
1 E(|1>A®|O>B_|0>A®|1>B)®|O>EM- (21
E(|O>A|1>A’|1>B|O>B’_|1>A|0>A'|O>B|1>B’): 17

] . ) _which, for the atom paiA andB, is in the desired form Eq.
where two pairs of atom@he primed and the unprimed peir (2) up to an overall phase factor. Since at each step the over-
are entangled together, are not only dark but also immune tg| guantum statéof atoms and the electromagnetic field
phase offsets during transport of the pairs to Alice and BOkUark, no relative phase errors can creep in, and pure en-
(provided both pairs are transported along a common worlganglement distribution is achieved between ata¥rend B.
line through the same external environmen€an such can this method be adapted to design a practical entangle-
phase-offset-free states be used to control the purity of sifment transfer protocol between distant pairs of atoms using a
glets during transport? _ _ controlled cavity environment?

Entanglement distribution without transporPhysically Avoiding entanglement distribution altogeth€an clas-
moving each prior-entangled subsystem to its separate spatiga| techniques of clock synchronization be improved in ac-
location is not the only way to distribute entanglement. ANcuracy and noise performance by combining them with tech-
intriguing idea, recently discussed by Cabrikbal. [10,  pjques from quantum-information theory, which do not
proposes preparing two spatially separated atoms in thefecessarily involve(nondegenerajeentanglement distribu-
long-lived excited statell)a|1)g . A single-photon detector, tion? A recent proposal in this direction was made by
which cannot(even in principle distinguish the direction Chuang in[12].
from which a detected photon arrives, is placed halfway be- after this paper was submitted for publication, further
tween the atoms. When one of the atoms makes a transitiQieas utilizing quantum entanglemenithout entanglement
to its ground state, and the detector registers the emittegistribution to improve the accuracy of classical Einstein
photon, the result of its measurement is to put the Combi”egynchronization have been proposed in REI8—15 (see

two-atom system into the entangled state also[16] for an overview.
1 _
E(|O>A|l>5+el¢|l>A|o>B)r (18) ACKNOWLEDGMENTS
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